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Abstract

For any norms Ny, ..., N, on R"” and N(x) := Ni(x) + - -+ + Ny, (x), we show there is a
sparsified norm N(x) = wiNj(x) + -+ + w,; Ny (x) such that [N(x) — N(x)| < eN(x) for all
x € R", where wy, ..., w, are non-negative weights, of which only O(e2n log(n/¢)(logn)*°)
are non-zero.

Additionally, if N is poly(n)-equivalent to the Euclidean norm on R”, then such weights can
be found with high probability in time O(m(log n)°™® + poly(1))T, where T is the time required
to evaluate a norm Nj;. This immediately yields analogous statements for sparsifying sums of
symmetric submodular functions. More generally, we show how to sparsify sums of pth powers
of norms when the sum is p-uniformly smooth.
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1 Introduction

Consider a collection Ny, ..., N, : R" — R, of semi-norms! on R"” and the semi-norm defined by
N(x):=Ni(x)+ -+ Npy(x).

It is natural to ask whether N can be sparsified in the following sense. Given nonnegative weights
w1, ..., Wy, define the approximator N(x) = wiN1(x) + -+ + Wy Ny (x). Say that N is s-sparse if at
most s of the weights {w;} are non-zero, and that N is an e-approximation of N if it holds that

IN(x) = N(x)| < eN(x), VxeR". (1.1)

A prototypical example occurs for cut sparsifiers of weighted graphs. In this case, one
has an undirected graph G = (V,E, c) with nonnegative weights {c, : e € E}, with n = |V]|
and N(x) := 3 ,ucF CuvlXu — Xo|. A weighted cut sparsifier is given by nonnegative edge weights
{w, : e € E}. Defining N(x):= iuveE WuvCuo|Xy — Xo|, the typical approximation criterion is that

IN(x) - N(x)| < eN(x), Vxe{0,1}", (1.2)

where x € {0,1}" naturally indexes cuts in G. A straightforward ¢; variant of the discrete Cheeger
inequality shows that (1.2) is equivalent to (1.1) in the setting of weighted graphs.

Benczir and Karger [BK96] showed that for every graph G and every ¢ > 0, one can construct
an s-sparse e-approximate cut sparsifier with s < O(e72nlogn). Their result addresses the case
when each N; is a 1-dimensional semi-norm of the form N;(x) = ¢,,|x, — xy|. We show that one
can obtain similar sparsifiers in substantial generality.

Further, we show how to compute such sparsifiers efficiently when the semi-norm N is
appropriately well-conditioned. Say that N is (r, R)-rounded if it holds that r||x|]» < N(x) < R|x||2
for all x € ker(N)+, where ker(N) := {x € R" : N(x) = 0}.

Theorem 1.1. Consider a collection N1, ..., Ny, of semi-norms on R" and N(x) := Ni(x) + -+ + Ny (x).
For every ¢ > 0, there is an O(e~2n log(n/e)(log n)*°)-sparse e-approximation of N. Further, if the semi-
norm N is (r, R)-rounded, then weights realizing the approximation can be found in time O(m(logn)°W +
nOW)(log(mR /1)) M Teya with high probability if each N; can be evaluated in time Teya1.

Application to symmetric submodular functions. A function f : 2V — R, is submodular if
f(SU{v})=f(S)=> f(Tu{v})-f(T), VSCTCV,veV\T.

A submodular function is symmetric if f(S) = f(V \ S) forall S C V.

Consider submodular functions fi, ..., fi, : {0,1}V — R, and denote F(S) := fi(S)+- - + fu(S).
Given nonnegative weights wy, ..., w,,, define E(S) := w1 f1(S) + -+ + Wy fm(S). We say that Fisan
s-sparse e-approximation for F if it holds that at most s of the weights {w;} are non-zero and

|F(S) — F(S)| < eF(S), VSCV.

1A semi-norm N is nonnegative and satisfies N(Ax) = [A[N(x) and N(x + y) < N(x) + N(y) forall A e R, x, y € R",
though possibly N(x) = 0 for x # 0.



Motivated by the ubiquity of submodular functions in machine learning and data mining, Rafiey
and Yoshida [RY22] established in this setting that, even if the f; are asymmetric, for every ¢ > 0,
there is an O(Bn?/&?)-sparse e-approximation for F, where 7 := |V| and B is the maximum number
of vertices in the base polytope of any f;. In the case B < O(1), their result is tight for (directed) cuts
in directed graphs [CKP*17].

However, for symmetric submodular functions, the situation is better. For such functions
f : 2V — R, with f(0) = 0, the Lovasz extension [Lov83] of f is a semi-norm on RY (see
Section 3.4.1). Therefore, Theorem 1.1 immediately yields an analogous sparsification result in this
setting. In comparison to [RY22], in this symmetric setting, we have no dependence on B, and the
quadratic dependence on n improves to nearly linear.

Corollary 1.2 (Symmetric submodular functions). If fi, ..., fu : 2V 5 R, are symmetric submodular
functions with f1(0) = --- = fiu(0) =0, and F(S) := f1(S) +--- + fu(S), then for every & > 0, there is an
O(e72nlog(n/e)(log n)*°)-sparse e-approximation of F, where n = |V|.

Additionally, if the functions f; are integer-valued with max;e[m),scv fi(S) < R, then the weights
realizing the approximation can be found in time O(mn(log n)°® + poly(1))Teval log®M (mR), with high
probability, assuming each f; can be evaluated in time Teya).

The deduction of Corollary 1.2 from Theorem 1.1 appears in Section 3.4.1.

Sums of higher powers. In the setting of graphs, spectral sparsification [ST11], a notion stronger
than (1.2), has been extensively studied. Given semi-norms Nj, ..., N, on R", define a semi-norm
via their f-sum as

N(x)? := N1(x)® + - + N (x)?.

If wy, ..., w, are nonnegative weights and N(x)? := w1N1(x)2 + - - - + W Ny (%), we say that NZ?is
an s-sparse e-approximation for N2 if it holds that at most s of the weights {w;} are non-zero and

IN(x)* - N(x)*| < eN(x)*, VxeR". (1.3)

When G = (V,E,c) is a weighted graph and each N;(x) is of the form +/c,|x, — x,| for
some uv € E, (1.3) is called an e-spectral sparsifier of G. In this setting, a sequence of works
[ST11,SS11, BSS12] culminates in the existence of O(n/¢2)-sparse ¢-approximations for every ¢ > 0.
These results generalize [Rud99, BSS14] to the setting of arbitrary 1-dimensional semi-norms, where

Ni(x) = [{a1,x)|, ..., Nu(x) = [{a,, x)|, ay, ..., a,; € R", (1.4)

We establish the existence of near-linear-size sparsifiers for sums of powers of a substantially
more general class of higher-dimensional norms. Recall that a semi-norm N on R" is said to be
p-uniformly smooth with constant S if it holds that

N(x +y)’ + N(x —y)?
2

< N(x)? + N(Sy)*, x,y €R". (1.5)

Note that when N;(x) = [{a;, x)|, then N is 2-uniformly smooth with constant 1. We say that two semi-
norms Nx and Ny are K-equivalent if there is a number A > 0 such that Ny(z) < ANx(z) < KNy(z)
for all z € R". Every norm is 1-uniformly smooth with constant 1 by the triangle inequality, so the
next theorem generalizes Theorem 1.1.



Theorem 1.3 (Sums of pth powers of uniformly smooth norms). Consider p > 1 and semi-norms
Ni,..., Ny on R". Denote N(x)P := N1(x)P + -+ + Ny, (x)P, and suppose that for some numbers K, S > 1
the semi-norm N is K-equivalent to a semi-norm which is min(p, 2)-uniformly smooth with constant S.
Then for every € € (0, 1), there is an O(s)-sparse e-approximation to NP such that

Ij,—;’n (Syulog(n/e))’ (logn)? 1<p<2
S <
2.

PSPp? 1+ /
05" (1) (g 10gion /)P Qogm? >

2

Above, we use 1, < O(+/logn) [Kla23] to denote the KLS constant on R" (see Theorem 1.8 below).

Note that for N(x) to be min(p, 2)-uniformly smooth with constant O(S), it suffices that each N; is
min(p, 2)-uniformly smooth with constant S [Fig76]. To see the relevance of this theorem in the case
p = 2, note that by John’s theorem, every d-dimensional semi-norm is Vd-equivalent to a Euclidean
norm (which is 2-uniformly smooth with constant 1). So if Ay,..., A, € R and Nl, o, Nm
are arbitrary norms on R?, then taking N;(x) := N;(A;x), we obtain an O(de~2n(log(1/¢))?(log n)?)-
sparse e-approximation to N2, substantially generalizing the setting of (1.4) (albeit with an extra
d(log(n/ €))°W factor in the sparsity).

Unlike in the setting of graph sparsifiers where spectral sparsification is a strictly stronger notion
(due to the equivalence of (1.2) and (1.1)), the notions of approximation guaranteed by Theorem 1.1
and Theorem 1.3 for p > 1 are, in general, incomparable. For example, even if |Ax||2 ~ ||Ax||, for
all x € R", it is not necessarily true that |Ax|l1 = ||Ax||; for all x € R™.

Let us now discuss some consequences of Theorem 1.3.

Dimension reduction for ¢, sums. Fix 1 < p < 2 and a subspace X C ¢ with dim(X) = n. It
is known that for any ¢ > 0, there is a subspace X c %I with d < O(e7%nlog(n)(log log n)?) such
that the £, norms on X and X are (1 + ¢)-equivalent [Tal95]. For p = 1, this can be improved to
d < O(e™%nlogn) [Tal90].

Consider the following more general setting. Suppose Z1, ..., Z,, are each p-uniformly smooth
Banach spaces with their smoothness constants bounded by S. Let us write (Z1 @ - - - ® Z;,),, for the
Banach space Z = Z1 @ - - - @ Z,, equipped with the norm

1/p
Iz == (1l -+ 11, )

Theorem 1.3 shows the following: For any n-dimensional subspace X C Z and ¢ > 0, there
are indicies i1,...,iz € {1,...,m} with d < O((S/&)2n(log(n/¢))? (log 1)2*7/2) and a subspace
X c (Ziy®---® Z;,), thatis (1 + ¢)-equivalent to X. The aforementioned results for subspaces
of £J! correspond to the setting where each Z; is 1-dimensional. The case p > 2 of Theorem 1.3
similarly generalizes [BLM89].

Application to spectral hypergraph sparsifiers. Consider a weighted hypergraph H = (V, E, ¢),
where {c, : e € E} are nonnegative weights. To every hyperedge e € E, one can associate the
semi-norm N, (x) := 4/c, maX, e, |Xy — Xo|, and the hypergraph energy

N(x)? := Z N, (x)>.

e€E
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Soma and Yoshida [SY19] formalized the notion of spectral sparsification for hypergraphs; it
coincides with the notion of approximation expressed in (1.3). In this setting, a sequence of works
[SY19, BST19, KKTY21b, KKTY21a, JLS23, Lee23] culminates in the existence of O(&~2n(log n)?)-
sparse e-approximations to N for every & > 0.

One can obtain a similar result via an application of Theorem 1.3, as follows. We can express
each hyperedge norm as N,(x) = ||A¢x||c, Wwhere A, : R" — R(‘g‘) is defined by (A¢x)uo = X, — Xy
forall {u,v} € (g) The {., norm on R is K-equivalent to the {[15¢ 41 norm with K = O(1), and the
£, norm on R" is 2-uniformly smooth with constant S < O(/p) [Han56]. Applying Theorem 1.3
with S < O(y/logn) and K < O(1) yields O(e~2n(log(n/¢))*(log n)*)-sparse e-approximators in this
special case, nearly matching the known results on spectral hypergraph sparsification. Additionally,
Theorem 1.3 can be applied to give nontrivial sparsification results in substantially more general
settings, as the next example shows.

Example 1.4 (Sparsification for matrix norms). Consider a matrix generalization of this setting:
X € R and matrices S1,...,S, with S; € R%*4 and Ty,...,T, with T; € R%¢. Define
N;i(X) = [ISiXTi||op, where || - ||,; denotes the operator norm. Then the semi-norm given by
N(X) := (IS XT|[5, + -+ + ||SmXTm||§p)1/2 can be sparsified down to O((d/¢)*(log(d/¢))*(log d)*)
terms. This follows because the Schatten p-norm of an operator is 2-uniformly smooth with constant
O(4/p) [BCLY94], and for rank d matrices, the Schatten p-norm is O(1)-equivalent to the operator
norm when p < logd.

Further results and open questions for sums of squared norms. The rank of a hypergraph H is
defined as the quantity r := max,cr |e|. The best-known result for spectral hypergraph sparsification
is due to [JLS23, Lee23]: For every ¢ > 0, there is an O(e2log(r) - n log n)-sparse ¢-approximation
to N2. In Section 4, we obtain the following generalization.

