CSE533: Information Theory in Computer Science October 6, 2010

Lecture 3
Lecturer: Anup Rao Scribe: Prasang Upadhyaya

1 Introduction

In the previous lecture we looked at the application of entropy to derive inequalities that involved counting.
In this lecture we step back and introduce the concepts of relative entropy and mutual information that
measure two kinds of relationship between two distributions over random variables.

2 Relative Entropy

The relative entropy, also known as the Kullback-Leibler divergence, between two probability distributions on

a random variable is a measure of the distance between them. Formally, given two probability distributions

p(z) and ¢(x) over a discrete random variable X, the relative entropy given by D(p||q) is defined as follows:
_ p(x)

D(pllg) =) _ p(z)log

= q()

In the definition above Olog% = Olog% =0 and plog% = 00.
As an example, consider a random variable X with the law ¢(z). We assume nothing about ¢(z). Now
consider a set £ C X and define p(x) to be the law of X|xcg. The divergence between p and ¢:

Pr(X = z|xer]
Pr(iX = z]

Pr(X = z|xep]
PriX =z

P?“[X = m|X6E] . .
= E PriX = 1 U the ch 1
r[ xlXeE] og PT‘[X — $|X€E]P7‘[X c E] ( sig € cham ru e)

D(pllg) = Pr[X =a|xep]log

reX

= Z PriX = z|xeg|log
zeFE

(Using 0log 0 = 0)

zelE

- PriX = log s
D PriX = alxes]log Pr[X € B]
rzeE

T ®PrX B

In the extreme case with £ = X, the two laws p and ¢ are identical with a divergence of 0.
We will henceforth refer to relative entropy or Kullback-Leibler divergence as divergence

2.1 Properties of Divergence

1. Divergence is not symmetric. That is, D(p||q¢) = D(q||p) is not necessarily true. For example, unlike
D(pllq), D(g||p) = o© in the example mentioned in the previous section, if 3z € X \ E : ¢g(z) > 0.
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2. Divergence is always non-negative. This is because of the following:

= z)lo p(@)
D(pllg) = >_ p(x)1 B (o)

=- x)lo a(z)
= Zp()lgp(w)

The inequality is introduced due to the application of Jensen’s inequality and the concavity of log.
3. Divergence is a convex function on the domain of probability distributions. Formally,

Lemma 1 (Convexity of divergence). Let p1,q1 and pa, s be probability distributions over a random
variable X and VY € (0,1) define

= Ap1+(1-=N)p2
g = M+ 1-=Ng

Then, D(pllq) < AD(p1llg1) + (1 — A)D(p2|lgz)-

To prove the lemma, we shall use the log-sum inequality [1], which can be proved by reducing to
Jensen’s inequality:

Proposition 2 (Log-sum Inequality). If aq,...,an,b1,...,b, are non-negative numbers, then
n n n
> aitog(1/n) < (San ) os (E )
i=1 i=1 iz bi

?}I‘loof [of Lemma 1] Let a1 (x) = A\p1(x), az(x) = (1=N)pa2(z) and b1 (z) = Aq1 (), ba(z) = (1—=N)ga(x).

Dill)) = 37 0 (e) + (1= Vsl g S0 =
B a1 (z) + az(x)
= L) rallong G
< ZE: (al(z)log Zi((i)) + ax(z) log Zj((z))) (Using the log-sum inequality)
B o Ap1 () _ o M
= X (e ton o + (1= Npate)tos (2 )

x

AD(p1llq1) + (1 = A)D(p2]|g2)
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2.2 Relationship of Divergence with Entropy

Intuitively, the entropy of a random variable X with a probability distribution p(x) is related to how much
p(x) diverges from the uniform distribution on the support of X. The more p(x) diverges the lesser its
entropy and vice versa. Formally,

1
HX) = (x)log —
;{p ® p(@)

— logl¥|— 3 p(a)log 22

reX [X]

— log|X| - D(pluniform)

2.3 Conditional Divergence

Given the joint probability distributions p(z,y) and g(z,y)of two discrete random variables X and Y, the
conditional divergence between two conditional probability distributions p(y|z) and ¢(y|x) is obtained by
computing the divergence between p and ¢ for all possible values of x € X and then averaging over these

values of . Formally,
(ylz)
D(p(yl2)llg(ylz)) = Y p(z) Y pylz)lo ol
reX yey

Given the above definition we can prove the following chain rule about divergence of joint probability
distribution functions.

Lemma 3 (Chain Rule).

D (p(z,y)llq(x,y)) = D (p(x)llg(x)) + D (p(y|z)|lq(y|x))

Proof
D (o) laCe, ) = ;gmx,y)mggg:g

_ 2 log PIPIZ)
= 22 rrliolos o
7 ) 1og 2@ ) 1og PWI2)
= ZZP p(yle)log = +Z;p( zp(yla)log s
— 3 pa)log 232 i)+ S pe) S ol g k)
= D (p(=)llq(x)) + D (p (ylév)II(J(ylw))

|
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3 Mutual Information

Mutual information is a measure of how correlated two random variables X and Y are such that the more
independent the variables are the lesser is their mutual information. Formally,

I(XAY) = D(p(z,y)lp(x)p(y))

z,Y

—-HX,Y)+ HX)+ H(Y)
= H(X)-HX]Y)
H(Y) - H(Y|X)
Here I(X AY) is the mutual information between X and Y, p(x,y) is the joint probability distribution, p(z)
and p(y) are the marginal distributions of X and Y.

