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Hidden Markov Models
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HMM
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Notes

Probability of a given a state path and output sequence
is just product of emission/transition probabilities

If state path is hidden, you need to consider all possible
paths (usually exponentially many). E.g., find:

Total probability of a given seq (sum over all paths)
Probability of the most probable single path

“Dynamic programming’ algorithms similar to seq
alignment can solve these problems relatively quickly
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Viterbi: Most probable path
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The Viterbi Algorithm

v;(1) = probability of the most probable path

emitting -1, Z2, . .., Z; and ending in state /
Initialize: .
1 if [ = Begin state —
v (0) = { 0 otherwiseg g

General case:

v(i+1) =e(xit1) - mlia,x(vk(z) ak.1)

emission transition




Viterbi Traceback

Above finds probability of best path

To find the path itself, trace backward to the
state k attaining the max at each stage

!

v

v(i+1) = e@i+1) - max(vi(i) a,1)



States

Viterbi score:

Viterbi pathR:

Viterbi Traceback

Emissions/sequence positions ——
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() (Z + 1) = el(xiﬂ) - mgx(vk(z) ak,z)

back;(i + 1) = arg m]?X(Uk (2) ag.1)
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Profile Hmm Structure

Figure 5.2 The transition structure of a profile HMM.

Mj: Match states (20 emission probabilities)
i Insert states (Background emission probabilities)
Dj: Delete states (silent - no emission)
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Odds Scores

500 - T .
Le ngth- 400 } tpaci)rqi-l%oggt‘esl o
. other globins +
normalized 300 |
log odds g 200 | R i
scores, g 1o e
. ! £
globin o o
100 |l
model
-200

0 50 100 150 200 250 300
protein length

From DEKM



HMMs in Action: Pfam

http://pfam.sanger.ac.uk/

Hand-curated “seed” multiple alighments
(domains, not full-length proteins)

Train profile HMM from seed alignment
Hand-chosen score threshold(s)

Automatic classification/alignment of all other
protein sequences

1 1912 families in Pfam 24.0, 10/2009
(covers ~75% of proteins)
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HMM Summary

Search
Viterbi — best single path (max of products)
Forward — sum over all paths (sum of products)
Posterior decoding

Model building

Typically fix architecture (e.g. profile HMM), then
Learn parameters — the Baum-Welch Algorithm

Scoring
Odds ratio to background
Excellent tools available (SAM, HMMer, Pfam, ...)

A very widely used tool for biosequence analysis

Many variants on all of these points






Hidden Markov Models

(HMMs; Claude Shannon, 1948)

States: 1,2,3,...

Paths: sequences of states m = (7, 7o, ...)
Transitions: ax; = P(m=1|m_1=k)
Emissions: ex(b) =P(x; =b|m =k)

Observed data: emission sequence
Hidden data: state/transition sequence



The Occasionally
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Figure 3.5

Rolls: Visible data—300 rolls of a die as described above.
Die: Hidden data—which die was actually used for that roll (F = fair, L = loaded).
Viterbi: the prediction by the Viterbi algorithm is shown.

From DEKM



Inferring hidden stuff

Joint probability of a given path & emission

sequence X:
n

P(:U? 71') = Q0,7 H €, (:EZ) "y mig
1=1

But m is hidden; what to do? Some alternatives:
Most probable single path
7" = arg max P(x, )

Sequence of most probable states

Ty = argm]?xP(m =k | x)



The Viterbi Algorithm:
The most probable path

Viterbi finds: T = arg max P(z, )
Possibly there are 107 paths of prob 10-%?

More commonly, one path (+ slight variants)
dominate others.

(If not, other approaches may be preferable.)

Key problem: exponentially many paths &t



Unrolling an HMM
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2 t=0 t=1 t=2 t=3

Conceptually, sometimes convenient

Note exponentially many paths
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Most probable path # Sequence
of most probable states

Another example, based on casino dice again

Suppose p(fair—loaded) transitions are 10-°? and
roll sequenceis | |1 11...66666; then fair state is
more likely all through I’s & well into the run of
6’s, but eventually loaded wins, and the

improbable F—L transitions make Viterbi = all L.

* = max prob

e

e




The Forward Algorithm

For each — -
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The Backward Algorithm

Similar: @ ()

for each W‘\\ I/ \

state/time, ‘@g’%’!@.“’!@.\. #

want tc.>t.al ?%’?%’?’%‘Q{: Q,“

ity DA

of all paths
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conditional bi (%) = P(xiy1-  xn | m = k)
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br(n) = ako



In state k at step i ?