Theorem 1.5 (Sums of squares of ¢, norms). Consider a family of linear operators {A; : R" — R¥};¢(,
and2 < p1,...,pm < p. Suppose that Ny, ..., Ny, are semi-norms on R" and that N;(x) is K-equivalent to
|Aix|ly, for all i € [m]. Then for every & > 0, there is an O((K3/¢)*pn log(n/¢))-sparse e-approximation
to N? where N(x)? := N1(x)?> + - - + Ny (x)2.

In particular, if kq, ..., ky < 7, then each ||A;x||« is O(1)-equivalent to ||A;x||, for p < logr, and
thus Theorem 1.5 generalizes the aforementioned result for spectral hypergraph sparsifiers.

Corollary 1.6. Consider a family of linear operators {A; : R" — Rki}ie[m] with ky, ...,k < r,and define
the semi-norm N on R" by
N(x)? = [|Arx]lZ, + -+ [[Anx]l3, -

Then for every € > 0, there is an O(e=2log(r) - n log(n/¢))-sparse e-approximation to N2.

One should note that, for any fixed p > 2, Theorem 1.5 is tight for methods based on independent
sampling, by the coupon collector bound. (Although it is known that in some settings [BSS12] the
log(n) factor can be removed by other methods.)

It is a fascinating open question whether the assumption of p-uniform smoothness can be
dropped from Theorem 1.3. In Section 4.2, we show that it is possible to obtain a non-trivial result
for sums of pth powers of general norms for p € [1,2].
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Theorem 1.7 (General sums of pth powers). If Ny, ..., N, are arbitrary semi-norms on R", 1 < p <2,
and N(x)P := N1(x)P + -+ Ny, (x)P, then for every € > O, there is an s-sparse e-approximation to N¥ with

s e (nz_l/p log(n/e)(log n)*/? + nlog(n/e)’ (log n)2+”/2) .

Note that in the p = 2 case, one obtains s < O(¢72n%/21og(n/¢)?(log n)?). This implies that the
bound of Corollary 1.6 cannot be sharp for log(r) > +/n, as every n-dimensional normed space
is O(1)-equivalent to a subspace of {5 for some C > 1 (a proof of this standard fact occurs in
Section 4.1.1).

1.1 Importance sampling for general norms

Let us now fix semi-norms N7y, ..., N, on R" and define N(x) := Ni(x) +--- + Ny, (x) for all x € R",
as in the setting of Theorem 1.1. Our method for constructing sparsifiers is simply independent
sampling: Consider a probability distribution p = (p1,..., pw) € (0,1]" on {1,...,m}, and then
sample M indices iy, ..., iy independently from p and take
N(x):= 1 (Nax) ot Ni, (x) )
M Piy Pin

We have E[N;,(x)/pi,] = N(x), and therefore E[N(x)] = N(x) for any fixed x.

In order for these unbiased estimators to be sufficiently concentrated, it is essential to choose
a suitable distribution p. To indicate the subtlety involved, we recall two choices for the case of
graphs. Suppose that G consists of edges {u1,v1}, ..., {tm, vm} and Ni(x) = |xy; — xy,| for each
i € [m]. Bencztr and Karger [BK96] define p; to be inversely proportional to the largest k such that
the edge {u;, v;} is contained in a maximal induced k-edge-connected subgraph. Spielman and
Srivastava [SS11] define p; as proportional to the effective resistance across the edge {u;, v;} in G.

Denote the unit ball By := {x € R" : N(x) < 1}. We take p; proportional to the average of N;(x)
over the uniform measure on By:

Ni(x)d
pi = —/BN () dx ) (1.6)
/BN N(x)dx

To motivate this choice of p = (p1, ..., pm), let us now explain the general framework for analyzing
sparsification by i.i.d. random sampling and chaining.

Symmetrization. Our goal is to control the maximum deviation

[Errelgx |I\7(x) - [E[N(x)]| .

By a standard symmetrization argument (see Section 2.2), to bound this quantity by O(9), it
suffices to prove that for every fixed choice of indices iy, ..., iy, we have

E1yeeny e M P
1/-€M ia Pi;

XEBN

M N 1/2
L Ny &) <0 (max N(x)) , (1.7)



where ¢1,..., em € {~1,1} are uniformly random signs.

Chaining and entropy estimates. If we define V, := 3 (61N, (x)/pi, + - -+ + emNiy, (x)/piy,), then
{Vy : x € R"} is a subgaussian process, and Emax{V, : x € By} can be controlled via standard
chaining arguments (see Section 2.1 for background on subgaussian processes, covering numbers,
and chaining upper bounds). Define the distance

M Ny A N\1/2
d(x,y) = ([E |V, — Vylz)l/z _1 (Z (M)

j=1 pi/’

and let K(By, d, r) denote the minimum number K such that By can be covered by K balls of radius
r in the metric d. Then Dudley’s entropy bound (Lemma 2.3) asserts that

[Emaxsz/ \JIog K(By,d,r)dr, (1.8)
x€By 0

Our goal, then, is to choose sampling probabilities p1, ..., py so as to make the covering numbers
K(Bn,d, r) suitably small.
In order to get a handle on the distance d, let us define
Nij (X)

N (x) := max , and «:=max{N®(x):x € Bx}.
jeM] - Pi;

Then we can bound

2

1
M ) AT
d(x, y) < M—1/2 N (x — y) % Z |N1j(X)p‘.sz(y)|

=1 lj

1/2
<MV N> (x - v) (ngxN(x)) .
XEDN

Using this in (1.8) gives the upper bound

1/2 o0
EmaxV, s M~1/2 (max N(x)) / \/IOg‘K(BN, (N2, 1) dr
0

xeBN xeBy

CON\I2 R
= M~1/2 (maX N(x)) / \/log K(Bn, N, r?)dr, (1.9)
0

X€EBN

where we have used that the last integrand vanishes above v/ since By € kBy.

Dual-Sudakov inequalities. In order to bound the entropy integral (1.9), let us recall the dual-
Sudakov inequality (see [PT]85] and [LT11, (3.15)]) which allows one to control covering numbers
of the Euclidean ball. Let B} denote the Euclidean ball in R". Then for any norm N on R", it holds
that

\/log K(BI,N,r) < % E[N(9)], (1.10)
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where g is a standard n-dimensional Gaussian.
An adaptation of the Pajor-Talagrand proof of (1.10) (see Lemma 3.2) allows one to show that
for any norms N and N on R",

log K(Bn, N, 7) < %[E IN2Z)], (1.11)

where Z has density proportional to e ™N™) dx. A closely related estimate was proved by Milman
and Pajor [MP89]; see the remarks after (1.16).
In particular, we can apply this with N = N, yielding
1 N;;(2)

1
1 B “,r) < -EIN®(Z)]=-E . 1.12
ogK (B, N,1) < S EIN"(2)] = 7 Emax = (112)

At this point, it is quite natural to hope that N;(Z) is concentrated around its mean, in which
case the choice p; o< E[N;(Z)] seems appropriate. We remark that this choice coincides with (1.6).
Indeed, the probabilities p; are the same when averaging N; over any density that depends only on
N(x).

This is the first point at which we will employ convexity in an essential way. The density e
is log-concave, and therefore Z is a log-concave random variable. By recent progress on the KLS
conjecture, one knows that Lipschitz functions of isotropic log-concave vectors concentrate tightly
around their mean.

—N(x)

Let 1, denote the KLS constant in dimension 7. In the past few years there has been remarkable
progress on bounding 1, [Che21, KI.22, JLV22, Kla23]. In particular, Klartag and Lehec established
that ¥, < O((logn)°), and the best current bound is 1, < O(y/logn) [Kla23].

Exponential concentration and the KLS conjecture. The next lemma expresses a classical connection
between exponential concentration and Poincaré inequalities [GM83]. Say that ¢ : R" — R is
L-Lipschitz if [[p(x) — @(y)ll2 < L||x — yl|2 for all x, y € R".

Theorem 1.8. There is a constant ¢ > 0 such that the following holds. Suppose X is a random variable on
R™ whose law is isotropic and log-concave. Then for every L-Lipschitz function ¢ : R" — Rand t > 0,

P (|o(X) — E[p(X)]| > t) < 2e~t/Wal)
In Section 2.3, we prove the following consequence.

Corollary 1.9. There is a constant ¢ > 0 such that the following holds. Consider a semi-norm N on R" and
a random vector Z whose distribution is symmetric and log-concave. Then for any t > 0,

P ((NM(Z) - EIN(2)]| > t) < 2exp (—f%) '

With this in hand, we can immediately use a union bound (see Lemma 3.7) to obtain

[EmaxNij—(Z) < YulogM
jetm E[N;,(Z)] ~ 708



To make p a probability measure, we take p; := E[N;(Z)]/E[N(Z)] for j =1, ..., m, and then (1.12)
becomes

log K(Br, N, ) 5 ~ (s log MYEIN(Z)] = -y log(M), (1.13)

where the last inequality uses E[N(Z)] = n, which follows from a straightforward integration using
that the law of Z has density proprtional to e ™N®) (Lemma 3.14). Thus we have

Vi 1/2 VE 1/2
/ \/log%(BN,N“’,rz)dr < (nn log M) / —dr < (ny,logM)“logn.  (1.14)
VR Vi T

Standard volume arguments in R"” (Lemma 2.4) allow us to control the rest of the integral:

1/n?
/ JIog K(Bye, N=,2)dr 51,
0

and therefore

Vic/n?
/ \/logW(BN,N‘X’,rz) dr < \/E/
0 0

Plugging this and (1.14) into (1.9) gives

1/n?

\/logW(BNoo,N‘x’, r2)dr < Vx.

1/2
EmaxV, s M~1/2 (maxN(x)) (\/E+ (n1p, log M) log n) :

x€Bn X€EBN

Finally, observe that (1.13) gives the bound « < n1), log(M), resulting in

(mpn log(M)(log 1)? )1/2 (

EmaxV, <
x€ByN

1/2
i max N(x)) .

x€BN

Choosing M = 6~2n(log n)*y,, log(n/6) yields our desired goal (1.7).

Modifications for sums of pth powers. In order to apply these methods to sums of pth powers
N(x)P = N1(x)P 4+ -+ + Ny, (x)? for p > 1, we use the natural analog of (1.6):

- Jg, Nix)? dx _ Jrow Nilx)? e N
l fBN N(x)? dx ./R” N(x)P e~NGP dx

, P =min(p,2). (1.15)

Note that if p = 2 and one defines N;(x) := |{(a;, x)|, where a1,...,a,, € R" are the rows of a
full-rank matrix A € R™*", then p; = %(ai, (ATA)™1a;) are exactly the scaled leverage scores of A.

The main hurdle in this setting is that we only establish the analog of (1.11) for p-uniformly
smooth norms: As shown in Lemma 3.2, if Z has the law whose density is proportional to e N
and N is p-uniformly smooth, then for any norm N,

1 _ .~
(log K (B, By, r)''" < ~E[N(Z)]. (1.16)
A closely-related estimate is mentioned in [MP89, Eq. (9)].
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General norms and block Lewis weights. To obtain Theorem 1.7 for general norms, we resort
to a dimension-dependent version of (1.16) (see Lemma 4.7). Moreover, we need to augment the
sampling probabilities in (1.15) in order to effectively bound the diameter diam(By, N*°). For this,
as well as for sums of squares of £, norms (Theorem 1.5), in Section 4 we formulate a generalization
of £, Lewis weights, motivated by the construction of weights in [KKTY21a, JL523, Lee23].

For a collection of vectors a1, ...,ax € R", the {, Lewis weights [Lew78, Lew?79] result from
consideration of the optimization

max{|det(U)| : a(U) < 1}, (1.17)

where a is the norm on linear operators U : R” — R" defined by

k
> uaill
i=1

In Section 4, we consider a substantial generalization of this setting where S U---US,, = {1,...,k}
is a partition of the index set. Given p1,...,pm = 2 and g > 1, we define the norm

1/p
a(l) =

\1/q
" q/pj

aU):=| > ey ,

j=1 \i€S;
and establish properties of the corresponding optimizer of (1.17).

1.2 Computing the sampling weights via homotopy

In Section 3.4, we present an algorithm constructing a sparsifier for N(x) = Ni(x) + - - - + Ny, (x) that
runs in time 79 plus the time required to do m(log n)°W + n®W total evaluations of norms N;(y)
for various i € [m] and y € R". It employs a homotopy-type method that has been used for efficient
sparsification in multiple settings (see, e.g., [MP12, KLM*17, ]S518, AJSS19]).

