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Abstract

We consider the resolution proof complexity of propositional formulas which encode random
instances of grapk-colorability. We obtain a tradeoff between the graph density and the resolution
proof complexity. For random graphs with linearly many edges we obtain linear-exponential lower
bounds on the size of resolution refutations. For random graphsnnitittices and any > 0, we
obtain a lower-bound tradeoff between graph density and refutation size that implies subexponential
lower bounds of the form’ for somes > 0 for nonk-colorability proofs of graphs with vertices
and Qn3/2-1/k=¢) edges. We obtain sharper lower bounds for Davis—Putnam—DPLL proofs and for
proofs in a system considered by McDiarmid.

These proof complexity bounds imply that many natural algorithmk-faioring ork-colorability
have essentially the same exponential tradeoff lower bounds on their running times. We also show
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that very simple algorithms fok-colorability have upper bounds on their running times that are
qualitatively similar to the lower bounds as a function of the graph density.
© 2005 Published by Elsevier B.V.
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1. Introduction

The problem of coloring graphs has a long history. The decision prolieaiprability,
being an important NP-complete problem, has generated significant interest for random
graphs as well. Since the transcript of any complete algorithnk-fmoring on inputG
also provides a proof of nok-colorability in the case thab is notk-colorable, the study
of the proof complexity ok-colorability also yields bounds on the running time of such
algorithms. We consider here the question of the proof complexity okazmlerability for
random graphs.

With sufficiently many edges, a random graph iskablorable almost certainly. McDi-
armid[35] studied the complexity of deciding ndaeolorability in random graphs using a
particular natural class of proof procedures that emulates a variety of coloring algorithms.
Here, we consider natural encodings oflkkeplorability of random graphs as CNF formulas
and examine the resolution complexity of these formulas.

Itis easy to see how many natural algorithmg¢aoloring can be simulated as resolution
proof procedures. Indeed, many natural algorithms, including the most efficient current
procedures can naturally be phrased in terms of resolution procedures in which the graph of
resolution inferences is a tree. This is a subclass of resolution proofs known collectively as
the Davis—Putnam or DPLL procedure. (Resolution itself comes with no underlying search
procedure for proofs, whereas DPLL procedures include a search strategy as well.) In our
analysis, we build onthe ideas that have been used to analyze the resolution proof complexity
of randomk-CNF formulas together with results about the colorability properties of random
graphs.

For any graphG, we denote by (G, k) the formula for the “natural” encoding of the
statement G is k-colorable”, as a propositional formula. (That is, using the usual notation
of y(G) for chromatic number; (G, k) expressesy(G) <k.”) For any CNF formulap, we
denote byReg¢) the size of the shortest resolution refutationpoBy convention, we let
Reg¢) = oo if ¢ is satisfiable.

The general scheme of our lower-bounds proof is similar to that of the proofs of resolution
lower bounds for randork-SAT [17,10,9,13] We make particular use of the recent rela-
tionship between clause width and proof size for resolution proofs shown by Ben-Sasson
and Wigdersoifil3]. The argument is as follows:

1. Almost surely, every small subgraph®has low degree, and thuskisolorable. From
this, it can be shown that in any refutation @G, k) there is a “complex clause” that
cannot be derived from(H, k), for anyH which is a very small subgraph &.

2. Almost surely, every small subgraph®has many vertices of degree less thaRrom
this it can be shown that any “complex clause” contains many literals. The theorem of
Ben-Sasson and Wigderson relating minimum refutation width to minimum refutation
size then implies that any refutation pfG, k) must be long.



P. Beame et al./Discrete Applied Mathematics 153 (2005) 25—-47 27

The class of procedures considered by McDiarmid produces tree-like proofs but these are
not DPLL procedures. Nonetheless, it is possible to show using arguments similar to those
of [18,13]that if these procedures produce short proofs then they have efficient simulations
by resolution proofs of small width. Thus, all our lower bounds apply to these procedures
as well.

2. Preliminaries

For a set of boolean variablés = {v4, ..., v,}, a literal is any variabla € V, or its
negation—x, a clause is a set of literals, and a formula is a set of clauses. The interpretation
of a formula is as a conjunctive normal form (CNF) formula of propositional calculus, that
is, a conjunction of disjunctions. A truth assignment¥ois a functionz : V +— {T, F}.
Assignment: satisfies a claus€ iff t(l) = T for at least one literal € C, andz satisfies
a set of clause®, written tE¢, iff it satisfies every clause igp. A formula is satisfiable
iff there is an assignment to its variables which satisfies it. For any clause or foAnula
vars(A) denotes the set of variables which appear (negated or otherwi€e] e width of
a clauseC denotedw (C) is the number of variables occurring@ The width of a formula
is the maximum of the widths of its clauses. We will consider only clauses that are not
tautologies, thus(C) = |vars(C)|.

2.1. k-colorability formulas

For any graphG = (V, E), we view each edge € E and a size two subset of the vertex

setV and letn d=‘3f|V|. A k-coloring of G is a functioncol which maps each vertex onto

an integer infk] = {1, ..., k}. A proper coloringis a coloring for which(u, v) € E =
col(u) # col(v), and we say thab is k-colorableiff there is a propek-coloring of G. We
define¢ = %(G, k) to be the formula oknvariables withn positive clauses of widtk, and

(’5) n + k| E| negative clauses of width 2 as follows:

1. For eachy € V, vars(¢) hask propositional variablegx, 1, ..., xy x}, and¢ has one
positive clause of widtlk

\/ Xy, j 6(]5.

JElk]

2. Foreachv e V, ¢ has(’é) negative clauses of width ®j < j e [k] (—xy; V —xy ;)

€ ¢.

3. For each edgét, v) € E, ¢ hask negative clauses of width 2,
Vi e[kl (—xu1V—xy)) € .

Clearly,x(G, k) is satisfiable iffG is k-colorable. Corresponding to each coloringis
a unique truth assignment fp(¢G, k). (The reverse is not the case, since some assignments



28 P. Beame et al./Discrete Applied Mathematics 153 (2005) 25-47

give avertex no color or multiple colors.) We sometimes fail to distinguish between colorings
and assignments. For example, we may say that a coloring makes a clause true, with the
obvious meaning.

2.2. Random graphs

In the study of random graphs there are three natural models one could consider. The
most commonly considered models &é:, p), where each of theé’;) edges is chosen
independently with probability, and %, ,,, where a set of precisely distinct edges
is chosen uniformly at random. We find it most convenient to express our lower-bound
proofs in terms of a third distributiorj%n,m, wherem edges are chosen independently with
replacement (and duplicates are ignored), although we use the4guah) distribution
for our upper bounds. As shown, for example[8hif p =m/ (’;) then, when considering
properties that are monotone (or anti-monotone), the almost certain properties under all
three distributions are the same up to a change foo m 4+ o(m). Our results will
therefore apply t& (n, p) and¥, ,, as well.

