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1. Sample Complexity

Let k(x, x′) = 〈ϕ(x), ϕ(x′)〉F and l(h, h′) =
〈φ(h), φ(h′)〉G be the kernels for the observation vari-
ables Xt and hidden states Ht respectively. We assume
that the feature map is bounded, i.e. ‖ϕ(x)‖F ≤ 1 and
‖φ(h)‖G ≤ 1. In this case, the norms of the conditional
embeddings of Ht are bounded by 1, i.e. by convexity∥∥µHt|xt−1:1

∥∥
G =

∥∥EHt|xt−1:1 [φ(Ht)]
∥∥
G

≤ EHt|xt−1:1 [‖φ(Ht)‖G ] ≤ 1 (1)

We will use ‖·‖2 to denote the spectral norm of an
operator. We assume that the spectral norms of O
and T are finite, i.e. ‖O‖2 ≤ CO and ‖T ‖2 ≤ CT .
Let Û be the column concatenation of the top N left
singular vectors of Ĉ2,1. We define

β̃1 := Û>µ1 (2)

β̃∞ := C2,1(Û>C2,1)† (3)

B̃x := P(x)
(
Û>(C3,1|2ϕ(x))

)(
Û>C2,1

)†
(4)

We further define

δ1 :=
∥∥∥(Û>O)−1(β̃1 − β̂1)

∥∥∥
G

(5)

δ∞ :=
∥∥∥β̃∞ − β̂∞∥∥∥

2
(6)

∆ := max
xt

∥∥∥(Û>O)−1(B̂xt
− B̃xt

)(Û>O)
∥∥∥

2
(7)

γ := max
xt

‖Axt‖2 (we assume γ ≤ 1). (8)

Lemma 1
∥∥∥(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)

∥∥∥
G
≤ (1 +

∆)tδ1 + (1 + ∆)t − 1

Proof By induction on t.
∥∥∥(Û>O)−1(β̂1 − β̃1)

∥∥∥
G

=

δ1 = (1 + ∆)0δ1 + (1 + ∆)0 − 1 when t = 0. For
the induction step define β̂t := B̂xt−1:1 β̂1 and β̃t :=
B̃xt−1:1 β̃1. Assume for t > 1:∥∥∥(Û>O)−1(β̂t − β̃t)

∥∥∥
G

≤(1 + ∆)t−1δ1 + (1 + ∆)t−1 − 1 (9)

Then, we have∥∥∥(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)
∥∥∥
G

≤
∥∥∥(Û>O)−1(B̂xt

− B̃xt
)(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1β̃t

∥∥∥
G

(10)

+
∥∥∥(Û>O)−1(B̂xt

− B̃xt
)(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1(β̂t − β̃t)
∥∥∥
G

(11)

+
∥∥∥(Û>O)−1B̂xt(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1(β̂t − β̃t)
∥∥∥
G

(12)

For (10), we have∥∥∥(Û>O)−1(B̂xt
− B̃xt

)(Û>O)
∥∥∥

2

∥∥∥(Û>O)−1β̃t

∥∥∥
G

≤∆
∥∥µHt|xt−1:1

∥∥
G ≤ ∆ (13)

For (11), we have∥∥∥(Û>O)−1(B̂xt
− B̃xt

)(Û>O)
∥∥∥

2

∥∥∥(Û>O)−1(β̂t − β̃t)
∥∥∥
G

≤∆((1 + ∆)t−1δ1 + (1 + ∆)t−1 − 1) (14)
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For (12), we have∥∥∥(Û>O)−1B̂xt
(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1(β̂t − β̃t)
∥∥∥
G

≤‖Axt
‖2
∥∥∥(Û>O)−1(β̂t − β̃t)

∥∥∥
G

≤(1 + ∆)t−1δ1 + (1 + ∆)t−1 − 1 (15)

Summing the above three bounds, we have

(1 + ∆)tδ1 + (1 + ∆)t − (1 + ∆) + ∆

=(1 + ∆)tδ1 + (1 + ∆)t − 1 (16)

Lemma 2
∥∥µXt+1|xt:1 − µ̂Xt+1|xt:1

∥∥
F ≤ COδ∞ +

(COCT + COδ∞) ((1 + ∆)tδ1 + (1 + ∆)t − 1)

Proof Using triangle inequality∥∥µXt+1|xt:1 − µ̂Xt+1|xt:1

∥∥
F

=
∥∥∥β̃∞B̃xt:1 β̃1 − β̂∞B̂xt:1 β̂1

∥∥∥
F

≤
∥∥∥(β̃∞ − β̂∞)(Û>O)(Û>O)−1B̃xt:1 β̃1

∥∥∥
F

(17)

+
∥∥∥(β̃∞ − β̂∞)(Û>O)(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)

∥∥∥
F

(18)

+
∥∥∥β̃∞(Û>O)(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)

∥∥∥
F

(19)

For (17), we have∥∥∥(β̃∞ − β̂∞)(Û>O)(Û>O)−1B̃xt:1 β̃1

∥∥∥
F

≤
∥∥∥(β̃∞ − β̂∞)(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1B̃xt:1 β̃1

∥∥∥
G

≤
∥∥∥β̃∞ − β̂∞∥∥∥

2
‖O‖2

∥∥µHt+1|xt:1

∥∥
G

≤CO
∥∥∥β̃∞ − β̂∞∥∥∥

2
≤ COδ∞ (20)