As before we define the conditional mutual information when conditioned upon a third random variable
Z to be

I(XAY|Z) = E.[I(XAY|Z=2)
H(X|Z) - H(Y|X, Z)

This leads us to the following chain rule.

Lemma 4 (Chain Rule). I(X, ZAY)=1(X AY)+ I(ZAY|X)

Proof
I(X,ZANY) = H(X,Z2)-H(X,Z|Y)
= HX)+H(Z|X)-HX|Y)-H(Z|X,Y)
= (H(X)-H(X[Y))+ (H(Z|X) - H(Z|X,Y))
= I(XANY)+I(ZAY|X)
|

3.1 An Example

We now look at the effect of conditioning on Mutual information. We consider the following two examples.
Example 1. Let XY, Z be uniform bits with zero parity. Now,

I(XANY|Z)=H(X|Z)-H(X|Y,Z)=1-0=1
H(X|Z) = 1 since given Z, X could be either of {0, 1} while given Y, Z, X is already determined. Meanwhile,
I(XANY)=HX)-HX|]Y)=1-1=0
Example 2. Let A, B,C be uniform random bits. Define X = A,Band Y = A,C and Z = A. Now,
I(XANY|Z)=H(X|Z)-H(X|Y,Z)=1-1=0

while,
IXANY)=HX)-HX|]Y)=2-1=1

Thus, unlike entropy, conditioning may decrease or increase the mutual information.
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3.2 Properties of Mutual Information

Lemma 5. If XY are independent and Z has an arbitrary probability distribution then,

IX,ZYNZ)>I(XANZ)+I(YNZ)

Proof
I{X,Y}NZ) = I(XANZ)+I(Y AZ|X) (Using the chain rule)
= I(XANZ2)+H({Y|X)-H(YI|X, Z)
= I(XANZ)+ HY)-H(Y|X,Z) (X and Y are independent)
> I(XANZ)+ H(Y)— H(Y|Z) (Conditioning can not increase entropy)
= IXANZD)+I(YNZ)
]

Lemma 6. Let (X,Y) ~ p(z,y) be the joint probability distribution of X and Y. By the chain rule,

p(z,y) = p(x)p(ylz) = p(y)p(z|y). For clarity we represent p(x) (resp. p(y)) by o and p(y|x) (resp. p(z|y))
by w. The following holds:

Concavity in p(z): Fori € {1,2}, let I,(X,Y) be the mutual information for (X,Y) ~ a;m, respectively.
For A1, Az € [0,1] such that \y+Xa = 1, let I(X A\Y') be the mutual information for (X,Y) ~ >, Njoym.
Then,

IXAY)>ML(XAY) 4+ Aelb(X AY)

Convexity in p(y|x): Fori € {1,2}, let I;(X,Y) be the mutual information for (X,Y) ~ am;, respectively.
For A\, X2 € [0,1] such that \y+Xy = 1, let I(X AY') be the mutual information for (X,Y) ~ >, Nam;.
Then,

IXAY)<MO(XAY) 4+ Al(X AY)

Proof We first prove the convezity of p(y|z|): we will apply Lemma 1 and use the definition of mutual
information in terms of divergence. Thus,

D ()\1(17('1 + )\20[’/T2 || <Z )\10&7’(’1 + )\20[’/T2> (Z )\1&7’(’1 + )\20[’/T2>>

Y

D (/\10(7‘(1 + Aoy || ()\1&27‘(1 + )\20[271’2) (Z Aam + )\20[71’2))
Yy Yy T
= D </\1a7r1 + Ao || az Aam + a/\2a7T2>

Aramy + dgams || A Z amy Z am + Ao Z amam)
y

x y

o (o) (o)) 0 o () ()

= )\1[1(X /\Y) + )\QIQ(X /\Y)

I(XAY)

Here we used the fact that Zy m; = 1 and used Lemma 1 to introduce the inequality.
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We now prove the concavity of p(x). We first simplify the LHS and the RHS.

I(XAY)

)\1]1(X AN Y) + /\QIQ(X AN Y)

A A
Z (Maqm + Aeaem) log 10T + A2
x,y (Zy Ao+ )\20[27T) O, Maam + Aaaeo)
0
A A 1
xzy:( 1017 + Aaaam) log (3. Marm + Maaz)
S tnarm s dr)logm =3 | 5 A g | 5 s
z,y z,y \i€{0,1} z ic{0,1}

Aiai;mlog il
arz,y: ie%,:l} (Zy ai“) (D )

Z (Maqm + Agagm) logm — Z Z Ao log (Z cwr)

z,y z,y 1€{0,1}

Thus, to prove that LHS > RHS we need to prove that,

1€{0,1}

Z Aia;m | log Z Z Ao | < Z Ao, log <ZO¢Z‘7T>
xT

z i€{0,1} i€{0,1}

that follows directly from the application of the log-sum inequality [1]
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