We will consider the dependence of our results on a graph density parameté¢n) =
m/n, the ratio of edges to vertices.

2.3. Resolution complexity

Resolution is a rule of inference for clauses, which allows one to derive the dauge
from two clausesC U/ and D U —[. A resolution derivation of a clauge from a set of
clausesp is a sequence of clauses= Co, ..., C,, = C, where each claugg; is either an
element ofp or is derived by the resolution rule from two clauggs Ci occurring inr, for
J, k <i. The derivation is of sizen. A resolution derivation of the empty clause (denoted
A) from ¢ is called arefutationof ¢. The fundamental property of resolution is that there is
a refutation of a sep of clauses if and only i is unsatisfiable. The resolution complexity
of ¢, here, denote®Reg¢), is the size of the shortest refutation¢pf

A related method for CNF formula satisfiability is the Davis—Putnam—-DPLL procedure
[23]. Such a procedure can be described recursively as follows: first, check wkeather
trivially satisfiable (has no clauses) or is trivially unsatisfiable (contains an empty clause)
and if so stop. Otherwise, select a litetand search for a satisfying assignment for the
formula F[,;_, obtained by settingto true inF (eliminating all clauses containirigand
removing—! from those clauses that contain it). Otherwise, repeat the search with the
formula F[_,_;. If neither of these searches finds a satisfying assignmentRhsemot
satisfiable. DPLL algorithms will typically select a literal appearing in a clause of length 1,
called aunit clause if one exists since that literal must be set to true to satisfy the formula.
In the case that there are no unit clauses there are many heuristics, called splitting rules,
for the selection of the next literdlthat have been used in the literature. It is not hard
to show that any DPLL algorithm actually produces a resolution refutation and moreover
that the form of this refutation isee-like in that the graph of inferences forms a binary
tree. LetDPLL(¢) denote the size of the shortest DPLL refutatioof he following key
relationship between the proof size and resolution width was shown by Ben-Sasson and
Wigderson.
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Proposition 1 (Ben-Sasson and Wigders¢t3]). Let w*(F) be the minimum over all
resolution refutationdI of F of the largest width of a clause il. Then DPLIKF)>
2u"(F)=w(F) and RegF) > 2" (A=w(F)*/n for ¢ = 1/(9In 2).

The class of algorithms considered by McDiarmid is similar in spirit to DPLL algorithms,
except that instead of trying assignments to a particular boolean variable (akin to choosing
the specific color for a vertex), one chooses whether or not two non-adjacent vertices will be
colored the same or differently. This is represented by graph operations that either identify
the non-adjacent vertices or add an edge between them.

More formally, McDiarmid’s proof system for nok-colorability has as its objects graphs
H derived from the input grapks. The axioms of the proof system are thecliques
for any k' > k. Given a graptH with two non-adjacent vertices, v € H, thenH fol-
lows from H U {(u, v)} and H,,,, where H,, is the graph obtained by identifyingand
v and naming the resulting vertax H can also follow from anyH’ such thatH’ is
a subgraph oM. McDiarmid only considered proofs whose inference graph forms a
tree.

Lemma 1. Letk > 2. If the nonk-colorability of a graph G can be proven by a size S tree-
like proof in McDiarmids proof system then there is a resolution refutation @, k) of
width at mosk(k + 1) + 2k log, S.

Proof. The proof follows a general argument due to Russell Impagliazzo (personal commu-
nication) that extends the width-size relationship for tree-like resolutifiito decisions
involving bounded numbers of variables. Writé,, F’ if and only if there is a resolution
derivation of F’ from F, each of whose clauses has width at most

The proof is by induction 0. We begin with the base case$# 1. Clearly fork’ > k,
by considering the clauses @K/, k) that only involve the variables for the firgt+ 1
vertices ofKy, (K, k)Fig+1) 4.

Now, consider the last inference of the tree-like McDiarmid proof and suppose that the
claim is true for all strictly smaller McDiarmid proofs. If that last inference deriddcbm a
subgraphd’ then we note that(H, k) x(H’, k) sincey(H’, k) is a subformula of (H, k)
and each of its clauses has size at nkpgiterefore, the size bounds follow by the inductive
hypothesis for’. Alternatively, the last inference derivétifrom Hy = H U {(u, v)} and
Hy, = H,,, where(u, v) ¢ H. One of the proofs that these graphs arelaoblorable has
size at most/2 and the other has size at m&st

Let To = Unequalu, v) = /\ ;i (=xus vV —x0), To = Equalu, v) = A ((mxu v
Xp.1) A (mxy 1V xy, 1)), and Colore) = (x, 1V -+ - V x, k). Observe thatColoredu) A
Coloredv)) — (Tp Vv T1) is a tautology involving 2 variables and that fou, v € H,
Coloredu) and Coloredv) are clauses of(H, k).

We show thatfob =0, 1, y(H, k) A Tp+i x(Hp, k). Forb =0, note thay (Hg, k) = y(H U
{(u, v)}, k) = y(H, k) A Unequalu, v) = y(H, k) A Tp and it follows trivially. Forb = 1,
observe that the only clauses jafH,,,, k) that are not already in(H, k) are those of the
form (—xy 1 V —xy.1), Where(—x, 1 V —xy, 1) iSin x(H, k). Each such clause follows easily
from y(H, k) A Equalu, v) by resolving(—x,; vV —xy, ;) with (—x,; Vv x, ;). Therefore,
1(H. k) A Ty = y(H, k) A Equalu, vl (Haw, k) = 1(Ha, k).
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By the inductive hypothesis there are resolution refutationg #b, k), y(Hi, k) such
that one has width at most = k(k 4+ 1) + 2k log, S and the other one has width at most
w — 2k. Assume that the refutation éfy is narrower (wlog). Since(H, k) A T+ x(Hp, k)
forb=0,1andw >k(k + 1) >3k, we havey(H, k) A Toty—2x A andy(H, k) A Tiky A.