For (18), we have∥∥∥(β̃∞ − β̂∞)(Û>O)(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)
∥∥∥
F

≤
∥∥∥(β̃∞ − β̂∞)(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)
∥∥∥
G

≤
∥∥∥β̃∞ − β̂∞∥∥∥

2
‖O‖2

(
(1 + ∆)tδ1 + (1 + ∆)t − γ

)
≤COδ∞

(
(1 + ∆)tδ1 + (1 + ∆)t − 1

)
(21)

For (19), we have∥∥∥β̃∞(Û>O)(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)
∥∥∥
F

≤
∥∥∥β̃∞(Û>O)

∥∥∥
2

∥∥∥(Û>O)−1(B̂xt:1 β̂1 − B̃xt:1 β̃1)
∥∥∥
G

≤‖OT ‖2
(
(1 + ∆)tδ1 + (1 + ∆)t − 1

)
≤COCT

(
(1 + ∆)tδ1 + (1 + ∆)t − 1

)
(22)

Define:

ε1 := ‖µ1 − µ̂1‖F (23)

ε2 :=
∥∥∥C2,1 − Ĉ2,1∥∥∥

F⊗F
(24)

ε3 := max
x

∥∥µ3,1|x − µ̂3,1|x
∥∥
F⊗F (25)

Lemma 3 Suppose ε2 ≤ εσN (C2,1) for some ε ≤ 1/2.
Let ε0 = ε22/((1− ε)σN (C2,1))2. Then:

1. ε0 < 1,

2. σn(Û>Ĉ2,1) ≥ (1− ε)σN (C2,1),

3. σN (Û>C2,1) ≥
√

1− ε0σN (C2,1),

4. σN (Û>O) ≥
√

1− ε0σN (O).

Proof This lemma can be proved by an extension of
Lemma 9 in ?.

Lemma 4 δ1 :=
∥∥∥(Û>O)−1(β̃1 − β̂1)

∥∥∥
G
≤ ε1

σN (Û>O)

Proof

∥∥∥(Û>O)−1(β̃1 − β̂1)
∥∥∥
G

=
∥∥∥(Û>O)−1(Û>µ1 − Û>µ̂1)

∥∥∥
G

≤
∥∥∥(Û>O)−1Û>

∥∥∥
2
‖µ1 − µ̂1‖F (26)

≤ ε1

σn(Û>O)
(27)

Lemma 5 δ∞ :=
∥∥∥β̃∞ − β∞∥∥∥

2
≤

1+
√

5
2

ε2
min{σN (Ĉ2,1),σN (Û>C2,1)}2

+ ε2
σN (Û>C2,1)
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Proof∥∥∥β̃∞ − β∞∥∥∥
2

=
∥∥∥C2,1(Û>C2,1)† − Ĉ2,1(Û>Ĉ2,1)†

∥∥∥
2

≤
∥∥∥Ĉ2,1((Û>C2,1)† − (Û>Ĉ2,1)†)

∥∥∥
2

+
∥∥∥(C2,1 − Ĉ2,1)(Û>C2,1)†

∥∥∥
2

≤
∥∥∥Ĉ2,1∥∥∥

2

∥∥∥((Û>C2,1)† − (Û>Ĉ2,1)†)
∥∥∥

2

+
∥∥∥C2,1 − Ĉ2,1∥∥∥

2

∥∥∥(Û>C2,1)†
∥∥∥

2

≤1 +
√

5
2

ε2

min{σN (Ĉ2,1), σN (Û>C2,1)}2
+

ε2

σN (Û>C2,1)
(28)

Lemma 6 ∆ := maxxt

∥∥∥(Û>O)−1(B̂xt
− B̃xt

)(Û>O)
∥∥∥

2
≤

1
σN (Û>O)

(
ε2

min{σN (Ĉ2,1),σN (Û>C2,1)}2
+ ε3

σN (Û>C2,1)

)
Proof

max
xt

∥∥∥(Û>O)−1(B̂xt
− B̃xt

)(Û>O)
∥∥∥

2

≤max
xt

1
σN (Û>O)

(∥∥∥µ̂3,1|xt
((Û>C2,1)† − (Û>Ĉ2,1)†)

∥∥∥
2

+
∥∥∥(µ3,1|xt

− µ̂3,1|xt
)(Û>C2,1)†

∥∥∥
2

)
≤ 1
σN (Û>O)

(
ε2

min{σN (Ĉ2,1), σN (Û>C2,1)}2
+

ε3

σN (Û>C2,1)

)
(29)

Based on the properties of Hilbert space embeddings
explained in the main text, we have

Lemma 7 With probability 1− δ,

ε1 = ‖µ1 − µ̂1‖F = Op(m−1/2(log(1/δ))1/2) (30)

ε2 =
∥∥∥C2,1 − Ĉ2,1∥∥∥

F⊗F
= Op(m−1/2(log(1/δ))1/2)

(31)

ε3 = max
xt

∥∥µ3,1|xt
− µ̂3,1|xt

∥∥
F⊗F = Op(λ1/2 + (λm)−1/2(log(1/δ))1/2).

(32)

Plugging these results, and we finally have

Theorem 8 Assume k(x, x′) and l(h, h′) bounded,
and maxx ‖Ax‖2 ≤ 1, then with probability

1 − δ,
∥∥µXt+1|xt:1 − µ̂Xt+1|xt:1

∥∥
F = Op(λ1/2 +

(λm)−1/2(log(1/δ))1/2).