To compute reasonable overestimates of the sampling weights {p;} from (1.6), one approach is
to simply sample from the probability measure y with density proportional to e™N™), evaluate the
N; at the sample, and use a scaling of the average evaluation of N; as the estimate of p;. Sampling
from a log-concave distribution, especially those induced by normes, is a well-studied task, and can
be done in n°® logo(l)(nR /r) time if N is (r, R)-rounded; see [CV18, JLLV21] and Theorem 3.22,
Corollary 3.23. If a norm evaluation can be performed in time 7¢ya1, this would naively require time
mnOW logo(l)(nR /7)7eval, whereas we would like our algorithms to run in nearly “input-sparsity
time,” as expressed before. i

We first observe that one need only sample from a distribution with density oc e ™N®™) for some
norm N that is O(1)-equivalent to N(x). Given this fact, for simplicity let us assume that N is a
genuine norm that is (7, R)-rounded in the sense that ||x|] < N(x) < R||x||> for all x € R". Define
the family of norms N;(x) := N(x) + t||x|]2. For t = R, it holds that Ng(x) is 2-equivalent to the
norm R||x||2, and sampling from the distribution with density o e RI¥ll2 is trivial. Therefore we can
construct an n(log n)°M-sparse 1/2-approximation Ng(x) to Ng(x).

10



Now assuming we have an n(log n)°M-sparse 1/2-approximation N; to N; forr <t <R, we
construct a sparsifier for N »(x) by sampling from the measure with density oc e™N/¥). This works
because N; is 2-equivalent to N;, which is 2-equivalent to N, 2. After O(log(R/r)) iterations, we
arrive at sparse norm N that is O(1)-equivalent to N, and then by sampling from the distribution
with density o e"N¥), we are able to construct a sparse e-approximation to N itself. To handle the
case when N is a semi-norm we modify this approach to instead obtain N(x) such that N (x)+er||x||2
is an e-approximation to N, and argue that this suffices for N to be an O(¢)-approximation of N.

2 Preliminaries

Let us denote [n] := {1,2,...,n}. All logarithms are taken with base ¢ unless otherwise indicated.
We use the notation a < b if there exists a universal constant C > 0 such that a2 < Cb, and the
notation a < b for the conjunctionofa < band b < a.

Norms vs. semi-norms. Note that if N is a semi-norm on R”, then ker(N) := {x € R" : N(x) = 0}
is a subspace of R" and N is a genuine norm on ker(N)*. Thus, typically, no difficulty is presented
in working with semi-norms. For instance, one can define the dual semi-norm N*(x) := sup{(x, y) :
y € R",N(y) < 1}, or equivalently as the norm on ker(N)* that is dual to N. And if N and N are
K-equivalent semi-norms, then ker(N) = ker(N ). In mathematical statements, we use the term
“semi-norm,” while in informal remarks and discussions, we may interchange the two terms.

2.1 Covering numbers, chaining, and subgaussian processes

Consider a metric space (T, d). A random process {V, : x € T} is said to be subgaussian with respect
to d if there is a number a > 0 such that
—t2
aZd(x,y)?
Say that {V, : x € T} is centered if E[Vy] =0 forall x € T.
Given a metric space (T, d), define the ball B(x,r) :={y € T : d(x,y) < r}.

I]:"(|Vx—Vy|>t)<exp( ), t>0. (2.1)

Definition 2.1 (Covering and entropy numbers). For a number r > 0, we define the covering number
K(T,d, r) as the smallest number of balls {B(x;, ) : i > 1} required to cover T. Define the entropy
numbers e, (T,d) :=inf{r > 0: K(T,d,r) < 2211} for h > 0.

If T € R" and N is a semi-norm on R”, it induces a natural distance d(x, y) := N(x —y)on T. In
this case we use the notation K (T, N, r) and e, (T, N) to denote the associated covering and entropy
numbers respectively. We additionally write By := {x € R" : N(x) < 1} for the unit ball of N.

The generic chaining functional. Recall Talagrand’s generic chaining functional [Tal14, Def. 2.2.19]:

vo(T,d) := inf su 2"2diam(Ap(x), d), (2.2)
{An} xel}? ;)

where the infimum runs over all sequences {A}, : h > 0} of partitions of T satisfying |Aj;| < 22" for
each i > 0. Note that we use the notation A (x) for the unique set of Aj, that contains x. The next
theorem constitutes the generic chaining upper bound; see [Tal14, Thm 2.2.18].
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Theorem 2.2. If {V, : x € T} is a centered subgaussian process satisfying (2.1) with respect to distance d,
then
E sup [Vy = Vy| S ay2(T,4d). (2.3)
x,yeT

A classical way of controlling y»(T, d) is given by Dudley’s entropy bound (see, e.g., [Tal14, Prop
2.2.10]). The follow two upper bounds are equivalent up to universal constant factors.

Lemma 2.3 (Dudley). For any metric space (T, d), it holds that

ya(T,d) s " 2"2e,(T, d) (24)

h=0

2T, d) < /00 \J9og K(T,d,r)dr. (2.5)
0

The next lemma follows from a straightforward volume argument.

Lemma 2.4. If N is a semi-norm on R", then for any € > 0and h > 0,

2 n
K(Bn, N, &) < (;) and ey(By,N) <2272/,

To show that our sampling algorithms succeed with high probability, as opposed to only in
expectation, we use the following refinement of Theorem 2.2.

Theorem 2.5 ([Tall4, Thm 2.2.27]). Suppose {Vy : x € T} is a centered subgaussian process with respect
to the distance d. Then for some constants ¢ > 0,C > 1 and any A > 0,

P(sup [Vy-Vy|>C (yz(T, d) + Adiam(T, d)) < exp (—C/\z) .
x,y€T
In particular, if Z = sup,, ¢ [Vx = Vy|, then for any A > 0,
log E[e*?] < A?diam(T, d)* + Ay»(T, d) . (2.6)

2.2 Sparsification via subgaussian processes

Consider @1, @2, ..., ¢n : R" = R, and define

F(x) := Z Pj(x).

jelm]

Given a probability vector p € RY, and an integer M > 1and v = (vy,...,vm) € [m]M, define the

distance 12
Vi - v-( z
dp(x,) = ( > (%) ) . 2.7)

jelM]
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and the function ﬁp,v R" - R

Fop(x) = ]\1—4 Z (PL(X).

jena P

The next lemma employs a variant of a standard symmetrization argument to control
E maxyeq |F(x) = F pv(x)| using an associated subgaussian process (see, for example, [Tal14, Lem
9.1.11]). We also prove a version with a tail bound to show that our algorithms succeed with high
probability.

For a subset (2 C R", we use the notation || F||c(q) = sup,.q |F(x)|. Note that in every application
of the next lemma in the present paper, we take O = {x € R" : F(x) < 1}.

Lemma 2.6. Consider M > 1, a subset 3 C R", and a probability vector p € R'}'. Assume that
Jxo e Q st @1(xp) = = Pm(xo) =0. (2.8)

Suppose, further, that for some 0 < 6 < 1, and every v € [m]M, it holds that

1/2

y2(Q,dp) <6 (IIFle 1Forlley) - 29)
Ifv1,...,vm are sampled independently from p, then
Emax |F(x) = Fyu(3)] < E [12(Q, dp0)] <80 [IFllcqey (2.10)
If it also holds that, for all v € [m]M,
. . . 1/2
diam(Q, d, ) < § (||P||C(Q) ||Pp,v||C(Q)) , @.11)
then there is a universal constant K > 0 such that for all 0 < t < 211—5,
r Q —Kt%/4
P (mag<|1—”(x) — Fpp(x)| > K(6 + t0) ||P||C(Q)) <e ) (2.12)
X€

Proof. Note that E[F pv(x)] = F(x) for every x € R". Thus for any convex function ¢ : R, — R,

£ (max P = a0 < 0 (max o) = Fos(o) .13)

where 7 is an independent copy of v. The argument to ¢ on the right-hand side can be written as

s 1 Z (%,(x) ~ @ﬁ,(x)) .

xeQ MjE[M] P Pv;

Since the distribution of ¢y, (x)/pv; — ¢3;(x)/py, is symmetric, we have

Py (%) P (%) 1w (om0 e ()
Z Pv; Z P, - Z K ( Pv; Py, )

jem] jelM] jelM]
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for any choice of signs €1, ..., em € {=1,1}. This yields the stochastic domination

M M M M
1M, 1Y ) 1Y () 1 on()
max |— g E < max Vi El & + max E g—|. (2.19)
]:

xeQ |M ‘OV/. _M ‘0171. xeQ) pV]' xeQ) M

j=1 j=1

Note that if we choose ¢1,...,epm € {—1,1} to be uniformly random, then the quantity in the
absolute value is a centered subgaussian process with respect to the distance d,, , on (2, so we are in
position to apply Theorem 2.5.

Define S := E maxyeq |[F(x) — Fp,,,(x)l and apply (2.13) with ¢(x) = x and (2.14) to obtain

M
(x
S < 2E Emax 1 Zsj(pvj( )

v e xeQ) M = Pv;
M
_ 1 ‘(Pv](x) (Pv]( 0)
=2EEmax| > ¢ SED(Q.dp0)], (2.15)

where the equality follows from (2.8), and the second inequality is an application of Theorem 2.2.
Now use (2.9) and concavity of the square root to bound

_ 1/2
E[2(©, dp)] < 0 (IIFl e E[Fpalle) 216)

The triangle inequality gives
1o lleien < 1Pl + max |F(x) = Fyu)].

In conjunction with (2.15) and (2.16), this yields the consequence

12 1/2 " 1/2
S < 8 IFIy (IFlleq +S) = 811Fllce (1 + IFIcly S)
Since 6 < 1, this confirms (2.10).

Let us now verify (2.12). Fix A > 0 and define Z := maxyeq |F(x) — ﬁprv(x)l. Applying (2.13)
with (x) = e'* and (2.14), yields

- 1 Pv;(x) = @, (x0)
Az = — < . ] ]
Ele™] Eexp (A Teaé(|F(x) FP'V(x)|) [Ea,.[?m p Zmileaci( M ‘EZ[M] i Py,
]

< Eexp (c (Azdiam(Q, dy)? + A72(Q, dp,v))) ,

where the last inequality is an invocation of (2.6). Using (2.9) and (2.11), the latter quantity is
bounded by

222 r r 12
Eexp (€ (18 WPl ooy + 10 (1Pl IFrolc) |
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N _ _ 1/2
< Eexp (CA262 IFI2 ) (1 + IFllcla) 2) + CAS IFll e (1 HIIENC, z) ) .

Observe that for any a > 0 and z > 0, we have (1 + z)1/2 < (1 + a)'/? + a7'/?z. Choose a := (4C5)?
so that

E[e’?] < exp (CAZSZ IFI2 ) + CAS [IFllcy (1 + (4c5)2)1/2) E exp ((c IF |y A28% + A/4) z) .

Let us now assume that ¢ < (2C5)~! and choose A := £ /(26 IFllc())- In this case, C [|F|lc(q) A282 <
A/4, and therefore the last factor on the right-hand side is at most [ e*%4/2 < (E e*4)'/2. So we arrive
at the bound

E[e"7] < exp (CAZ82 [FI% gy + CA6 [IFllcq) (1 -+ (4C3)%)2) (B )12
Taking logs and using 6 < 1 gives
log E[e"#] < K(A*? [[F|[%cy) + Ab |Fll ()

for some universal constant K > 0. Let us finally observe the standard consequence of Markov’s
inequality,
log P (Z > K(5+ 8) IFllc(cy ) < log E[e*#] = AK(5 + £8) Fllc(cy
< K(A?0% ||F|Ig gy = tAS IFllc(qy) = —Kt*/4,

completing the proof. m]

2.3 Concentration for Lipschitz functionals

We use the following standard concentration result for n-dimensional Gaussians (see, e.g., [LT11,

L4).

Theorem 2.7. Let g be a standard n-dimensional Gaussian. Then for every L-Lipschitz function ¢ : R" — R
andt > 0,

P(lp(9) — Ep(g)l > 1) < exp (~12/(21%)) .

We also use a classical moment inequality (see, e.g., [LWO08, Rem. 5] for computation of the
constant).

Theorem 2.8 ([BMP63]). Suppose X is a real, symmetric, log-concave random variable. Then for every
p = q > 0, it holds that

EIX) < LEIXINT.