We now come to the key point in the argument. We can convert the resolution refutation
witnessingy(H, k) A Tokw—2¢ A into a refutation witnessing(H, k), T1. For every as-
signments to the Z variables inTy that satisfiedp apply o as a restriction to the proof.
The result is a derivatiop(H, k) [ ;Fw—2r A. By [13, Lemma 3.1pne can add back literals
of & as needed and apply weakening to dejivd, k)r,,a. Doing this for all such choices
of ¢ we obtainy(H, k)i, To, whereTp is the canonical CNF formula for the truth table
of =Tp. Now using the clauses Colorgd and Colorecv) from y(H, k) together withTp
we deriveTy which is logically implied. This last derivation requires width onlk. ZFi-
nally, we apply the proof witnessing H, k) A T1+,, A. The overall width is at most as
required. O

2.4. k-colorability of random graphs

As proved by Achlioptas and Friedg[tt], for every integetk > 2, there is a function
cr(n) bounded by a constant such that for- cy(n) for G ~ 9(n,24/(n — 1)), the
probability G is k-colorable goes to 0 and fat < ¢, (n), this probability goes to 1. Let
c,j =lim sup,_, o, ck(n) andc,” =Ilim inf,,_,  cx (n). By a result oft.uczak[34,29], both
c,j andc, arekInk + O(k In In k); Achlioptas and Nao[5] have recently shown even
tighter results that at every density the chromatic number almost certainly takes on one of
at most two values. Further, fér= 3 by results of Achlioptas et g2—4], c; <2.522 and
¢z >2.01.

3. Proof of lower bounds
3.1. Subgraph boundary size, expansion, width, and length

We define th&-boundaryof a graphG, denoteds, (G), to be the set of vertices @ of
degree between 1 ard- 1.

For a subgraplt < G, let E;(H) denote the conjunction of the edge (hegative) clauses
of x(G, k) corresponding to the edgesldf We say that subgrapgh impliesa clauseC if
and only if on every truth assignmentorresponding to a total (but not necessarily proper)
coloring of G the formulaE, (H) — C evaluates to true.

Lemma 2. Let C be a clause in the variables pfG, k). If H < G is a minimal induced
subgraph of G that implies C then

e H has noisolated verticeand

o w(C) =B (H).

Proof. First observe that iH has an isolated vertaxthenE (H) = E(H — u), and thus
H — u also impliesC contradicting the assumption thidtwas minimal.
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Now, consider a vertex in H of degree between 1 arid— 1. We derive the lower
bound on the size of by showing that there is some variablg; that appears i€. By
the minimality ofH there is some truth assignmentorresponding to a total coloring of
G such thatt,(H — v) — C is false atx; i.e. « satisfiesE;(H — v) but notC. Sincex
satisfiesE, (H — v), it is proper with respect to all the edgesif— v. Since the degree of
v is at most — 1, we can extend this proper coloring &ih— v to one that is proper on all
of H by changing the color of vertexto get a new assignment Now E; (H) is satisfied
by &/ and sinceH impliesC, C is satisfied by'.

Therefore,C(x) # C(¢/) and sincex and«’ differ only on the assignments to two
variablesx, ; andx, ;/, wherei = i’ are the old and new colors of C must contain one
of them. O

Definition. Given a clauseC over the variables fromy(G, k) denotey ,(C) to be the
minimal number of vertices in an induced subgrafih< G that impliesC. If no such
subgraph exists, lgt; ; (C) = cc.

Clearly ug ;. has two key properties:

Lemma 3. Let G be a graph and > 2 be an integer

(@) pg . (A) is the number of vertices in the smallestikcolorable subgraph of G
(b) If Dis aresolvent of B and C them; (D) < g (B) + ug 1 (C).

Definition. Let G be a graph. Let 4+ 1 be the minimum number of vertices in a subgraph
of G that is notk-colorable; ifG is k-colorable then let = co. Thesubcritical k-expansion
ex(G), of a graphG is defined to be the maximum over glR <t <s, of the minimumk-
boundary size of any induced subgrapbf G that has no isolated vertices and has between
t/2 andt vertices.

Lemma 4. For k> 3, any resolution refutation of(G, k) must contain a clause of width
at leaster (G).

Proof. Lets>k>3 andr <s be chosen as in the definition @f(G). Letr be a resolution
refutation ofy (G, k). By Lemma 3(a)u . (A) =s + 1. Further, any clauséof (G, k) has
UGk (C)<2. Therefore, there is a clauBein = such thatu; , (D) >t >2 and no ancestor
of D hasy; ; greater thar. Sincep (D) > 2, there must be two parent claugeandC

in = such thaD is the resolvent oB andC. By Lemma 3(b), at least one of these clauses,
sayB, must haveug ; betweerr/2 andt. If H <G witnesses the value gf; ,(B) then

by Lemma 2H has no isolated vertices and B) > |, (H)|. Thus, by definition o0& (G),
w(B) > e (G) as required. [J

Corollary 1. If Gis agraph andc > 3is an integer then for =1/(91n 2), Resy(G, k)) >
2¢(ex(G)=k*/n and DPLL(y(G, k)) > 24O~k

Proof. Clearly,w(y(G, k)) =k and Lemma 4 implies that*(x(G, k)) > e, (G). Applying
Proposition 1 yields the claimed resultd]
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We obtain a similar result for tree-like proofs in McDiarmid’s proof system using
Lemma 1.

Corollary 2. If G is a graph andk >3 is an integer then any tree-like proof of nén
colorability of G in McDiarmids proof system requires size at le@&t (¢)—kk+1)/2k

3.2. Lower bounding subcritical k-expansion

We now prove lower bounds an (G) for mostG ~ ?n,m. We show these bounds by
first showing that such & is almost certainly locally sparse.

We say that a grapB is (r, ¢)-densdf some subset of vertices ofG contains at leasy
edges ofG.

Lemma 5. LetG ~ @,.,,. Forr, ¢ >1,

- 2\ 4
PrG is (r, g)-densé< (E) <emr2 ) .
r gn

Proof. Let R be a set of vertices withR| = r. Let p = (5) /(3) <(r/n)? denote the

probability that a randomly chosen edge omertices is contained iR. ForG ~ %, ,,
the number of edges @ contained inR has the binomial distributiorBin(m, p). The
probability that at leas edges ofG are contained iR is bounded above by

2\ 4
PrBin(m, p) >ql1< ('Z) p?< (emr2 ) : 1)
qn

Summing this over théf) <(en/r)" r-subsets of the set of vertices@fwe obtain

r 2 q
Pr{G is (r, g)-densé< (K> (emr2> . O
r qn

Lemma 6. For each integerk > 3 there is a constanC; such that the following holds.
Letm, n be integers withn <An and 4> 1. If s = Cyn/4*/*~2) then the probability that
G ~ %, , contains a subgraph of size at most s that is roblorable iso(1) in s.

