Appendix: Kernel Spectral Algorithm for HMM
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1. Sample Complexity Proof By induction on t. H UTO) (B — 51)Hg =
Let k(z,2') = (p(z),0(@))r and I(h,K) = & = (1 + A% + (1 + A) — 1 when t = 0. For
(¢(h),¢(h"))s be the kernels for the observation vari- the induction step define By = By, .01 and B, ==
ables X; and hidden states H; respectively. We assume B, B1. Assume for ¢ > 1:

that the feature map is bounded, i.e. ||p(z)| » < 1 and

¢(h)|lg < 1. In this case, the norms of the conditional H Um0y (3 - B)
embeddings of H; are bounded by 1, i.e. by convexity P
_1+At15+1+At*1—1 9
1101 lg = Bt D stra e ®
S Empe, 1 llloH)lgl <1 (1) Then, we have
We will use |||, to denote the spectral norm of an T onelrd A -
operator. We assume that the spectral norms of O U O) (Ba, 1 = B%lﬁl)Hg
and 7 are finite, i.e. ||O], < Co and ||T], < Cr. ST oN—1 14 <
. < _
Let U be the column concatenation of the top N left — — U O)"(B:, — Ba g
singular vectors of Cy ;. We define (10)
- . ToN-13 _ R 1TO 3
B= U @ *l@rori@. -saro, |@roré - s,
ﬂoo = CQJ(LA{TCQJ)T (3) (11)
: ; ; f +|UTO) By, T O)|| |WUTO)TH(B - B
B, = P(z) (uT(cg,lw(a;))) (uTcg,l) (4) U 0)" 8 )HQ H( )~ (B ﬂt)Hg )
We further define
To . For (10), we have
o= @O (B - B (5)
Ten-13 _ B T ST —175
b = [ _500H2 ©) |@moy@., - Boy@m o) |aTo) A
A= max @70y B - Bo@TO), @ =Blmecnle=s 3)
v :=max || Az, |, (we assume vy <1). (8)  For (11), we have
. S ~ ST on—1(R 3 7T Ten-1(3 _ 7
Lemma 1 H(Z/IT(’))—l(Bwtilﬁl—meﬁl)Hg < (1+ H(U 0)~(Be, — B, )(U O)HQH(U 0) (ﬁt—ﬂt)Hg

Ao+ (1+A) -1 SA(A+A) 1o+ (1+A) —1) (14)
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For (12), we have
|@Toy B, @ o) @m0y - By
< IMAe Iy | @7 0) 7B - B
<A+A) T +(1+A) T -1 (15)
Summing the above three bounds, we have
14+ A5 +(1+A)—(1+A)+A
=(1+A)'6 +(1+A)"-1 (16)
|

g

Lemma 2 ||/‘LXt+1‘l't:l _ﬂXt+1\zt:1’|f < Colds +
(CoCr + Codse) (14+ A6 + (1 +A) —1)

Proof Using triangle inequality
[T NI
e — b
<|| (5 = B @TONUTO)Be, | (7)

+ (Boo - Boo)(z;{TO)(Z/?TO)_l(BItzlﬂl - thzl/Bl)

+ B @O0 Brr B - BaiBr)||, (19)

For (17), we have
| (B = B)UTO)UTO) By
<[ - )@ 0)| | @T0)Be s 1|
< [ = Bec |, 1O 111101 I
<Co || — B||, < Codue (20)
For (18), we have
| (B = Boc) T OYUT O B = Br )|

<[ - )@ O)| || @TO) 7 (Brs B - Bua )

< (8o = B 101 (1 + A)101 + (14 A) )
<Colos (1 +A)5; + (1+A) —1) (21)
For (19), we have
| e @7 OV O) BB — BB,
< | o)|, || @TO) Brr B~ Bri )

<NOT||, (1 + A6 + (14 A) —1)
<CoOr (L+A)6 +(1+A) —1) (22)

|
Define:
€1 := ||:u1 - ﬂlllf (23)
€ 1= HC2,1 - éle 2
F&F
€3 1= max 13,112 = fis 112 2oz (25)

Lemma 3 Suppose e < eon(Ca1) for some e < 1/2.
Let eg = €5/((1 — €)on(Ca,1))?. Then:

1. eg <1,
2. 0,(UTCa1) > (1 —€)on(Can),
3. O’N(Z/A{TCQJ) Z MUN(CLI);

4. O’N(Z/A[TO) Z MO’N(O)

Proof This lemma can be proved by an extension of
Lemma 9 in ?. |

Lemma 4 6; := “(Z]TO)_l(ﬁl - Bl)”g < m
Proof
|aroy -

_ Hmw)—wmm —ZflT/le)Hg

<|@moyar| i - il (26)
<o) o
|

Lemma 5 0., = HBOO - 6OOH <
2
1+v5 €2 _ + €2
2 min{ﬂN(CQ‘l),UN(Z/{TC211)}2 O’N(UTCQJ)
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Proof 1 - 5’ ||:uXt+1|It:1 7ﬂxt+l‘$t:1H}' = OP(/\1/2 +
- Am)~1/2(log(1/6))'/2).
e (m) 172 log(1/5)) 172

Cor(UTCon)T = Con(UTCo )t H2

IA

Con (@7 Co)l = @ x|

2
+ (02,1 — 62,1)(1;1T02,1)TH2

IN

éz’lHQ H((Z;[Tcz’l)T B (aTéQ’l)T)“z

+ Cz,1 B éQJHz H(Z/A{TCZl)THz

< 1++/5 €2 n €2
- 2 min{oN(CAg@),UN(LA{TCQJ)}Q UN(Z/A[TCQJ)
(28)

UTO) (B, —Bwt)(Zf{TO)H <

Lemma 6 A :=max,,
2

1 ( _ €2 _ + A63 )
on(UTO) \min{on(C2,1),0n(UTC2,1)}2 ~ on(UTC2,1)
Proof

max |(TO) (B, — Bo) T O)

<max L}{TO)< Hﬂ3,1|xt((aTC271)T - (Z;{TCAM)T)’L

Tt UN(

4_H(Ms,l\zt—-ﬂ:’ul\rt)(aTCQ’l)Tuz)

< } e n €3
on(UTO) <min{0N(Cg,1), on(UTCa1)}? UN(UTCZI))
(29)

Based on the properties of Hilbert space embeddings
explained in the main text, we have

Lemma 7 With probability 1 — 9,

&1 = [l = finll 2 = Op(m™"2(108(1/0)"/%)  (30)

2= |Cox = Can[ = Op(m™"(105(1/0))""%)
(31)

€3 = Hﬁx ||M3,1|act - ﬂ3,1|x,, ||f_®f = Op()‘l/2 + (Am)71/2(1og(1/5))1/2).
(32)

Plugging these results, and we finally have

Theorem 8 Assume k(z,2’) and I(h,h') bounded,
and max, ||Azll, < 1, then with probability