Together with Theorem 1.8, this yields Corollary 1.9, as we now show.
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Proof of Corollary 1.9. Define the covariance matrix A := E[ZZT] and let X := A~'/2Z. Then the law
of X is log-concave and isotropic by construction. Thus Theorem 1.8 gives the desired result once
we confirm the Lipschitz bound

N(AY2x) < 2E[N(Z)] - |Ix]l2 - (2.17)
To this end, let N* denote the dual semi-norm to N and write

N(AY?x) = sup (w, AV?x)
N*(w)<1

= sup (A"?w,x) <|x|2 sup [|AY*w];.
N*(w)<1 N*(w)<1

Then we have
142wl = G, Aw)'? = (Elw, 2)?])" < 2Ellw, 2)]) < 2" (@) EIN@),

where the penultimate inequality follows from Theorem 2.8, since (y, Z) is a symmetric log-concave
random variable. m|

3 Sparsification for uniformly smooth norms

This section studies sparsification of uniformly smooth norms, and shows Theorem 1.1 and
Theorem 1.3. We start by establishing a variant of the dual Sudakov lemma that will allow us to
bound certain covering numbers.

3.1 Dual Sudakov lemmas for smooth norms

Lemma 3.1 (Shift lemma). Suppose N is a norm on R" that is p-uniformly smooth with constant Sp.
Define the probability measure u on R" by

du(x) oc exp(=N(x)P) dx .
Then for any symmetric convex body W and z € R",
p(W +z) > exp(—SﬁN(z)p) u(W). (3.1)
Proof. For any z € R", it holds that

/w exp(—N(x + z)P) dx
fw exp(—N(x)?) dx

uW+z) = pW).

Now we bound

/w exp(-N(x +z)P)dx = /w i [E1 1}exp(—N(ox +z)P)dx

16



>/exp(— E N(ax+z)”) dx
w }

oe{-1,1
> / exp (—(N(x)P +sh N(Z)P)) dx
W
= exp(—SZN(z)p) / exp(—N(x)?P)dx,
w
where the equality uses symmetry of W, the first inequality uses convexity of exp(x), and the second
inequality uses p-uniform smoothness of N (recall (1.5)). O

Lemma3.2. Let N and N be semi-norms on R" such that ker(N) C ker(N). Suppose that N is p-uniformly
smooth with constant S, and define the probability measure 1 on ker(N)* so that

du(x) o exp(—N(x)P) dx .
Then for any € > 0,
—~ 1 S —~
(1og (%(Bx, N, )/2)) " < 22t / N(x) du(x).

Proof. By scaling N, we may assume that ¢ = 1. Suppose now that x1,...,xy € By and x1 +
Bg, ..., xm + Bg are pairwise disjoint. To establish an upper bound on M, let A > 0 be a number
we will choose later and write

12}1(U )\(x]‘+Bﬁ))= Z y()\x]-+/\Bﬁ)

& i)
3.1
(2) Z e_/\psiN(xj)Py(ABﬁ) > ME—SZ/\p‘u(/\BI’\})/
jEM]

where (3.1) used Lemma il and the last inequality used x1, ..., xp € Bn.
Now choose A :=2 f N (x) du(x) so that Markov’s inequality gives

u(ABg) = ({x . N(x) < )\}) >1/2.
Combining with the preceding inequality yields the upper bound

(log(M/2))""? < S,A. O

3.2 Entropy estimates

Here we establish our primary entropy estimate.

Definition 3.3. Consider p > 1 and denote p := min(p,2). Let /N be a semi-norm on R” that is
p-uniformly smooth with constant S. Denote by u the probability measure on ker(N)* with du(x) o
e~V dx. Consider any semi-norms MV, ..., Njy on R” with ker(MVy), . .., ker(Nj) 2 ker(W), and
define

wii= [ M), e M)
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Weo := max (Wi, ..., Wp)

1/2

M

d(x,y) = (Z(N;(x)ﬁ - Nj(y)f’)z)
i=1

N (x) := max Nj(x)

jelm]
M
Aq :=su Ni(x)?,
for some QO C By.

We begin with some preliminary bounds valid for all p > 1. The next lemma will be useful in
controlling the diameter of (Q, d).

Lemma 3.4. For any semi-norm N on R" with ker(N) C ker(N),

max N (x) < 125 / N (x) du(x) .

XE€By

Proof. Define m := / N(x) du(x). Markov’s inequality gives u(ABy) > 3/4, where A := 4m. Now
Lemma 3.1 (applied with p = p) gives

H(ABg +y) > exp (~SP N (y)) u(ABy) > Zexp (~s" )

If N (y) < 3717/, this implies p(ABg +y), u(ABg —y) > 1/2. Thus (ABg +y) N (ABg —y) # 0, and
therefore some z € ABy satisfies z + v,z — y € ABy. By convexity, we have y € ABy as well, i.e.,
N(y) < A. Since this holds for any v satisfying (i) < 37/7/S, the claim follows. o

Applying the preceding lemma with N = N foreach j=1,..., M gives the following.

Corollary 3.5. It holds that
diam(By, N®) < S max/ N;(x) du(x) = SWeo .
j€lM]

We recall the following basic maximal inequality.

Fact 3.6. If X1, ..., X are nonnegative random variables satisfying P[X; > 1 + t] < Cexp(~t/p) for
t >0,j € [M]and some C,B > 1, then E[maxjep; X;] < B (1 +1og(CM)).

Proof. A union bound gives P[max;X; > 1+ t] < CMe P!, therefore for any 6 > 1,

E[max; X;] = /Oo

0 [P’[man X]' > t] <O0+CM feoo e BE-D gt =0 + CﬁMe,B—G/ﬁ )

Choosing 0 := B(1 + 2log(CM)) gives E[max; X;] < B(1 + log(CM)). O
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Lemma 3.7. It holds that
/N‘”(x)dy(x) S P log(M) We
Proof. Suppose that Z has law y, and define X := N;(Z)/E[N;(Z)] for j € [M]. Note that
/ N®(x) du(x) = E[max;N;(Z)] < max; E[N;(Z)] - E[max;X;] .
Corollary 1.9 asserts that P[X; > t+1] < 2¢~°!/¥», and therefore Fact 3.6 gives E[max; X;] < ¢, log M,

establishing the first claimed inequality. m]

For the remainder of this subsection, we restrict ourself to the range p € [1, 2]. We will control d
by N using the next estimate.

Lemma 3.8. Forall x,y € Q),
d(x,y)* <4ho (N(x—y)) . (3.2)

Proof. Monotonicity of gth powers implies that for all #,v € R we have |u + v|7 < |u|7 + |v]7 for
g € [0,1]. Applying this with u = a —b and v = b gives |a7 — b7| < |a — b|7. Thus for real numbers
a,b > 0andp € [1,2], we have

laP = bP| = |aP/? = bP/2||aP/? + bP12| < |a = b|P/?|aP!? + P12

Squaring both sides yields
la? = bP)? < 2|a - b|P (aP + bP).

Applying this with a = Nj;(x), b = Nj(y) for each j € [M] we arrive at
M
d(x,y)* < ZZ INj(x) = Nj()IP(Nj(x)" + Nj(y)) < 4Aq max INj(x) = Ni(y)IP .
=1

Finally, note that the triangle inequality gives |N;(x)—N;(y)| < Nj(x—y) foreach j € [M], completing
the proof. m]

In conjunction with Corollary 3.5, this yields the following.
Corollary 3.9. For p € [1,2], it holds that diam(Q, d) < (SWeo)P/2\Aq.
We now prove our primary entropy estimate.

Lemma 3.10 (Entropy bound). It holds that

12(Q, d) S (SWeol)ry logM)P/2 log(n)\/A_Q. (3.3)

19



Proof. Since both sides of (3.3) scale linearly in the pth powers {N] "1, we may assume that

M
A r&gzll/\/](x) 1.
]:

Thus Lemma 3.8 gives
d(x,y) <2N®(x - y)?,  x,yeQ. (3.4)

We first claim that

(og K(Br, N, 0)"" 5 2 [ N=(0) dux) < 2 log(Mpwe. 65)

The first inequality uses Lemma 3.2 with N = W, N=N * and the second uses Lemma 3.7.
Define Q := 1, log(M)we and then using (3.4) and Q C By, we have

(3.5) p/2
log K(Q, d, €) < \Jlog K(By, N®, (¢/V2)2/P) < (SL,
g g -

which immediately yields

en(Q,d) < 27"2(sQy"?,  h>o0. (3.6)
Using (3.4) again gives

en(Q,d) < en(By, N°Y? < diam(By, N°)/? e (Bye, N©)P/?
< diam(By, N®)P/2272"p/2n (3.7)

where the second inequality follows from By C diam(By, N*°) - By~ and the final inequality is
from Lemma 2.4.
Then using (3.6) and (3.7) in conjunction with the Dudley entropy bound (2.4) gives

ya(Qd) s D 22 (Q,d) + diam(By, N¥P2 " /22l
O0<h<4logn h>4logn

< (SQ)?logn + diam(By, N®)P/2.

In conjunction with Corollary 3.5, the proof is complete. O

3.2.1 Entropy forp > 2

We will continue working under the definition Definition 3.3, but now restrict ourselves to the
regime p > 2, where p = 2. We additionally define the quantity

M
Ag = sup Z Nj(x)z(”_l) . (3.8)
xeQ j:1

Lemma 3.11. Forall x,y € Q, it holds that
d(x, y) < pN=(x - y)y2Aa. (39)
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Proof. Note that for p > 2 and any a,b > 0, it holds that

|a? = bP| < pla — b|Va2P=D 4 p20-1)

Therefore
1/2

M
d(x, y) < p max (ING ) = NN | D V)PP (2D
j=1

As in the previous section, we can use this in conjunction with Corollary 3.5 to bound the

diameter, as diam(Q, d) < p\/[\g diam(By, N®).

Corollary 3.12. For p > 2, it holds that diam(Q, d) < pSwer/Aq.
What follows is the analogous entropy bound.

Lemma 3.13 (Entropy bound). It holds that

72(€2,d) 5 p (Swests log(M) log(m) y/Ac

Proof. Noting that both sides scale linearly in {N].p }, we may assume that Aqg = 1. Applying

Lemma 3.11 then gives
dix,y) spNT(x-y), x,yeQ.

Applying Lemma 3.2 with N = N, N = N* yields

Sv,, log M
Jlog B, v, <2 [ A dut) < 2B

where the latter inequality is the first inequality in Lemma 3.7.
Thus defining Q := ¢, log(M)W., we have

en(By, N©)<27"25Q, h>0.

Note that Corollary 3.12 gives
diam(By, N®) < SWe ,

and therefore using Lemma 2.4,
en(By, N®) < SWeoen(Bye, N©) < 272 "Swy,, h > 0.

Using (3.11) and (3.12) in conjunction with the Dudley entropy bound (2.4) gives

2By, N¥) s D 2By, N) +Swe Y 27272 < 5Qlogn.

0<h<4logn h>4logn

The proof is complete since y>(Q, d) < p - y2(By, N°) by (3.10).
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3.3 Sparsification

We now complement the preceding entropy estimates with control of our desired sampling
probabilities, beginning with a simple fact.

Lemma 3.14. For any norm N on R" and p > 1, if i is the probability measure with du(x) oc e N then
[ NG dut =
p
Proof. Define V(r) := vol,(rBn) = 1" vol,(Bn), so %V(r) = nr""1vol,(By). Therefore,

/Rn N(x)Pe N gy _ fom rPe " dV(r) _ /Ooo o1 pn=14p gy
/[R" e N dx /000 e dV(r) /000 e—"Pyn=1 4y

N(x)? du(x) =
Rn

Make the subsitution u = r?, yielding

/ NG du(x) /00O e Uyunlp dy n
X X)=—2 =—,
R7 a /o e~uyn/P-ldy P
where the latter equality follows from integration by parts. O

If N is a semi-norm, we may apply Lemma 3.14 to the restriction of N to ker(N)*, yielding the
following.

Corollary 3.15. For any semi-norm N on R" and p > 1, if u is the probability measure on ker(N)* with
du(x) oc e "N dx, then
/N(x)” du(x) = n — dim(ker(N)) < n
p p
Let us now fix p € [1,2], and consider semi-norms Nj, ..., N, on R". Define the semi-norm
N(x) by N(x)? := Ni(x)? +--- 4+ Ny (x)P. Suppose that N is another semi-norm on R” that is
p-uniformly smooth with constant S, and that

N(x) < N(x) < KN(x) Vx e R". (3.13)
Let u denote the probability measure whose density satisfies du(x) oc e~V

T1,...,Tm = 0 are numbers satisfying

dx, and suppose that

E[N{(Z)"] < 7; < 2E[N:(2)"], (3.14)

where Z has law p. Define the probability vector p € R by p; := 7;/||t|[1 fori =1,...,m.
The next theorem establishes Theorem 1.3.