Proof. The probability thatc contains &-uncolorable subgraph of size at mass the
probability that there is somminimally kuncolorable graptH < G with r <s vertices.
Observe that such ad must haver >k + 1 and have minimum degree at le&stince a
vertex of degree at most— 1 can always be colored by one of tkeolors so that none
of its incident edges is monochromatic. In particular, this implieskhaiust have average
degree at leayt, and thus contain at leakt /2 edges.

Thus, the probability tha® contains such a subgraphis at most

Z PHG is (r, kr /2)-densé.
r=k+1
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By Lemma 5, we have PG is (r, kr /2)-densé< D(r) where

nexr { 2emr? kr/2
D = —
(r) (r ) (_krn2 )
= (ne(2em /kn®)k/2yk=2/2yr

= (Q(k, m, myr*=2/2y
for Q(k,m,n) = ne(Zem/knz)k/z. Now

D(r+1)  (QGk.m,n)(r+1*2/2+t
D(r) — (Qk,m,n)r&=2/2y

*k-2)/2
= Q(k, m, n)(r + 1)(k—2>/2<’ + 1>r
.

<Ok, m, n)(e(r + 1))*k=2/2

= ne(2em [kn®)*?(e(r + 1))*k=2/2
= (2% [kn) 2 ((r + 1) /n) k=212
<A/ M2 ((r + 1) /n) k=272
<1/2

for 1<r < Cyn/ 4% *=2 whereC; > 0 depends only ok Lets =Cyn/ 4/ *=2) Therefore,
the probability thaiG contains such ak-uncolorable subgraph is a geometric series in
and is at most twice its largest term which is less than

D(1) = ne(Qem /kn®) 1’ < e(2ed) k)% yn* =212 = ¢ (1/5) k212

for some constant,. Thus, itis 1) in sas required. [J

Lemma 7. For each integerk >3 and ¢ with 1 — 1/(k — 1) > ¢ > 0, there is a constant
ce.x > 0 such that the following holds. Let, n be integers withi <An and 4>1. If

1 <cgpn ) AK—*k=D)/k=k=1¢=2) then the probability thaG ~ %,_,, contains a subgraph
on rverticest/2 < r <t, that has no isolated vertices and at mastertices of degree: k
iso(1)int.

Proof. Fix k>3,¢> 0 andm, n withm <An andG ~ é%,,m. If there is a subgrapH < G
onr vertices that has no isolated vertices and at mostertices of degree< k, thenH
has at least — &r vertices of degree at leaktand the remaining vertices of degree at
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least 1. Thereford{ contains at leagk(r — er) + er]/2=r(k — (k — 1)¢) /2 edges. Thus,
by Lemma 5 the probability that such ahexists withz /2<r <t is at most

t
> PHGis (r.r(k — (k — 1)e)/2)-densg

r=t/2
< Xt: (E)’( 2emr? )r(k_(k_l)g)/z
< — 2
ST r(k — (k — De)n
t 2¢2m k==D2)/2 - k-1e-2)2\
< Z ((k_(k—l)e)n> (;)
r=t/2
_ t 202 k=k=D2)/2 G k—1)e-2)/2\
<2 <(k—<k—1>e)> () '
r=t/2

Fort/2<r<t, and for some constani > 0, if 1 <c; yn/A*~*-Da)/k=(k=1e=2) ‘aqch
term in the sum is at most 2 and thus the sum is less thah 22 whichis q1) int. O

Corollary 3. For each integetk >3 and ¢ withl — 1/(k — 1) > ¢ > 0, there is a constant
c;’k > 0 such that the following holds. Let, n be integers withn <An and 4>1. Let
W =n/A*=k=Da)/k=Gk=D=2) The probability thatG ~ %, ,, hase; (G) < ¢, Wiso(l)
in W.

Proof. Let ¢, > 0 be the constant from Lemma 7 agg be the constant from Lemma
6. Letr = min(Cy, c.x)W. By Lemma 6, ifG ~ %, ,, ands = Cyn/4*/*=2 > then the
probability that a subgrapH < G of size at mossis notk-colorable is ¢1) in sand thus
o(1) in W, sincesis Q(1) in W (observe thas/ W = C 4%/ k~k—=De=2-2/(k=2) " 1> 1 and
2/(k — (k —Le—2)>2/(k — 2)). R

Also, by Lemma 7 the probability that¥ ~ ¢, ,, contains a subgraph anvertices,
t/2 <r<t, that has no isolated vertices and at mostertices of degree: k is o(1) in t,
and thus ¢1) in W. Thus, every induced subgraphonr vertices with no isolated vertices
andr/2 < r <t <s hask-boundary of size at least > ¢t /2 =¢ min(Cy, c.x) W/2. Letting
c;’k =& min(Cy, c¢r)/2 yields the lower bound o# (G). O

3.3. Lower-bound theorems

Theorem 1. For each intege >3 and¢ > 0 there are constant€’; x, C; , > 0 such that

if A>1, m, n are integers withn <An andG ~ {?n,m, then with probabilityl — o(1) in n,
Resy(G. k) > exp(Cq xn/ A% &=27%) and DPLL(y(G. k)) > exp(C] yn/ ATH2/ k=2%6),

Proof. Lete =e(k—2)2/[(k—1)(4+e(k—2))]. Clearly, O<e’ < (k—2) /(k—1)=1—1/(k—1).
By Corollary 1 the resolution complexity ofG, k) is at least £+(@~b?/n By Corollary
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3, there is &/, , such that with probability - o(1) in W = n/A*~*=De)/k=k=1'=2),
er(G)=c,, , W.Therefore,

e2(G)/n>(cly )’ W?/n
— (Cé,’k)zn/A2(l+2/(k—(k—1)8 —2))

— (C// k)zn/A2+4/(k—2)+8
&,

by our choice ofe’. Now, if this quantity is at least 1, then cleaily is Q(1) in n since
W is larger tham by a factor ofc/,  A*+%/*~(= D¥=2) which is Q(1). Therefore with
probability 1— o(1) in n, ex(G)? /n> (cl, )%n/ 4%t k=21%¢ Clearly, we can choosg,
and can absorb thek in the constanCF,;< to obtain the desired result for resolution. For
DPLL procedures, the result follows even more directly]

It is worth noting that we can obtain a lower bound on the size of a proof of non-
k-colorability in the system considered by McDiarni8b] that is similar to the DPLL
proof size lower-bound proof size since their bound on the proof width as a function
of proof size only differs by a factor ofi2 Thus, the same bound as the DPLL bound
above holds for McDiarmid's system with a slightly different value of the
constaniCy ;.