P(CE, T, — I{J)
— P(iL‘l ..... Liy, Mg — k) . P(SL‘i_}_l ..... Ln | L1y, Li, Ty — k)
— P(CEl ..... L, WiZk)-P(LEi_H ..... L, Wi:k)

= fr(2) - bx(2)




Posterior Decoding, |

Alternative 1: what’s the most likely state at step i?

T = argmgxP(m =k | x)

Note: the sequence of most likely states # the most
likely sequence of states. May not even be legal!
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Posterior Decoding

150 200 250 300

P(fair)

0

Figure 3.6 The posterior probability of being in the state corresponding to
the fair die in the casino example. The x axis shows the number of the roll.
The shaded areas show when the roll was generated by the loaded die.

From DEKM



Posterior Decoding, I

Alternative 1: what’s most likely state at step i ?

A

T = argm]?xP('/ri =k | x)

Alternative 2: given some function g(k) on states,
what’s its expectation. E.g., what’s probability of “+”
model in CpG HMM (g(k)=1 iff k is “+” state)?

G(i | z) ZP i =k|x)-g(k)



CpG Islands again

Data: 41 human sequences, totaling 60kbp,
including 48 CpG islands of about | kbp each

Viterbi: Post-process:
Found 46 of 48 46/48
plus 121 “false positives” 67 false pos
Posterior Decoding:
same 2 false negatives 46/48
plus 236 false positives 83 false pos

Post-process: merge within
500; discard < 500



Z-Scores

Z-score from LL

non-globins - 90 | non-globins
o5 L training data ¢ training data ©
other globins + 80 | other globins +
w +
20 ! 1 8 707 }
* o)
. + . g) 60 B + . ! 7
15 | - 1 s} b '
10 | 34 . 40 4 :
+ Q Qq
5t B % C LAy ] ! ¢
i WY A Ny 20 L3
0| | O e 7
e ‘ 1‘-'2 : : 1 \ ':J;'\‘r.‘[ l" .-':' .. e . . ‘ .
50 100 150 200 250 300 50 100 150 200 250 300
protein length protein length

Figure 5.6 The Z-score calculated from the LL scores (left) and the log-odds (right).
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HMM Casino Example

HMM Parameters Show Viterbi: [ FALSE |
L F p(6)
B|0.52 0.48
L 10.60 0.4010.50
F|10.17 0.8310.17
Q Rolls:| 316664 3 1 6
O 0.052 x 0.60 x 0.10 = 0.0031 0.0031 x 0.60 x 0.50 = 9.36E-04
(=i(=)1{=]=}(=]
TESTT O L: @ 0.52 x 0.10 = 0.052 Max = 0.0031 Max = 9.41E-04
NGB Y6 O 0.080 x 0.17 x 0.10 = 0.0014 0.0111 x 0.17 x 0.50 = 9.41E-04
3 )e B
0.052 x 040 x 0.17 = 0.0035 0.0031 x 0.40 x 0.17 = 2.08E-04
© 0000
PR TRIRTRDS F: 0.48 0.48 x 0.17 = 0.080 Max = 0.0111 Max = 1.53E-03
0.080 x 0.83 x 0.17 = 0.0111 0.011 x 0.83 x 0.17 = 1.53E-03

95 ("

) ) 1 ) 1

Begin Transition Emission Previous  Transition Emission

(Excel spreadsheet on web; download & play...)

T

Previous

) )

Transition Emission




HMM Parameters
L F p(6)

B|0.52 0.48

L |0.60 0.40|0.50

F|10.17 0.83]0.17
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HMM Casino Example

Show Viterbi: TRUE

(Excel spreadsheet on web; download & play...)

Rolls:| 316664 3 1 6
0.052 x 0.60 x 0.10 = 0.0031 0.0031 x 0.60 x 0.50 = 9.36E-04
L: @ 0.52 x 0.10 = 0.052 Max = 0.0031 Max = 9.41E-04
0.080 x 0.17 x 0.10 = 0.0014 0.0111 x 0.17 x 0.50 = 9.41E-04
B
0.052 x 0.40 x 0.17 = 0.0035 40.0031 x 0.40 x 0.17 = 2.08E-04
F: 0.48 0.48 x 0.17 = 0.080 Max = 0.0111 Max = 1.53E-03
0.080 x 0.83 x 0.17 = 0.0111 \40.011 x 0.83 x 0.17 = 1.53E-03
7 T t t 1 ? ) 7
Begin Transition Emission Previous  Transition Emission Previous Transition Emission
Viterbi Path: 1 1 0




An HMM (unrolled)
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HMMes in Action: Pfam

http://pfam.sanger.ac.uk/

Proteins fall into families, both across & within
species
Ex: Globins, GPCRs, Zinc fingers, Leucine zippers,...

|dentifying family very useful: suggests function,
etc.

So, search & alignment are both important
One very successful approach: profile HMMs