Theorem 3.16. Let p € [1,2]. There is an explicit function C : Z, — Ry such that C(n) <
(KSy,)P(logn)? for all n € Z,, and so that for any 0 < ¢ < 1 and M > C(n)n(log(n/e))P 72,

the following holds. If i1, . . ., ip are indicies sampled independently from p, then with probability at least
1 — p~Qogn)*).

1 Ni; (x)?
NG -+ > —|<eN@)P, VreR".
jey Y
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Proof. Note that, by (3.14),
M
Izl < ZZ/ Nj(x)F du(x) = 2/ N(x)P du(x) < 2KP / N(x)F du(x) =2K n/p, (3.15)
=1

where the last equality follows from Corollary 3.15.
Given M > 1 and v € [m]M, define the semi-norms NV, . .., N by

Ny, (x)?
Mpy, ’

Ni(x)F = j=1,...,M,
and denote ¢;(x) := N;(x)P fori =1,...,mso thatd, ,(x,y) = d(x,y), where d,, ,, is defined in (2.7),
and d is from Definition 3.3.

We will apply Lemma 2.6 with F := N, Q := By, and {p;}, {¢;} defined as above. To do so, we
require bounds on y2(Bn, d;,) and diam(By, ;). Let us take Q := By, noting that By € By from
(3.13). Then Lemma 3.10 yields

y2(Bx, dpy) = y2(B, d) < (SwWeothy log M) log(n)/Aq, (3.16)
Note that
1 (3.14) Ty, Il
(7] = (Zy] ¢ —L =11
E[N/(Z)] Wipr E[N,,(Z)] Wpr = M

forallj =1,..., M, and therefore by monotonicity of pth moments,

We < max (E[N;(2)) 7 < (1t v
oo X et ] A M .

By definition, it holds that
M
= H p = F
Aq max ; N;(x) max Fpu(x).

Substituting these bounds into (3.16) gives

V2B, dp) < M2 (KSy,slog M) log(m) 2]}/ [max Fy,.(x)
XEDN

(3.15) (KSiy, logM)p/Z\/ﬁlogn .
< maxF, ,(x)
M1/2 xEBN !
< Foo
,/g{ggﬁ pv(%)

for some choice of M sufficiently large and satisfying

M < n6*(logn)*(log(n/8))P(KSy, ) .
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In addition, Corollary 3.9 and (3.15) gives

1/2

/2 1/2
2 pllzlh = n\1/2 =
diam(By, ) < (Swe o < (5715 ) [mgcFosco] < (k7 5) " (mp Pt
Using our choice of M gives

Cod

diam(BN, d,D,V) W

1/2
(xeax Fo, v(x))

for some universal constant Cy > 0.
3/2
From Lemma 2.6 (2.12), we conclude that for a universal constant A > 0 and any 0 < ¢ < %,

M N (x)?
P max [N(x) — — Z i) Y FYFRLS LU | PRI (3.17)

For t 1= 18 this shows that with probability at least 1 — e~(log np),

2C0A 7
N(x)? - —Z

Choosing 6 := ¢/(2A) now yields the desired result. O

<2AO0N(x)P, VxeR".

3.3.1 Sparsification forp > 2
We start by defining the sampling weights, analogous to Lemma 3.14.

Lemma 3.17. For any norm N on R" and p > 1, if  is the probability measure with du(x) o e™N (<, then

/N(x)”dy(x)< (n+p)P/2.

Proof. As in the proof of Lemma 3.14, write

fN(x)Pe‘Z\[(")2 dx _ fooo rPe=" dB(r) ~ /OOO ppin=le=r gy

JeNoPdx  [Te-rdB(r)  [Trn-lerdr

Now make the substitution u = 2, so the left-hand side is

/(;)oo u(p+n)/2—1e—u dr ~ r((p + n)/z _ 1)
fom un2-le=ugy — T((n/2)-1) ’

where we recall the definition of the I" function: For real t > 0

F(t):/ Uyt du .
0
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Finally, note that I'(t + 1) = tI'(t) and I'(t +s5) < t°I'(t) forall 0 < s < 1 and t > 0 [Wen48], hence for
k=1p/2],

(p+m/2-1) s
FFT(:;/nZ)El)l =(”‘ZFP_2)(”217_3)...(#_&7%) W
< (”‘2"77_2) (”;p_3),_,(¥_(k+1)) (g_l)p/Z—k
e D

Lemma 3.18. For any semi-norm N on R" and p > 1, if u is the probability measure on ker(N)* with
du(x) oc e N dx, then

/N(x)p du(x) < (”;p)p/z.

Theorem 3.19. Suppose p > 2 and N1, ..., Ny, are semi-norms on R" such that the semi-norm defined by
N(x)P = Ni(x)P +-- -+ Ny, (x)P is K-equivalent to a semi-norm N that is 2-uniformly smooth with constant
S. There is a weight vector w € R with

K7 (ntp

2
[supp()| £ =3~ (= )p (n log(n/¢) log(n))?

and such that
<eN@x)yP, VxeR".

NG = Y N
i=1

Proof. First, let us scale so that

N(x) < N(x) < KN(x), Vx e R".

—N(x?

Let p denote the probability measure with du(x) o« e ,and define, fori=1,...,m,

n:/Nwwwm

o
ST
Note that Corollary 3.18 gives
+p\P/2
el <k (=F) (3.18)

Given M > 1 and v € [m]M, define the semi-norms MV, ..., Nu by

NV]'(x)p
Mp,, !

Nj(x)P o=

and denote @;(x) := N;(x)? fori =1,...,mso thatd, ,(x,y) = d(x, y), where d,, , is defined in (2.7),
and d is from Definition 3.3.
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We will apply Lemma 2.6 with F := N, Q := By, and {p;}, {¢;} defined as above. To do so, we
require a bound on y»(Bn, dp,,). Lemma 3.13 yields

ya(Br, o) = ya(B, ) S p (SWesth og(M) log(m)) /Ao (3.19)
Observe that
Y (el )
Weo = ]rne[%/ Ni(x) du(x) < ]21[% (/ N;(x)? dy(x)) < ( i ) . (3.20)

Thus from Lemma 3.4 and monotonicity of pth moments, we see thatfor j =1,..., M,

llll1
Ni(x)f < SF—=—.
max Aj(x) M
So for x € By, we can write

M (p-2)/p M

- llllx
D w5l S A
j=1 j=1

Recalling the definitions of Aq (Definition 3.3) and Aq (3.8), this gives

[ R —
AQ < (SPT) AQ

Note also that

M
Ag = maxz Nj(x)? = maxFp,(x).
XEBN = x€BN

Thus in conjunction with (3.18), (3.19), and (3.20), we have

n+p\p2 12 y 1/2
v2(Bn,dpy) S P (KPSF’M-l (T) ) (Vn log(M) log(n)) (nelgx Fp,v(x))
X€BN

So for every ¢ € (0, 1), there is a choice of

KPSPp? /2
< 5 () @ togn/e)logn)?

52
such that
i 1/2
VZ(BNz dp,v) S éE (g;gﬁFp,v(x)) .

An application of Lemma 2.6 gives

M
E max |N(x)” — ! Z (x)P O

v x€B
X N ]:l
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3.4 Algorithms

We first present an efficient algorithm for sampling in the case p = 1. Consider semi-norms
Ni,...,Ny on R" and suppose that each N; can be evaluated in time 7eyva), and that N(x) :=
Ni(x) +---+ Ny(x) is (r, R)-rounded for 0 < r < R.

Theorem 3.20 (Efficient sparsification). If N is (r, R)-rounded, then for any ¢ > n=°W), there is an
algorithm running in time (m(log n)°M + n®W)(log(mR /1))° Ve that with high probability produces
an O(ne~2log(n/e)(log n)*>)-sparse e-approximation to N.

Suppose now that N is a semi-norm on R" thatis K-equivalent to N, and let j: be the probability
measure with density proportional to e “N®™) dx.

Lemma 3.21 (Sampling to sparsification). For h > 1, there is an algorithm that, given O(hy, log(m +n))
independent samples from y and e > 0, computes with probability at least 1 — (m + n)™", an s-sparse
e-approximation to N in time O(m, log(n + m) + s)Teval, where s < O(K%2e 2nlog(n/¢)(log n)*°).

Proof. Let X1, ..., X\ € R" be independent samples from p. Denote, fori =1,...,m,

= ST (N + Ni(Ka) + -+ Ni(X0)
o; = E[N;(X1)].

Since u is log-concave, Corollary 1.9 asserts there is a constant ¢ > 0 such that

P (|Ni(xj) - 0i| > 1) < 2exp (— ct )
Consequently, for some k < hi, log(m + n), it holds that
P(o;<ti<20,i=1,...,m) > 1—(m+n)_h.

Thus with high probability, (3.14) it satisfied for p = 1, and one obtains the desired sparse
approximation using Theorem 3.16 with p = 1. m]

The preceding lemma shows that sampling from a distribution with du(x) o eNG) suffices
to efficiently sparsify a semi-norm N that is K-equivalent to N. A long line of work establishes
algorithms that sample from a distribution that is close to uniform on any well-conditioned convex
body A C R", given only membership oracles to A. In the following statement, let B} denote the
Euclidean unit ball in R".

Theorem 3.22 ([JLLV21, Theorem 1.5], [CV18, Theorem 1.2]). There is an algorithm that, given a convex
body A C R" satisfying r - B} C A C R- B} and ¢ > 0, samples from a distribution that is within total
variation distance ¢ from the uniform measure on A using O(n>(log “R)OW) membership oracle queries to
A, and (n(log %))O(l) additional time.

When N is a norm, one obtains immediately an algorithm for sampling from the measure u on
R” with density du(x) oc e™N ) dx using evaluations of N(x).
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Corollary 3.23. There is an algorithm that, given an (r, R)-rounded norm N on R" and ¢ > 0, samples
from a distribution that is within total variation distance ¢ from the measure u with density proportional to
e™N®) dx using O(n3(log 22 )°W) evaluations of N(x), and (n(log “2))°W additional time.

Proof. Note that if Z has law p, then the density of N(Z) is proportional to e A"~L. In other words,
N(Z) has the law of a sum of n i.i.d. exponential random variables. Let A be a sample from the
latter distribution. The algorithm is as follows: Sample a point X from the uniform measure on By
using Theorem 3.22, and then output the point AX /N (X). O

Combining Lemma 3.21 and Corollary 3.23, we see that if one can sample from the distribution
induced by a sparsifier, then one can efficiently sparsify and if one can efficiently sparsify, then one
can can perform the requisite sampling.

This chicken-and-egg problem has arisen for a variety of sparsification problems and there is
a relatively simple and standard solution introduced in [MP12] that has been used in a range of
settings; see e.g., [KLM*17, JSS18, AJSS19]).

Instead of simply sampling proportional to e™N™) directly, we first sample proportional to
the density exp(—(N(x) + t|[x||2)), where f is chosen large enough that the sampling problem is
trivial. This gives a sparsifier for N(x) + t[|x||> which, in turn, can be used to efficiently sparsify
N(x) +t/2||x||2. Iterating allows us to establish Theorem 3.20.

Proof of Theorem 3.20. Recall our assumption that r||x|l2 < N(x) < R||x]|2 for all x € ker(N)*. For
t > 0, denote N¢(x) := N(x) + t[[x||2. Note that N is 2-equivalent to R||x||, and consequently by
sampling from du(x) o exp(—R||x||2) using Corollary 3.23, we can use Lemma 3.21 to obtain an
O(n)-sparse 1/2-approximation to N.

Now for any t € [er, R], suppose N; is an O(n)-sparse 1/2-approximation to N;. Note that N;
is (t/2,4R)-rounded. Thus, using Corollary 3.23, we can compute a sample from the distribution
with density o e~ Nt in time (n log(R/ )PDTe .. We can ignore the total variation error in
Corollary 3.23 as long as it is less than m =) and charge it to the failure probability. Since N is
2-equivalent to N, which is 2-equivalent to N}, we can use Lemma 3.21 to obtain an é(n)—sparse
1/2-approximation to Ny/».

After O(log(R/(er))) iterations, one obtains an O(n)-sparse 1/2-approximation to N,. A
final application of Lemma 3.21 obtains an O(ne2log(n/¢)(log n)*°)-sparse ¢-approximation to
N,,. To conclude, note that for all x € ker(N)*, N,, is (1 + ¢)-equivalent to N. Moreover, in
N¢r(x) = N(x) + er||x||2, only the summand er||x|| fails to vanish on ker(N). This can be removed
from N, to obtain a (1 + 2¢)-approximation to N with the same sparsity. The result then follows by
applying this procedure with a smaller value of «. m|

Remark 3.24 (Algorithm for 1 < p < 2). We note that it is possible to extend Theorem 3.20 to the
setting of 1 < p < 2 under a mild additional assumption. Specifically, we need to assume that each
semi-norm N; is itself K-equivalent to a p-uniformly smooth semi-norm #; with constant S, and
that we have oracle access to N;.