Corollary 4. Foreachintegek >3,¢>0,and4 > Othereisa constarlfgk > Osuch that

o if p=24/(n -1 andG ~ ¥, ,, then with probabilityl — o(1) in n, Regy(G, k)) >
eXFxCé kn/A2+4/(k—2)+8).

e if m=Anand G ~ %,,, then with probabilityl — o(1) in n, Regy(G, k)) >
eX“Cé kn/A2+4/(k—2)+£).

Corollary 5. For each integek >3,z > 0, there is ) > 0 such that ifn <n®¥?2-1k=¢ and
G~%,morG ~ ,/,1 =« then with probabilityl — o(1) in n, Resy (G, k)) >2”

Proof. For this range ofn, 4<n*=2/%-¢_Applying Theorem 1 with a suitably small
value of¢’ in place ofe yields the desired result.C]

Corollary 6. For each integek >3, ¢ > 0, there is a5 > 0 such that ifm <n?~%/*¥~¢ and
G~%,morG ~ gn = then with probabilityl — o(1) in n, DPLL(%(G, k))>2”

4. Upper bounds

A very simple brute-force procedure achieveL4'2") upper bound for proving nok-
colorability, based on the following observation.
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Lemma 8. Letp =24/(n — 1) andG ~ %(n, p). Let G, be the subgraph of G induced
on the firstr vertices of Gf r — 1> c,j'(n — 1)/4 then with probabilityl — o(1) inr, G,
is not kcolorable

Proof. Clearly, if G ~ %(m, p) then the induced grapi, ~ %(r, p). By our assumption
onr, p(r — 1)/2> ¢;. The conclusion follows by the definition of . [

Therefore, the simple algorithm that searches through all podsiméorings of the first
c,j(n — 1)/4 + 1 vertices of aG ~ %(n, p) will almost certainly find a witness to the
nonk-colorability of G. Such an algorithm can easily be phrased as a simple DPLL search
procedure, called therdered DPLL procedurén [9], that always splits on the first unset
variable. In fact[37,14] analyze essentially the same simple backtracking procedure for
k-coloring, althoughiitis not described as being based on DPLL. (In their algorithm, vertices
are listed in a fixed order and all colors of a vertex compatible with previously assigned
vertices are tried recursively.) For this algorithm, wigh= 24/(n — 1), 4 € o(n) and
G ~ %(n, p), they show that the log of the expected number of nodes in the search tree is
k(logk)?n /44 plus lower-order terms fopn — oo. For completeness, we state and prove
the following simpler version of such a theorem.

Theorem 2. Letk > 1, p=24/(n—1) andG ~ %(n, p). With probabilityl —o(1) in n, the
ordered DPLL procedure where all k variables associated with each vertex are numbered
consecutively witnesses the fact that ReS, k)) < 20 1og” k n/4),0(D)

Proof. By the bound offuczak,c;” = kInk + O(k In In k). Let r = max{logn, c;"
(n—1)/4+1}. Apply Lemma 8 to say that with probability-20(1) in r and thus - o(1)
in nsincen < 2", the induced grapl¥, on the firstr vertices ofG is notk-colorable.

The ordered DPLL procedure will have a branch for eack’ differentk-colorings of
the firstr vertices ofG. Although there ar& boolean variables associated with each vertex,
it is easy to see that the heidttree corresponding to the branches on thegariables has
only k non-trivial children. Therefore, the ordered DPLL tree has size at most proportional
to k", the number ok-colorings. Plugging in the value ofyields the desired result.(]

More generally, given any upper bouridbn the number of vertices so that random graphs
with density4 almost certainly have a minim&tuncolorable subgraph of size at me&t
one obtains a naive®?'°9" algorithm that does a brute force search for such a subgraph.
Such an algorithm can easily be phrased as a resolution proof dé-nolorability. Lemma
8 simply shows that’ = O(n/4).

We can, however, do much better by using a more careful, if somewhat artificial, splitting
rule and which we show w.h.p. proves that~ %(n, 4/n) is nonk-colorable in time
exp(O(n/4%)) where

k-1
=%
Interestingly, this value of; coincides with a heuristic bound suggested by calculations
of Ein-Dor and Monasson24] who estimated the running time of DPLL on

Ok

)
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t, = ayn/AS?

} t3 = a3n/A2

} unit propagation

stage 4

Fig. 1. Our depth-dependent splitting rikeis equivalent to a series of stages; during stadke algorithm is
checking a subgrap¥i; for j-colorability. Herek = 4.

G ~ %(n, 4/n) by making the (clearly false) assumption that the branches of the search
tree are independent.

The splitting rule depends on the currentlevel inthe search tree, i.e., the number of vertices
that are currently colored. We go through a series of stages; tG testk-colorability, the
algorithm starts in stage switches to stage — 1 at a certain depth, and so on. The idea is
that at stagg, the algorithm is currently checking a subgrapl&dir j-colorability, where
the vertices in this subgraph are neighbors of vertices colored at previous stages and have
at most allowed colors. This continues until we reach stage 2, at which point we check a
subgraph for 2-colorability in polynomial time using unit propagation around an odd cycle.
At each stage we use an arbitrary numbering, as in ordered DPLL, to choose among the
vertices in the current subgraph. We illustrate thifig. 1

We now define this splitting rule, which we c&l To introduce some notation, [€the
the current depth, and fords < T let v, be the vertex that was colored at levef the tree
andc(v,) be its assigned color. ForG3i <k let#; = a;n/ 4%, wherey; is given by (2) and

as, ..., a; is a set of parameters we will define below. Igt= fo:j t; with Ty 11 =0, and
let T» = n; then we will say that we are currently gtage jif j is the largest integer such
that7T < T;.

Given that we are in stagge define a set of vertice¥; as follows. Forj <i<k, let
S; = {v : T;+1<t < T;} be the set of vertices colored during stageet ¢; be the most
common color among the vertices §, and letU; = {v € S; : c(v) = ¢;}. Then, letV;
be the set of uncolored verticessuch that has a neighbo#; € U; for all j <i <k. By
construction the; are all distinct, so vertices ii; have at most allowed colors. We take
Vi=V.

Finally, if j > 2, R splits on the vertex itV; of smallest number. If = 2, R splits on the
vertex in Vo of smallest number, and performs unit propagation whenever a vertéx in
exists with only one allowed color. (Note that although it does not take advantage of unit
propagation untili = 2, up to a polynomial factor, the algorithm’s running time can only
improve if it performs additional unit propagations at an earlier stage.)

To do our analysis, it is convenient to recognize that DPLL with this splitting rule is
equivalent to a recursive algorith& (G) which colorst = #; vertices and then calls itself
on the subgrapty’ of uncolored neighbors of the vertices assigned the most common color.
We illustrate this algorithm iffable 1
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Table 1
A recursive algorithm equivalent to the splitting riRe

Algorithm A, (G) {
If k =2, checkG for 2-colorability.
Else{
Letr =agn/A%.
If |G| <t, fail.
Else, for allk’ assignments of colors to thieertices of lowest number, do
Let ¢ be the most common color among thésertices,
let U be the set of these vertices assigned coland
let G’ be the subgraph induced kbys uncolored neighbors.
RunA;_1(G").

Theorem 3. LetG ~ %(n, p = 4/n). For all k>3, there exist constantss, ..., a; and
constantsy, ¢, > 0, andd; such thatfor all 4 > d;, DPLL with splitting ruleR, or equiv-
alently algorithmAy, refutesy (G, k) in time exp(bxn/ 4% )n®D with probability at least
1 — exp(—cin/A%), whereo, = (k — 1)/ (k — 2). Thereforewe have

DPLL(z(G, k)) < explbgn /A% )n°D
with probabilityl — o(1) in n.

Our proof of Theorem 3 is similar to that of Theorem 6.1[9Jf, which establishes an
upper bound for DPLL on randokSAT. The idea there is that setting a certain number of
variables creates a large enough density of two-variable clauses so that an unsatisfiable 2-
SAT subformula appears with high probability, which ordered DPLL with unit propagation
proves is unsatisfiable in linear time. Similarly, we will show inductively that coloring the
first#; vertices yields a subgraph whiéfp_1 quickly proves is nonk — 1)-colorable, until
k = 2 and we can check for 2-colorability quickly using our the smallest numbered vertex
splitting rule and unit propagation. This induction works if theobey a certain recurrence,
yielding (2).

We first prove that ifG has some simple properties, which hold with high probability
wheneveG has sufficiently large degree, then checking for non-2-colorability is extremely
fast. (Ordered DPLL is particularly naive because it does not take advantage of the symmetry
of the colors. If we used a more sophisticated splitting rule then we could easily derive a
linear upper bound for all non-2-colorable graphs.)

Lemma 9. There is a constanty such that if a graph G has a ne2colorable connected
subgraph on at Ieasé of its verticesthen under a random numbering of the vertices of G
the expected time for ordered DPLL to refytgs, 2) is at mosteon.

Proof. Observe that once ordered DPLL colors one vertex of a connected compof&gnt of
all other vertices ofs receive the implied colors by unit propagation. Thus, as soon as ordered
DPLL chooses some vertex from the large non-2-colorable connected component it reaches
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acontradiction and backtracks, tries the other color value, reaches a second contradiction and
backtracks again, failing on that component. If such a vertex has the smallest number then a
contradiction is reached immediately. However, if a vertex of some 2-colorable component
is encountered previously then on backtracking past this component, ordered DPLL will
recolor the first vertex of this 2-colorable component and then return to the non-2-colorable
large subgraph and again determine failure before finally deriving a contradiction. Thus, if
the smallest-numbered vertex of the large non-2-colorable component is nurbberéd

then the number of times we color first vertices in some component is atraat™t and

the cost of unit propagation on each compone@rgor some constart. Since the large
component has size at least/8 the probability that this happens is at most & (2/r)3.

The expected time is then at m@3} "2, (2/r)°rn = (8CY.2,1/rP)n=(4Cn?/3n. O

We now prove that a random graph of sufficiently high, but constant, average degree is
overwhelmingly likely to have the large non-2-colorable component called for by Lemma
9, so that our very simple DPLL procedure will determine that it is not 2-colorable in linear
expected time. Note that, here and elsewhere, we have made no attempt to optimize the
constants (other than,) that appear in the exponents.

Lemma 10. There exist constant, d> > 0 such thatfor all 4>d, n sufficiently large
andG ~ %(n, p=A4/n),

Pr{G contains a norR-colorable connected component of sizé:/8]
>1— e A,

Proof. First, consider the probability that the largest connected compone@t isfof
size less than//8. If this is the case then there must be some subsédtvertices with
n/16<|S| < 151/16, that is, disconnected fros (To see this, consider the components
Ci,...,C; of Gin an arbitrary order, lej be the smallest integer such théy U --- U
Cilzn/l6andsef§=C1U---UC;.Since|C;|<7n/8,n/16<|S| <151/16.) For a fixed
setSof this size the probability that there are no edges fRim S is at most

1— p)|SHS"\ gefp(l5n2/25® < e~ 15A1/256

Since there fewer tharf'Zuch sets,

PI{G does not contain a connected component of size/8] < e~ (154/256-I2)n

We now show that with overwhelming probability, no subsetof n /2 vertices ofG can
be bipartite. Fix one such subd&tLet X be the number of 2-colorings & There are 2
2-color assignments to the verticesBfFor any such assignment, the number of potential
edges between vertices of the same color is at Ie(éé‘ﬁ ), which is greater tham?/8
for n>8. Therefore,

E[X]<2"(1— p)m2/8 <o e—pm2/8 _ 2n/2e—pn2/32< e (4/32-(1/2In2)n_

Since there are fewer thari 8uch sets, the probability that some such set is bipartite is at
most e (4/32-3/2)In2)n
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Therefore, the overall probability that a non-2-colorable component of size atgeast
fails to exist is at most

o (154/256-In2)n + e (4/32-3/2) In2)n
which is at most 22" for A > d, for some constants, d, > 0. [

Below, we will use the following Chernoff bounds on the binomial distribution
[7, Appendix A}

PrBin(m, q) <mq /4] <2mas?, ®3)
PrBin(m, g) > Cmq]<(C/e)~¢™m4. (4)

Now, to illustrate the idea and start our induction, we prove Theorem 3 in thé& eaSe

Theorem 4. LetG ~ %(n, p=A4/n). There exist constants, b3, c3 > 0,andds such that
if A>ds, thenAgrefutesy(G, 3) intime at moséxp(bgn/Az)O(n) with probability at least
1— exp(—can/4%).

Proof. As in our definitions ofR and Az above, letG’ be the subgraph induced by the
uncolored neighbors of thiecolored vertices which have been assigned their most com-
mon color. We will show that w.h.pG’ satisfies the conditions of Lemma 9 for all 3
assignments of the firswertices, the\s’s expected running time will be at most3n =
exp((azIn 3)n/4%)con. Then, settingz = 2a3In 3, by Markov’s inequality the probability
that the running time exceeds &kgn/A4%)con is at most exp—(azIn 3)n/42).