For any weights wy, ..., w;,; > 0, the semi-norm Ny (x) := (w1 N1(x)P +---+ mem(x)p)l/p is
then K-equivalent to the semi-norm N (x) := (w1 N (x)P + -« + W Ny (x)P )1/ P where each W, is
p-uniformly smooth with constant S,. Since the ¢, sum of p-uniformly smooth semi-norms is also
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p-uniformly smooth quantitatively (see [Fig76]), it holds that N, is K-equivalent to a semi-norm
that is p-uniformly smooth with constant O(S,). One can then proceed along similar lines using

the interpolants
p
Ni@) = (NP + )

1/p
which are similarly K-equivalent to the p-uniformly smooth norm N;(x) = (./\f (x)P + t||x||§) ,

since || - ||z is p-uniformly smooth with constant 1 forany 1 < p < 2.

3.4.1 Sparsifying symmetric submodular functions

First recall that the Lovész extension F is a semi-norm. This follows because F can be expressed as

F(x) = [mF({i L x; < H))dt.

Note that the integral is finite because F(0) = F(V) = 0, and clearly F(cx) = cF(x) for all ¢ > 0.
Also because F is symmetric we have F(x) = /_o; F({i:x; <t})dt = /_O:o F({i : x; > t})dt = F(-x).
Finally, it is a standard fact that F is submodular if and only if F is convex. Thus, F is indeed a
semi-norm.

Proof of Corollary 1.2. We assume that ¢ > m~1/2, else the desired sparsity bound is trivial.

Let fl, e, fm denote the respective Lovasz extensions of fi,..., fi;, and let F denote the
Lovész extension of F. Define F(x) := F(x) + m™*||x||z and fi(x) = fi(x) + m~>||x||» so that
F(x) = fi(x) +- -+ fu(x). Clearly each f; is (m=>, O(nR))-rounded as f;(x) < 2||x[loR < 2Rv7x|2.
Thus Theorem 3.20 yields weights w € R with the asserted sparsity bound and such that

< eF(x), VxeR".

Fx)= )" wifilx)
i=1

Additionally, the unbiased sampling scheme of Section 2.2 guarantees that E[w1 + - - - + w,,, | = m,
so X" w; < 2m with probability at least 1/2. Assuming this holds, let us argue that
|F(S) = Zicqu wifi(S)| < 2¢F(S) forall S C V. Indeed,

m
< eF(S) + (m + Zwl) m=||x|l2 < eF(S) +m™3.
i=1

F(S)= ) wifi(S)
i=1

This is at most 2eF(S) if F(S) > 1, since we assumed that ¢ > m~1/2,

If, on the other hand, F(S) = 0, then we conclude that all f;(S) = 0 for all i € supp(w). This is
because the weights given by the independent sampling procedure (recall Section 2.2) are at least
1/M > 1/m, and each function f; is integer-valued. Thus w1 fi1(S) + - -+ + Wy, fu(S) =0aswell. O
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4 Lewis weights

When working with a subspace of L, (), it is often useful to perform a “change of density” in order
to compare the L, norm to some other norm (in the present setting, to an L, norm); see, e.g., [JSO1].
A classical paper of Lewis [Lew?78] describes a very useful change of density that has applications to
sparsification problems like £, row sampling [CP15] and dimension reduction for linear subspaces
of ¢, [BLM89, Tal95].

Let @ be a norm on the space of linear operators R" — R". Following Lewis [Lew79], one can
consider the corresponding optimization

max { [det(U)] : a(U) < 1}. 4.1)

As one example, suppose that K € R” is a symmetric convex body and ||x||x is the associated
norm. Define the operator norm
al) = |max IUx| k.

[x]l2=1
For an optimizer U* of (4.1), U*(BY) is the John ellipsoid of K, i.e., a maximum volume ellipsoid such
that U*(B) € K. Indeed: a(U) <1 <= U(B}) C K, and the volume of U(B}) is proportional to
det(U).
{, Lewis weights for a matrix A. Consider now a linear operator A : R" — R¥ and letay,...,a,
be the rows of A. Define for any 1 < p < oo, the norm

k
> llualh
i=1

We remark that this a coincides with the absolutely p-summing operator norm when U is considered
as an operator U : E — F with F := A(R") C ¥, and where E is R" equipped with the Euclidean

1/p
al) :=

7

norm x — |[(ATA)™2x||,. See, e.g., [DJT95] for background on absolutely summing operators.
For 1 < p < 2, the optimality condition for (4.1) yields the existence of a nonnegative diagonal
matrix W such that a((ATWA)~1/2) < n!/?, and

[{ai, x)|
max
ielk] |[(ATWA)~12a;]|,

In particular, this bounds the contribution of every coordinate to the ¢, norm: Denoting «; :=
I(ATWA)~124;]|,, we have

< I(ATWA) x|, < [|Ax|l, -

[{ai, x)| < aj||Ax]l,, VxeR",

and af +-0 4 ocZ = a((ATWA) Y2 = . The diaognal entries of W are often referred to as ¢,
Lewis weights [CP15].

Block /., weights. In order to construct spectral sparsifiers for hypergraphs, the authors of
[KKTY21a] implicitly consider the following setting, couched in the language of effective resistances
on graphs. Suppose S1 U --- U S, = [k] forms a partition of the index set, and define

1/2

m
a(U) = ) max||Ua;];
=t
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Their construction was clarified and extended in [Lee23, JLS23]. We now present a substantial
generalization that will be a useful tool in proving Theorem 1.5 and Theorem 1.7.

Definition 4.1 (Block norm). Consider any p1,...,pm,q € [1, o], and a partition S; U---US,, = [k].
For p; < oo, define

1/p;
Nj(u) = (Z |u1-|w) ,

iESj
and for p; = oo, take Nj(u) := max{|u;| : i € S;}. Define N(u) := [[(M(u), ..., Nu(u))ll,-

Throughout, we let L(R", R¥) denotes the linear space of linear operators from R” to Rk and
denote L(R") = L(R",R"). We prove the next lemma in Section 4.1.

Lemma 4.2. Consider p1,...,pm € [2, 0] and q € [1,00). Let Ny, ..., Ny and N be as in Definition 4.1.
Fix A € L(R", R¥) with rank(A) = n, and denotefor j=1,...,m,

ajl) = Ni(IlUA ellz, ..., ITUATexll2)
Then there is a nonnegative diagonal matrix W such that for U = (ATWA)~1/2, the following are true:
(1) It holds that

n 1<g<2
q q —
ar()T+ -+ a,, (U) {n‘i/z 752,

(2) Forall x € R",
Ni(Ax) < a;(U) U x|l2 < aj(U)N(Ax).

4.1 Block Lewis weights
For anorm N on R¥ and A € £(R", RF), define the norm ay 4 on £L(R") by
an,a(U) = N(lUATe1llz, ..., [UATekll2) - (4.2)

We consider the optimization (4.1). As observed in [SZ01], the analysis of (4.1) does not rely on
duality in a fundamental way.

Lemma 4.3. If N is continuously differentiable, then there is an invertible, self-adjoint U € L(R") such
that an a(U) =1, and
U =(ATywA) 2,

where W is the diagonal matrix with

I N(UA e, - .- [IUA  exl2)
! IUATeill2 '

and
-1

k
1
y == 2 ATl N (IUA el .. IUATerll2) | (44)
i=1
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Proof. Define the operator B € L(R", R¥) by

k
I N ([UATerll2, ..., [IUAT exll)
Byy = aullva(u) = Z - IUAT ;]| (UAT)uiAiv .
i=1
Note that
B=UATWA,

where W is the diagonal matrix defined in (4.3).
Next, observe that for any invertible U € L(R"),

du,, det(U) = det(U)(U )y -
Hence if Uy is an optimal solution to (4.1) with a = ax, 4, then
UgA"TWA = AUy T

where A > 0 is the Lagrange multiplier corresponding to the constraint a(Up) < 1.
Let us take U := (LIOTlIo)l/2 so that a(U) = a(lp) = 1. To compute the value of A, use
ATWA = AU, Up)™' = AU2 to write

k k
An = Atr(UAU2) = tr(U2ATWA) = Z Wi tr(U2AT eje] A) = Z Wil [UATe;]13.
i=1 i=1

Using again the definition (4.3), we have
A= LS At = L
A 4
showing that U = (AT (yW)A)~1/2. o

Lemma 4.4. Suppose that N and N, ..., Ny, are as in Definition 4.1 with p; € [2,00] for j =1,...,m,
and q € [1,00). Then for any A € L(R", R¥), there is a diagonal matrix W such that U = (ATWA)~1/2
satisfies an,A(U)1 < 1, and for j € [m]and i € §;,

pi—2 —
nu.’ “Nj(u)17Pi < 00
i = { ;N Pi (4.5)

noiN;j(u)i~! pj =0,
for some v € RF such that N].*(v) = Nj(u)~ when p; = co.

Proof. LetU € L(R") be the map guaranteed by Lemma 4.3 applied with the N’ and A. (By a simple
approximation argument, we may assume that A is C! for the cases where g = 1 or pj = c.)
Note that for j € [m] and i € S}, if p; < oo, then

uN(u, ..., ug) = sign(u;)|ui] Vi N (u)TPiN(u)'~1,
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and otherwise, for p; = 0o, we must consider the collection of subgradients v € R* with Nj*(v) =
N;(u)~.
Defining u; := |[UATe;||2 fori = 1,..., k and plugging this into (4.3) gives, for j € [m]and i € S;,

[N py < oo
T oMt =,

where we have used the fact that N(u) = ay a(U) = 1.
Now compute

k m
D IUATeills d N(IUATerll, . IUAT exlla) = > Njw)T PN )i =1,

i=1 j=1
From (4.4) we conclude that y = n. O
Let us now use this to prove Lemma 4.2.

Proof of Lemma 4.2. LetU = (ATWA)™'/2 € L(R")be the operator guaranteed by Lemma 4.4 applied
with norm N and A € L(R",RF). Denote a; :== ATe; fori = 1,...,k and the vector u € R* by
ui = ||Uaj||a fori =1,..., k. Recall that ay a(U)7 = a1(U)T + -+ - + a,, (U)T = 1.

Let us first perform the transformation W + n /MW and U — n'/9U so that ar ()7 +---+
a,(U)7 = n and, consulting (4.5), define, for j € [m] and i € Sj,

w; =W = ”fj_zNj(u)q_pj pj <
i-— VWi = 1
vilN;(u) pj =00,

where v € RF is such that N].*(v) = N]'(u)‘1 when p; = co.
Now use [(aj, x)| < [[Ua;ll2lU"x||> to bound, for p; < oo,

1/pj 1/pj
Ni(Ax) = > a0y | < U x| ) Ua)y)
iESj iESj
= Ul (W) = (U x]l Nj(u), (4.6)

verifying the first inequality in (2). Clearly the same argument applies for p; = co as well.
Let ws, € RS denote the vector with (ws ].)i = w;. We will abuse notation slightly and let
||wsj||Pj/(pj_2) denote [|ws; || when p; = 2 and denote ||ws; ||; when p; = 0. For 2 < p; < oo, we have

(pj=2)/pj
ws;llp;/(pj-2) = Z ut’ Ni(@)T™Pi = Nj(u)Pi > Nj(u) 1771 = Nj(u)i=2. (4.7)

1
IESj

This remains true in the other cases as well: When p; = 2, |lws;|le = Nj(u)q‘z. When p; = oo,

s, I = N @IN; ()T~ = Nj(u)T2,

33



Note that ||U~ x||2 (x,(UTU)'x)yand (UTU)™t = ATWA. Using this and Holder’s inequality
with exponents p;/(p; —2) and p;/2, write

i,

k m
IUTxl3 = > wildar, )2 < D lwsilly 2| D Kai OF | = > N@I2N(Ax)?,  (48)
i=1 j=1

ieS j j=1
where the last equality uses (4.7).

Casel: 1 <g <2
To verify (1), note that

m
Z aj(U)1 = N(u)' =n.
j=1
Now observe that (4.6) gives
N ()N (Ax)? < Ny(Ax)T[U x|l
In conjunction with (4.8), this yields
m
lu=xl3 < JUtxll; " )" Nj(Ax)T,
j=1
and simplifying yields
U xll2 < N(Ax),
verifying the second inequality in (2).
Casell: g > 2.
Use Holder’s inequality with exponents /(g — 2) and 4/2 in (4.8) to bound

@-2/q 2/q
Iu~x|1? < Z Ni(u) DINAxT| <t HIN(AX).
j=1
Now replacing U by n'/271/41 gives ||[U™ x|l < N(Ax) and ai;(U)7 + - -+ + a,, (U)1 = n9/2. m]
4.1.1 Arbitrary norms
The p1 = -+ = p; = oo case of Lemma 4.2 gives a consequence for any collection Ny, ..., N, of

norms on R" by embedding them into a subspace of {w.

Lemma 4.5. For any 1 < q < oo, there are numbers ay,...,a, > 0 and a linear transformation
U :R" — R” such that



and for every j € [m] and x € R",

1/q

m
Nj(Ux) < ajlixlla < aj| D Nj(Ux)T
j=1

Proof. Let N]’.‘ denote the dual norm to N i Then for every 6 > 0 there is a finite set Vs C B N; such
that

Nj(x) = sup (x,y) > (1-0)max(x,y) = (1-0)||4jx[lw
N:(y)<1 yelo

for some map A; : R" — RIVel,
Let Us : R" — R” be the transformation guaranteed by Lemma 4.2 applied to the operator
defined by A(x) = A1(x) ® - - - ® Ay (x). This yields weights a1 5, ..., a5 > 0 such that

and for all x € R",
Nj(Usx) < ajsllxll2 < (1= 08)"ajsN(Usx),

1/q
where N(x) := (Z;-"zl Nj(x)q) .
It holds that N (Usx) < vn||x]|2 for all x € R", and therefore as long as N is a genuine norm on
R" (and not simply a semi-norm), the family {U; : 6 > 0} is contained in a compact subset of L(R").
In the case that N is not a genuine norm, one can simply restrict Us to ker(N)* and argue there.
Define ss := (Us, 1,5, - - ., &m,5), and then the preceding bounds similarly show that {ss : 6 > 0}
lies in a compact subset of L(R")xR™, and therefore contains an accumulation point (U, a1, ..., &)
satisfying the desired conclusion. m]

4.2 Sums of powers of general norms

Our goal now is to prove Theorem 1.7. For a general seim-norm N on R", directly applying
Theorem 1.3 with the parameters p = 2, K = v/, S = 1 leads to the unimpressive bound of
O(s‘znzlogS(n /¢€)). Towards improving this, we start by obtaining a (dimension-dependent)
improvement on the shift lemma (Lemma 3.1).

Lemma 4.6. Suppose N is a norm on R" and p € [1,2]. Let u denote the probability measure 1 on R"

satisfying
du(x) oc exp(—=N(x)P) dx .

Then for any measureable W C R" and z € R", 6 > 0, we have

UW +2) > 0P e=(5) NG ). 4.9)
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Proof. For any 6 > 0 and x,z € R", it holds that
N(x+2) < (N(x)+N@) < (1+6P'N@)P + (22)" 7 Ny,
therefore

/ exp (-N(x +z)P) dx > e_(%)p_ ey / exp (—(1 + 5)p_lN(x)p) dx
W W

Lo Pt
= (1+6) P~ D/pn e_( E ) N(Z)p/ exp(=N(x)?) dx
W
L1y
> e_(s”/Pe_( 0 ) N(Z)p/ exp(—N(x)") dx.
W

To complete the proof, observe that

/W exp (—-N(x + z)P) dx
fw exp (=N (x)F) dx

HW +z) = uw). o

Lemma 4.7. Suppose N and N are semi-norms on R" with ker(N) C ker(N). Denote the probability
measure y on ker(N)* so that
du(x) oc exp(=N(x)F) dx .

12 (AP A1
(1og7<(BN,N,g)) <(Z) +qf5nt,

= / N (x) du(x) .

Then for any € > 0,

where

Proof. By scaling N , we may assume that ¢ = 1. Suppose now that x1, ..., xp € By and the balls
x1+ Bg, ..., xm + By are pairwise disjoint. To establish an upper bound on M, let A > 0 be a
number we will choose later and write

M M
> y(U Ax; +Bﬁ)) D u(Axj + ABg
j=1

j=1

(4 9)

—6n/PZ md Té N(xj)p[u(/\Bﬁ)

145 \P1
>Me‘5”/pe_Ap(T) u(ABg),

where the last inequality uses x1, ..., x)m € By. Now choose A := 2 f N (x) du(x) so that Markov’s
inequality gives

u(ABg) = i ({x N(v) < /\}) >1/2,
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yielding the upper bound

log(M/2) < 57” AP (Lo)pt

Choosing 6 := A/ntP and using (1 +1/6)P"1 g1+ 5= gives
log(M/2) < An'=VP 4 AP
421 Entropy estimate

We will work again in the setting of Definition 3.3.

Lemma 4.8. Consider Definition 3.3 and additionally
k= max N7 (x),
x€ByN

A=, log(M)We, .

Then it holds that 1

y2(By,d) < (KT/\%TZ%_% +n K+ A% log n) VAB, -
Proof. Since both sides of (4.10) scale linearly in the values {N] "1, we may assume that
M
_ () =
Apy = ffelgffZ;N](x) =1,
]:

and then Lemma 3.8 gives
d(x,y)<2N°°(x—y)p/2, X,y €By.

This yields the comparisons

o (1 1o2Ip o N 2P 2c_\"
KBy,d,r) < KBy, N©,(r/2)7P) < K(By=, N*, ==—) < ((7/2)2/;7 !

(4.10)

(4.11)

(4.12)

(4.13)

where the second inequality uses the definition of x, and the final inequality follows from Lemma 2.4.

In particular, we have

©P/2 [n? ©P/2 [n? p
/ \/logW(BNoo,N“’,(r 12)P/2)dr < \n / , /long dr s n 3P 2logn.  (4.14)
0 0 r

Lemma 4.7 with N = W, N = N asserts that

/2 p/2 1/2
Ao\ Ao 1o AT AT
loge K(By, N, (r/24P)H/? < | 2 + n2w <04 0 p27y
( g ( N (/ ) ) (r/z)Z/p (r/z)z/p r rl/p

where A := fN“’(x)dy(x).
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Dudley’s entropy bound (2.5) in conjunction with (4.13) gives

0 (x)P12
v2(Bn, d) S/ \/log‘K(BJv,d,r)dr s/ \/log‘K(BJv,N”,(r/Z)Z/P)dr,
0 0

where we have used the fact that log K (B, N*°,r) = 0 for r > x. Now using (4.14) and (4.15) yields
(21()}’7/2

p/2 1 1 ey
v2(By, d) < L /\8/2/ —dr + )\(l)/an 2 / —dr
n W22 T P12 2 rl/p

p/2

K 2 1_1 p
$—+/\8/ logn+)\1/2 T
n

on 272y
To conclude, recall that Lemma 3.7 gives the estimate

Ao S Py log(M)We = A O
4.2.2 Sparsification

We obtain our result for sparsifying sums of pth powers of arbitrary norms.

Theorem 4.9. Suppose 1 < p < 2and Ny, ..., Ny, are semi-norms on R". Denote
N() = (Na (@) + -+ NP P

Then there is a weight vector w € R with

nz‘l/f’tpn log(n/¢) N n(yY, log(n/e))P (log n)?
2

<
[supp(w)| < - >

and such that

m
N(x)P - ijNj(x)” < eN(x), Vx € R".
j=1

Proof of Theorem 4.9. Let U : R" — R" be the transformation guaranteed by Lemma 4.5 (with p = ¢).

In particular, there are weights a1, ..., a;, > 0 such that af +--- 4+ af; < n,and

Nj(x) < afN(x)P, Vx € R". (4.16)
Let i denote the measure with density du(x) oc e™N @)’ dx, and define for i € [m],
T = / Ni(x)? du(x)

Ti+05f

S )

By Lemma 3.14, we have
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Ty 4Ty = / N(x) du(x) = g (4.17)
We will apply Lemma 4.8 with / = N. Given M > 1 and v € [m]M, define

NVj(x)
(Mpy,)'P ’
@i(x) == Ni(x)", i=1,...,m,

N;j(x) := j=1...,M,

so thatd, ,(x,y) = d(x,y), where d is the distance from (3.3). Observe that

Ni(x)f < N (4.16)
1(x) Z( 4 P) 1(x) < 31’1N(X)p, VXERn,izl,...,m,
i=1

Z
and moreover

[ i dut) - 31

Ty
/ij(x) du(x) = Mpv] <M' j=1,...,M.

vj

Therefore We, < (31/M)?, and k < (%)1/’) and A < (%)1/;7 Y, log M in Lemma 4.8.
It follows that

1/2
nAY2 11 u
- 272 1/2 p/2 (P
v2(BN, d) < (M) (n 7 (Y log M)'“ + (¥, log M)P'* log n) (I\%gzl jél N;(x) )

1/2
P
(ﬁﬂcﬁiﬂ Z Nj(x) ) ’
for some choice of M satisfying

n> Py, log(n/e) N n(, log(n/e))’ (logn)?

M5

&2 &2
With this, Lemma 2.6 yields
Ny.(x)?
E max N(x)”—l Z b S e.
14 XGB[\] M JE[M] pl/]
Thus there exists a choice of v € [m]M satisfying the bound, and the claim follows. m]

4.3 Sums of squares of {, norms

Our goal now is to prove Theorem 1.5. We will require the following chaining estimate.
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Theorem 4.10 ([Lee23, Lemma 2.12]). Suppose N1, ..., Ny are semi-norms on R", and define
1/2

M
Gy = | Y (M2 - M) (4.18)
=1

Then for any set T C BY, it holds that

v 1/2 o 1/2
v2(T, d) < sup (Z N]-(x)4) + (K + A4/log n) sup (Z N]-(x)Z) ,

xe€T j=1 x€T j=1
where

x := E max N;
jelM] i@

A:=maxEN;i(g),
jelM] i@

and g is a standard n-dimensional Gaussian.

Proof of Theorem 1.5. By scaling the matrices {A;} suitably, we may assume that
lAjxllp; < Nj(x) < K||Ajx]ly; , VxeR",j=1,...,m. (4.19)

Define A : R" — R for k := ny + -+ +n, by A(x) = Aj(x) ®---® Ap(x)and let S; U ---US,, = [k]
be the natural partition. Let U € L(R") be the transformation established in Lemma 4.2, and denote
7j == aj(U)*for j =1,...,m. Note that Lemma 4.2(1) ensures ||7]|; < n.

For j € [m], define

pj=1i/llTlh,
@j(x) := Nj(x)*.

Then using Lemma 2.6, our goal is to bound y»(Bn, dp,) for any v € [m]M.
To this end, define

Nj(x) = |AjUx]l,,,  j=1,...,m,
N N R 1/2
N = (Ra(o? o+ @)
and then the second inequality in Lemma 4.2(2) implies
Ixll2 < N(x),
hence By, € B}, and Nj(x) < 1jllx|l5 for all x € R", j € [m].
Fix v € [m]™ and let us finally define, for i € [M],
I\Afvl.(x)
Vv

Ni(x) :=
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Let d be the corresponding distance given by (4.18). Then by construction, we have

dUx, U 1y)

< K2 :
dpy(x,y) <K i , (4.20)

where the inequality uses (4.19).
Since By, € B}, we can apply Theorem 4.10 with T = By,. Let us note first that, by Lemma 4.2(2)
we have N (x)2 < T ||x||2 T]N(x)2 Therefore N](x)2 < |I7|liN(x)?, and

max ZN](x)4 KB max ZN](x)Z 4.21)

N(x)<1

Moreover, it holds that

A o \1/pj
ENj(g) < (ENjg))

iES]'

1/pj
=| > llua))y € |g1|Pf)

i€S;

1/p;
> Elas, umm)

1/pj
S pi (Z ||Uai||§f) = Jp; o) < \pT;,

165]‘

where the first inequality uses the fact that (E[|g1|P])'/? < /P for any p > 1, and the second uses
pisp-

Recall that N j (x)? <7 [ l|x]|3, and therefore the Gaussian concentration inequality (Theorem 2.7)
implies that

p (Nj(g) > ENi(g) + t\/T—j) <e 2.

Ny, (g)
E max i) log M .
max 52 < fiellog
E
A= ]rgax Ni(g) < \/P||T||1,

=E () < loe M).
€= Emax Nj(g) < yltl(p + log M)

In particular, this gives

We conclude that

Combining these with (4.21) and ||t||; < 1, Theorem 4.10 yields
1/2

v2(Byy, d) < \/_(1 ++/p +log M + +/plog n) max Z:N](x)2 . (4.22)

N(x)\ =1
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Note that y y y

2 @ 19) N,, (U tx)? -
Z Ni(x)? = Z Vi, (x) Z 2 = ME,, (U x).
- :

j= =1 Pri =1

And since (4.19) implies N(U"!x) < KN(x), we have

max Ni(x)> < K2M max F,, (U 'x)<K*M max E,,(x).
N(x)<1Z ) < N(U-1x)<1 porl ) N(x)<1 pr(x)

Using this together with (4.22) gives

1/2
y2(By,d) < KMl/Z\/n(p logn +log M) (Arl??xl Fp,v(x)) .