The number’ of vertices inG’ is binomially distributed as Bifx — ¢, g) where

as
64

since €* <1 — x/2 for 0<x <1. Using the lower Chernoff bound (3) and choosiig
large enough so that= azn/4% < n/2 for 4 >da, we have

4>1-A-pPe1-e vz E o

PHn’ < asn/(484)] <2793/ (240,
Let az = 48d>, whered is the constant defined by Lemma 10. Then we have
Prn’ <don/ A1 <2242/ 4, )

Clearly, G’ is distributed a%/(n’, p) if we condition on the value of’. Let A/ = pn’ be
the mean degree @'; then ifn’ > don /A we haved’ > d,. Combining Lemma 10 with (5)
then gives
Pr[G’ does not contain a non-2-colorable component of $iZ&’ /8]
< 2—2d2n/A + e—czdzzn/A
<exp(—2Cn/A)

for someC < min(dz In 2, czd22/2). We wish to bound the probability that’ violates the
condition of Lemma 9 for some assignment of the fingtrtices. Choosés large enough
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so that(azIn 3) /d3 < C; then for all4 > d3, the union bound gives a total probability of

3 exp(—2Cn/A) < exp((a?’l‘n 3_ 2C> %)

< exp(—Cn/4).

Combining this with Markov’s inequality as described above, the overall probability that
the running time of\3 exceeds e><(pb3n/A2)con is at most

exp(—(azIn3)n/4%) + exp(—Cn/A) < exp(—can/4%)

forall A>ds and somesz>a3In3. O
We can now prove Theorem 3 for &ll

Proof of Theorem 3. The proof works by induction ok, where each step of the induction
parallels that of Theorem 4 and we use- 3 as the base case. Our goal is togeandd;
so that the average degrdeof G’ is at least;_1.
First, the numbenr’ of vertices inG’ is distributed as Bitz — t, ¢), where
_ t ag
>1-1-plks1—er/kx 2 _ :

q 1-p % = gl
Choosingi; large enough so that< n/2 for A > d;. and settingy, = 16kd. 1, the Chernoff
bounds (3), (4) (withC = 4) give

Prn’ < dy_qn/A% 12 2ean/ A5 (6)
PHn’ > 16d;_1n/ A% < (4/€)~L6h-1n/4% " @)
Then if n' >di_1n/A% 1, we haved’ = pn’ >di_14°%* >d;_1, sinceox <2 and we

assume w.l.0.g4 > 1. Therefore, assuming the events of (6) and (7) hold, the running time
of A, (up ton®D) is

, . 16h-1d, 7\
k exmbkfln /(A ) - )< exp A Ink + W W . (8)

Setby =a;Ink + 16bk_1dkl:;‘k*1. Then ifa;_1(2 — o) — 1 =0, or alternately

1
o =2 — ——, (9)
O—1

then the running time (8) becomes €xp1/4*) as stated. Indeed, the solution to the
recurrence (9) with the initial conditiomg = 2 is

k-1
-

We now bound the probability that, for some assignment of the tfivstrtices,A,_1
fails becauséG’| < 1,_1 or its running time exceeds eign/4%). First, note that since

Ok
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o — 1 < og—1, for sufficiently larged we haverlk_ln/zlc‘k*1 > 1.1, SO the probability that
|G’| < t;_1 is bounded by (6). Then, combining (6) and (7) with our inductive assumption
gives

Pr[A,_ fails or takes too long 0]
<2 2 2 ATy eXP(‘Ck_ln/>

A/ak—l
_ e~ k—1di—1n
< 21-2dian/ A% 1 expl — Ck-1
TP\ T @es oy A
< exp(—2cgn/A%) (10)

for somecy > cx_1dy/(16d;_1)*-1, where we have sek; > c;_1/((21n2)(16d;_1)**-1)
so that the second term in (11) dominates fortl d;.. Furthermore, set; large enough
so thatc, > a; In k; then the union bound over thé assignments of the firsvertices gives

Pr{A, fails] =k’ exp(—2cyn/A%)
= exp((ar Ink — 2c;)n/A%)

< exp(—cin/A4%)

which completes the proof.]

Another approach, more closely analogoug9p is to note that if®(z) of the initial
vertices are assigned each color, then the number of their 2-color neighbors with a particular
pair of allowed colors is w.h.pr’ = @(n(pr)*—2) = O(n/4 % D*=2) These 2-color
vertices induce a grapti’ of average degred’ = pn’ = @(41~*~D*-2) and Lemma
10 shows that;’ is w.h.p. non-2-colorable whett' > d,. This happens (with appropriate
constants) whed’ = ©(1), giving 1— (o, — 1)(k — 2) =0 and say, = (k — 1)/ (k — 2).

However, since the colors assigned to the firsertices are (negatively) correlated,
proving that®(r) of them receive each of tHecolors then becomes a separate problem.
One possible method for this would be to use multitype branching processegls in

5. Discussion of algorithms
5.1. Backtracking algorithms

In Section 4, we described the behavior of the backtracking algorithm analyfaxtj14]
on nonk-colorable graphs as a resolution refutation of the formuila, k). This is very
typical. Many more sophisticated backtracking-based coloring algorithms can be emulated
by resolution (or by tree-like McDiarmid proofs to which our resolution-width bounds also
apply). Our DPLL upper bound from Theorem 3 corresponds to one such natural algorithm
which has better behavior. For example, most of the coloring algorithri&linwere of
this form.

Beigel and Eppstein also used recursive algorithms, based on extensive case analyses of
local configurations, to give upper bounds for 3-coloring 61 3448') [11], later improved
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to O(1.3289") [12]. The case analysis is in terms of general constraint satisfaction problems
(CSPs) with domain size 3 or 4 and binary constraints, of which 3-coloring is a special case
where the domain size is 3 and all constraints are not equal constraints. We are not able,
so far, to give strict resolution simulations for these algorithms. Howevggia variant

of the algorithm in[11] is given which establishes the same bound ¢1.8446") for
Regy(G, 3)). In the case of the algorithm given[ih2], we can do the same for all but one
case (among some two dozen).

The execution of the Beigel-Eppstein algorithms on inBunay easily be described
in terms of the formulg (G, k). Consider the following “quasi-DPLL”" algorithm scheme.