Combining this with (4.20), we conclude that

1/2
v2(BNn, dpy) < K3M~™ 1/2\/n(p logn + log M) ( II(le)lX Fp V(x)) .

_ Képnlog(n/e)
Now choose M < ——>——

and apply Lemma 2.6 to obtain

N, (x)2

M
1
E N(x)*
s N0 5 2

completing the proof. m]

Acknowledgments

We thank anonymous reviewers for several helpful comments. James R. Lee is supported in part by
NSF CCF-2007079 and a Simons Investigator Award. Yang P. Liu is supported by a Google Research
Ph.D. Fellowship. Aaron Sidford is supported in part by a Microsoft Research Faculty Fellowship,
NSF CCF-1844855, NSF CCF-1955039, a PayPal research award, and a Sloan Research Fellowship.

References

[AJSS19]  AmirMahdi Ahmadinejad, Arun Jambulapati, Amin Saberi, and Aaron Sidford. Perron-
Frobenius theory in nearly linear time: Positive eigenvectors, M-matrices, graph kernels,
and other applications. In Timothy M. Chan, editor, Proceedings of the Thirtieth Annual
ACM-SIAM Symposium on Discrete Algorithms, SODA 2019, San Diego, California, USA,
January 6-9, 2019, pages 1387-1404. SIAM, 2019. 10, 28

[BCL94]  Keith Ball, Eric A. Carlen, and Elliott H. Lieb. Sharp uniform convexity and smoothness
inequalities for trace norms. Invent. Math., 115(3):463-482, 1994. 5

42



[BK96]

[BLMS9]

[BMP63]

[BSS12]

[BSS14]

[BST19]

[Che21]

[CKP*17]

[CP15]

[CV18]

[DJT95]

[Fig76]

[GMS83]

[Han56]

Andrés A. Bencztir and David R. Karger. Approximating s-t minimum cuts in (n?) time.
In Proceedings of the Twenty-eighth Annual ACM Symposium on the Theory of Computing
(Philadelphia, PA, 1996), pages 47-55. ACM, New York, 1996. 2, 6

J. Bourgain, J. Lindenstrauss, and V. Milman. Approximation of zonoids by zonotopes.
Acta Math., 162(1-2):73-141, 1989. 4, 30

Richard E. Barlow, Albert W. Marshall, and Frank Proschan. Properties of probability
distributions with monotone hazard rate. Ann. Math. Statist., 34:375-389, 1963. 15

Joshua Batson, Daniel A. Spielman, and Nikhil Srivastava. Twice-Ramanujan sparsifiers.
SIAM ]. Comput., 41(6):1704-1721, 2012. 3, 5

Joshua Batson, Daniel A. Spielman, and Nikhil Srivastava. Twice-Ramanujan sparsifiers.
SIAM Rev., 56(2):315-334, 2014. 3

Nikhil Bansal, Ola Svensson, and Luca Trevisan. New notions and constructions of
sparsification for graphs and hypergraphs. In David Zuckerman, editor, 60th IEEE
Annual Symposium on Foundations of Computer Science, FOCS 2019, Baltimore, Maryland,
USA, November 9-12, 2019, pages 910-928. IEEE Computer Society, 2019. 5

Yuansi Chen. An almost constant lower bound of the isoperimetric coefficient in the
KLS conjecture. Geom. Funct. Anal., 31(1):34-61, 2021. 8

Michael B. Cohen, Jonathan Kelner, John Peebles, Richard Peng, Anup B. Rao, Aaron
Sidford, and Adrian Vladu. Almost-linear-time algorithms for Markov chains and new
spectral primitives for directed graphs. In STOC17—Proceedings of the 49th Annual
ACM SIGACT Symposium on Theory of Computing, pages 410-419. ACM, New York, 2017.
3

Michael B. Cohen and Richard Peng. {, row sampling by Lewis weights. In STOC'15—
Proceedings of the 2015 ACM Symposium on Theory of Computing, pages 183-192. ACM,
New York, 2015. 30

Ben Cousins and Santosh S. Vempala. Gaussian cooling and o*(n®) algorithms for
volume and gaussian volume. SIAM ]. Comput., 47(3):1237-1273, 2018. 10, 27

Joe Diestel, Hans Jarchow, and Andrew Tonge. Absolutely summing operators, volume 43
of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge,
1995. 30

T. Figiel. On the moduli of convexity and smoothness. Studia Math., 56(2):121-155,
1976. 4, 29

M. Gromov and V. D. Milman. A topological application of the isoperimetric inequality.
Amer. |. Math., 105(4):843-854, 1983. 8

Olof Hanner. On the uniform convexity of LV and 7. Ark. Mat., 3:239-244, 1956. 5

43



[JLLV21]

[JLS23]

[J1V22]

[JS01]

[JSS18]

[KKTY21a]

[KKTY21b]

[KL22]

[Kla23]

[KLM*17]

[Lee23]

He Jia, Aditi Laddha, Yin Tat Lee, and Santosh S. Vempala. Reducing isotropy and
volume to KLS: an 0*(1n%1?) volume algorithm. In Samir Khuller and Virginia Vassilevska
Williams, editors, STOC "21: 53rd Annual ACM SIGACT Symposium on Theory of
Computing, Virtual Event, Italy, June 21-25, 2021, pages 961-974. ACM, 2021. 10, 27

Arun Jambulapati, Yang P. Liu, and Aaron Sidford. Chaining, group leverage score
overestimates, and fast spectral hypergraph sparsification. In Barna Saha and Rocco A.
Servedio, editors, Proceedings of the 55th Annual ACM Symposium on Theory of Computing,
STOC 2023, Orlando, FL, USA, June 20-23, 2023, pages 196-206. ACM, 2023. Full version
at arXiv:2209.10539. 5, 10, 31

Arun Jambulapati, Yin Tat Lee, and Santosh S Vempala. A slightly improved bound for
the KLS constant. Available at arXiv: 2208.11644, 2022. 8

William B. Johnson and Gideon Schechtman. Finite dimensional subspaces of L,.
In Handbook of the geometry of Banach spaces, Vol. I, pages 837-870. North-Holland,
Amsterdam, 2001. 30

Arun Jambulapati, Kirankumar Shiragur, and Aaron Sidford. Efficient structured matrix
recovery and nearly-linear time algorithms for solving inverse symmetric m-matrices.
arXiv, arxiv:1812.06295, 2018. 10, 28

Michael Kapralov, Robert Krauthgamer, Jakab Tardos, and Yuichi Yoshida. Spectral
hypergraph sparsifiers of nearly linear size. In 62nd IEEE Annual Symposium on
Foundations of Computer Science, FOCS 2021, Denver, CO, USA, February 7-10, 2022, pages
1159-1170. IEEE, 2021. 5, 10, 30

Michael Kapralov, Robert Krauthgamer, Jakab Tardos, and Yuichi Yoshida. Towards
tight bounds for spectral sparsification of hypergraphs. In Samir Khuller and Vir-
ginia Vassilevska Williams, editors, STOC "21: 53rd Annual ACM SIGACT Symposium on
Theory of Computing, Virtual Event, Italy, June 21-25, 2021, pages 598-611. ACM, 2021. 5

Bo’az Klartag and Joseph Lehec. Bourgain’s slicing problem and KLS isoperimetry up
to polylog. Geom. Funct. Anal., 32(5):1134-1159, 2022. 8

Bo’az Klartag. Logarithmic bounds for isoperimetry and slices of convex sets. Available
at arxiv:2303.14938, 2023. 4, 8

Michael Kapralov, Yin Tat Lee, Cameron Musco, Christopher Musco, and Aaron Sidford.
Single pass spectral sparsification in dynamic streams. SIAM |. Comput., 46(1):456—-477,
2017. 10, 28

James R. Lee. Spectral hypergraph sparsification via chaining. In Barna Saha and
Rocco A. Servedio, editors, Proceedings of the 55th Annual ACM Symposium on Theory of
Computing, STOC 2023, Orlando, FL, USA, June 20-23, 2023, pages 207-218. ACM, 2023.
Full version at arXiv: 2209.04539. 5, 10, 31, 40

44


https://arxiv.org/abs/2209.10539
https://arxiv.org/abs/2208.11644
https://arxiv.org/pdf/2303.14938.pdf
https://arxiv.org/pdf/2209.04539.pdf

[Lew?78]

[Lew?79]

[Lov83]

[LT11]

[LWO08]

[MP89]

[MP12]

[PTJ85]

[Rud99]

[RY22]

[SS11]

[ST11]

[SY19]

[SZ01]

D. R. Lewis. Finite dimensional subspaces of L,. Studia Math., 63(2):207-212, 1978. 10,
30

D. R. Lewis. Ellipsoids defined by Banach ideal norms. Mathematika, 26(1):18-29, 1979.
10, 30

L. Lovasz. Submodular functions and convexity. In Mathematical programming: the state
of the art (Bonn, 1982), pages 235-257. Springer, Berlin, 1983. 3

Michel Ledoux and Michel Talagrand. Probability in Banach spaces. Classics in Mathe-
matics. Springer-Verlag, Berlin, 2011. Isoperimetry and processes, Reprint of the 1991
edition. 7, 15

R. Latata and J. O. Wojtaszczyk. On the infimum convolution inequality. Studia Math.,
189(2):147-187, 2008. 15

Vitali Milman and Alain Pajor. Cas limites dans des inégalités du type de Khinchine et
applications géométriques. C. R. Acad. Sci. Paris Sér. I Math., 308(4):91-96, 1989. 8, 9

Gary L. Miller and Richard Peng. Iterative approaches to row sampling. arXiv,
arxiv:1211.2713v1, 2012. 10, 28

Alain Pajor and Nicole Tomczak-Jaegermann. Remarques sur les nombres d’entropie
d’un opérateur et de son transposé. C. R. Acad. Sci. Paris Sér. I Math., 301(15):743-746,
1985. 7

M. Rudelson. Random vectors in the isotropic position. J. Funct. Anal., 164(1):60-72,
1999. 3

Akbar Rafiey and Yuichi Yoshida. Sparsification of decomposable submodular functions.
In Thirty-Sixth AAAI Conference on Artificial Intelligence, AAAI 2022, Thirty-Fourth
Conference on Innovative Applications of Artificial Intelligence, IAAI 2022, The Twelveth
Symposium on Educational Advances in Artificial Intelligence, EAAI 2022 Virtual Event,
February 22 - March 1, 2022, pages 10336-10344. AAAI Press, 2022. 3

Daniel A. Spielman and Nikhil Srivastava. Graph sparsification by effective resistances.
SIAM |. Comput., 40(6):1913-1926, 2011. 3, 6

Daniel A. Spielman and Shang-Hua Teng. Spectral sparsification of graphs. SIAM J.
Comput., 40(4):981-1025, 2011. 3

Tasuku Soma and Yuichi Yoshida. Spectral sparsification of hypergraphs. In Timothy M.
Chan, editor, Proceedings of the Thirtieth Annual ACM-SIAM Symposium on Discrete
Algorithms, SODA 2019, San Diego, California, USA, January 6-9, 2019, pages 2570-2581.
SIAM, 2019. 5

Gideon Schechtman and Artem Zvavitch. Embedding subspaces of L, into )Y, 0 < p < 1.
Math. Nachr., 227:133-142, 2001. 31

45



[Tal9o0] Michel Talagrand. Embedding subspaces of L1 into l{\’ . Proc. Amer. Math. Soc., 108(2):363—
369, 1990. 4

[Tal95] M. Talagrand. Embedding subspaces of L, in l;\] . In Geometric aspects of functional analysis
(Israel, 1992-1994), volume 77 of Oper. Theory Adv. Appl., pages 311-325. Birkhéauser,
Basel, 1995. 4, 30

[Tal14] Michel Talagrand. Upper and lower bounds for stochastic processes, volume 60 of Results
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics.
Springer, Heidelberg, 2014. 11, 12,13

[Wen48]  ]. G. Wendel. Note on the gamma function. Amer. Math. Monthly, 55:563-564, 1948. 25

46



	Introduction
	Importance sampling for general norms
	Computing the sampling weights via homotopy

	Preliminaries
	Covering numbers, chaining, and subgaussian processes
	Sparsification via subgaussian processes
	Concentration for Lipschitz functionals

	Sparsification for uniformly smooth norms
	Dual Sudakov lemmas for smooth norms
	Entropy estimates
	Sparsification
	Algorithms

	Lewis weights
	Block Lewis weights
	Sums of powers of general norms
	Sums of squares of p norms