For formula¢, select a se§ c varg(¢) of variables based on some local property of
¢, and consider a s& of (possibly partial) assignments & For eachx in A, eithero
makes a claus€ of ¢ false, or we make a recursive call to solve the restrictior of

by «. If the setA of assignments covers all assignmentSighat is, each assignment to
Sis an extension of some partial assignmen&jnthen ¢ is unsatisfiable if and only if
each restricted formula is unsatisfiable. Any “quasi-DPLL" algorithm of this sort can be
efficiently simulated by resolution as follows. For eadh Awe may derive a clause which

o makes false, and from these derived clauses plus clausgshatt mention variables in

S we may construct a refutation gf. The derived clauses are obtained as follows: If
makes a claus€ e ¢ false, we use the clausg otherwise the recursive call to refute the
restriction of¢ by o returns a clause thatmakes false. In the case whebds already a
restriction of the input formula by partial assignmentve can extract from the refutation

of ¢ a clause whichr makes false, and return this clause to the parent invocation. (The
refutations produced may not be strictly tree-like, but are nearly tree-like in that non-tree
parts are local.)

Most of the cases in the Beigel-Eppstein algorithms are captured fairly easily by this
scheme. The bounds are obtained by careful choices foBae$A, and the corresponding
number and sizes of recursive calls. However, in a small number of casesAte assign-
ments does not cover all assignmentS.tim these cases, the completeness arguments do not
have direct analogs in resolution, and to obtain the bouni@Siralternate handling or sub-
case breakdown was used. In the algorithrfl8] one case makes use of polytime bipartite
matching, which is a more serious impediment to simulation by resolution. Nonetheless, it
is plausible that our lower bounds can be shown to apply to both of the Beigel-Eppstein
algorithms.

The connection betweek-coloring algorithms and resolution-based algorithms for
7(G, k) is also borne out in practice. For example, the program used for colorif&ijn
also uses graph reductions based on removing vertices, or merging vertices. These, too, can
be emulated by resolutions, mostly on two clauses, but occasionally involving 3-clauses. It
also does significant forward pruning by propagating statements of the type “the color of
v isi or the color ofw is }”. These can be expressed as 2-clausgs Vv x,, ;) which can
be generated by resolution. In extensive head-to-head[&tsthis program on graphs
and the back-jumping version of the DPLL-based tableau progitaimback [20] on the
associateg(G, k) behave statistically alike on random 3-color instances. The coloring pro-
gram is better for larger values kfbut this is likely due to the fact that tableau was tuned
to 3-SAT instances and the fact that some features (e.g. clustering) are easier to identify
knowing the graph structure.
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5.2. Other complete algorithms

There are many other algorithms suitable kecoloring ork-colorability that are not
primarily based on backtracking search and therefore are not covered by our resolution
bounds. Often, they are tuned for use on the random graphs we consider. However most
non-backtracking coloring algorithms, such as thogd6,26,16Jareincompletan that
they may miss some possitkecolorings and therefore do not produce certificates of non-
k-colorability. We will only be concerned with complete algorithms.

One class is particularly interesting. At sufficiently large density, any graph is almost
certainly notk-colorable, however this fact does not in itself provide a proof of such a
graph’s nonk-colorability. However, recently, Krivelevich and \JB2] showed that tight
concentration bounds on the polynomially computable Lovdsmction of random graphs
can be used to approximate the chromatic number in polynomial expected time for suffi-
ciently large graph density. Coja-Oghlar{19] has used the same general technique and
sharper concentration bounds for the polynomial-time computadadtor chromatic num-
ber 1_91/2(G) to derive a polynomial expected tinkecolorability algorithm fork = o(/n)
and4 > ck? for some constant> 0. More precisely, sincél/z(G) <VI(G) < y(G) for all
graphsG, the algorithm first tests iz?l/z(G) > k (using semi-definite programming); if so,
then this provides a proof of the ndwreolorability of G. Otherwise, the algorithm then
calls a standard worst-case exponential-thkreoloring algorithm such as that of Lawler
[33]. The concentration results fohG) are such that it is exponentially unlikely that the
algorithm will need to resort to the second stage and thus the algorithm has polynomial
expected running time.

Clearly, based on our results, these algorithms are provably superior to resolution and
backtracking for proving nok-colorability of random graphs when the graph density is
sufficiently large compared tk These algorithms use the typical properties of a random
input to try to quickly produce a certificate that the input is kablorable. Although such
a certificate may not be guaranteed to exist, it works sufficiently frequently that it is useful.
Similar ideas using spectral methods have also been employed by Goerd2812]for
randomk-SAT. It is interesting to note that in the casekeBAT, although the best current
algorithms almost certainly yield efficient certificates in a wider range of densities than
does DPLL, in contrast to the situation fecolorability it is still open whether or not they
do the same when compared with general resolution.

Finally, we note that sincg(G, k) is ak-CNF formula, any complete deterministic al-
gorithm for k-SAT is potentially relevant fok-coloring. Most such algorithms that have
been analyzed are themselves resolution-based although there are exceptions such as the
(2 - 2/(k + 1))" worst-case time algorithm of Dantsin et E12] which is not competitive
and does improve with improved graph density.

6. Open problems
There is a gap between the exponentd d@fi our upper and lower bounds that would be

nice to close, particularly for DPLL. Our DPLL upper bound is of the form
exp(O(n/A%=D/k=2))) whereas our lower bound is of the form €Qgn/ A%/ *k=2+¢)),
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Classic result§25] show that ford = w(n*=2/k) a randomG ~ %(n, 4/n) contains
a (k + 1)-clique with probability 1— o(1). The presence of such a clique obviously yields
a O(k?) size DPLL proof of nork-colorability so we should consider densities below this
bound. Itis interesting that this is essentially the same range where our current lower bound
yields non-trivial results. This suggests that our DPLL lower bound (except maybe for the
¢) is the more likely to be the correct bound.

One obstacle for improving the DPLL upper bound to match the lower bound may be
that the lower bound allows an optimal literal selection rule that may not necessarily be
obtainable via an efficient DPLL algorithm. It would be interesting to see if one could obtain
improved lower bounds for simple literal selection rules or show that simpler selection rules
can achieve the same or better upper bounds.

Our bounds apply only above the threshold kKezolorability, but the use of(G, k) in
k-coloring algorithms also is suitable in tkecolorable region since satisfying assignments
correspond tk-colorings (unlike thed-based algorithms from Section 5 which yield no
information about &-coloring when the graph ik-colorable). Jia and Moorf80] have
recently shown exponential behavior of a natural greedy DPLL algorithm on dasily
colorable random graphs below the threshold: this greedy algorithm repeatedly misses
constant-size contradictory subproblems. However, such behavior can easily be eliminated
with amore sophisticated literal selection rule. Are there other more sophisticated algorithms
where such bounds can be shown for satisfiable instances?
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