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Abstract

Sunflowers, or A-systems, are a fundamental concept in combinatorics introduced by Erdés
and Rado in their paper: Intersection theorems for systems of sets, J. Lond. Math. Soc. (1)
35 (1960), 85-90. A sunflower is a collection of sets where all pairs have the same intersection.
This paper explores the wide-ranging applications of sunflowers in computer science and com-
binatorics. We discuss recent progress towards the sunflower conjecture and present a short
elementary proof of the best known bounds for the robust sunflower lemma.

1. Introduction

Elegant definitions captivate mathematicians, and their appeal deepens when they lead to un-
expected applications. Such is the story of sunflowers, first studied by Erdés and Rado in their
paper “Intersection theorems for systems of sets” in 1960 [8]. The term sunflower was later coined
by Frankl and first appeared in the work of Deza and Frankl [6]; Erdés and Rado originally used
the term “A-system” for the same concept.

Figure 1: A sunflower with 4 petals.

A sunflower with w petals is a collection of w sets such that every pair of sets has the same
intersection. The common intersection is called the core or the kernel. Erdés and Rado proved
that every large collection of sets must contain a sunflower. They gave a simple inductive argument



showing that every collection of more than k! - (w — 1)* sets of size at most k contains a sunflower
with w petals. The proof is nice: consider a collection of k! - (w — 1)¥ sets of size k. Select a set
S1, and then a set S disjoint from S, and then S3 disjoint from Sp, .S, and continue in this way.
If we end up with w disjoint sets, they form the desired sunflower. If this process fails, it must
be because we have found ¢ < w sets Si,...,S; such that every set in the family intersects one
of the sets S;. But then there must be some element of S; U ---U S; that is contained in at least

% > (k—1)!- (w—1)*71 of the sets in the family. This family of (k — 1)!- (w — 1)*~! sets
is effectively a family of sets of size k — 1, because they all share an element. So, we repeat the
argument to find a sunflower in this new family, adding the common element to the core.

Is this bound tight? Erd6s and Rado included a variant of the following example, which is a
family of (w — 1)* sets of size k that does not have a sunflower with w petals. Let [n] = {1,...,n},
and consider all subsets S C [(w — 1)k] such that, for each a = 1,..., k, the set S contains exactly
one element s satisfying s = a (mod k). Consider w distinct sets forming a supposed sunflower.
For any a, there are only w — 1 elements congruent to a (mod k). By the pigeonhole principle, two
of the w petals must share an element congruent to a (mod k), which must belong to all petals by
the sunflower property. Since this holds for all a, the w sets must be identical, contradicting their
distinctness. Hence, no sunflower with w petals exists in this family. Erdos and Rado conjectured
that any family of sets of size at most k avoiding a w-petal sunflower has at most C* sets, where
C is a constant depending only on w and independent of k.

The study of sunflowers is part of the broader saga of Ramsey theory, whose moral is that sur-
prising structures can be found in large objects. Notable early examples include Van der Waerden’s
theorem (1927) [29], which guarantees a monochromatic arithmetic progression in any coloring
of [n] for large n, Sperner’s theorem (1928) [24], which ensures that a large family of subsets of
[n] contains a pair where one is a subset of the other, and Ramsey’s theorem (1929) [18], which
states that a graph on n vertices has either a clique or independent set of size (1/2)log, n. Other
landmarks include Turdn’s theorem (1941) [28], Roth’s theorem (1953) [22], the Erdés—Ko-Rado
theorem (1961) [7], the Hales—Jewett theorem (1963) [13], Ajtai and Szemerédi’s corner theorem
(1974) [1], and Szemerédi’s theorem (1975) [25]. Each of these results uncovers inevitable patterns
in large structures, so it was natural for Erdés and Rado to look for sunflowers in 1960. Yet,
they could scarcely have foreseen the immense number of applications of sunflowers, particularly in
computer science, that would arise decades later. We discuss two applications in Section 2.

1.1. Progress

Erd6s and Rado’s conjecture remains open, despite extensive efforts to resolve it. In 1997,
Kostochka [15] proved that a family of O(k!- (%)k) sets of size k contains a sunflower with 3
petals, showing that Erdés and Rado’s bound can be improved. In 2019, Alweiss, Lovett, Wu and
Zhang [3] made a significant breakthrough. They proved that a family of O(w? log k loglog k)* sets
of size k must contain a sunflower with w petals. As is often the case, progress came through finding
a stronger structure. In this case, the stronger structure is called a robust sunflower, a concept first
studied by Rossman [23]. Let A(y) denote a random subset sampled by including each element of

the universe in A(vy) independently with probability ~.

Definition 1. A family R of at least 2 subsets of [n] is a (v, €)-robust sunflower if, letting C' denote
the intersection of all sets in R, we have

Pr[3SeR,SCAH)UC]>1-c.



The set C in the definition is the analogue of the core of the sunflower, and we call it the core
in the context of robust sunflowers as well. However, unlike with sunflowers, two sets of the robust
sunflower may intersect outside the core. The breakthrough of [3], gave a new robust sunflower
lemma, and subsequent work by myself [19], Frankston, Kahn, Narayanan, and Park [11], and Bell,
Chueluecha, and Warnke [4] (see the blog post by Tao [26]) gave the following version:

Lemma 2 (Robust Sunflower Lemma). There is a universal constant ¢ > 1 such that if € < 1/2,
then every family of (clog(k/e)/v)* sets of size at most k contains a (v,¢€)-robust sunflower.

Every (1/(2w),1/2)-robust sunflower contains a standard sunflower with w petals [4]. Indeed, if
we partition the universe uniformly randomly into 2w disjoint sets By, . .., Boy,, the robust sunflower
lemma guarantees that we expect to find at least (2w)/2 = w sets Si,...,S, € R and w disjoint

parts Bj,,...,B;, with C € §; C B;, UC. The sets S,...,S5, must form a sunflower with w
petals and core C. So, Lemma 2 implies that every family of O(w log k)* sets of size k must contain
a sunflower with w petals. The only difference between this bound and the conjecture of Erdds
and Rado is the presence of the log k term. This dependence is necessary for robust sunflowers, as
shown by [3], who found a family of Q(log k)*~V* sets that does not contain a (1/2,1/2)-robust
sunflower. Nevertheless, it is quite possible that the sunflower conjecture of Erdés and Rado holds
in its original form.

The proofs of Lemma 2 given in [19, 4, 20] relied on ideas from information theory. We give an
elementary proof of Lemma 2 in Section 3, which improves on an elementary proof of the classical
sunflower lemma given in my earlier exposition [20].

2. Applications of sunflowers

Sunflowers reveal patterns that prove valuable in many computer science applications. Here, we
outline two interesting applications.

2.1. Dynamic data structures

Our first application demonstrates how sunflowers provide lower bounds for dynamic data struc-
tures [17, 10, 12]. Consider an algorithm tasked with maintaining a subset T' C [m] = {1,...,m}
and computing its minimum element. The algorithm uses n memory cells, each storing a single
element from [m]. It must support adding or deleting elements from 7" and computing the minimum
element of 7', and each operation should involve at most ¢ accesses to memory cells. The operation
of adding or deleting an element i from T is performed by accessing a predetermined set of memory
cells S; C [n] with |S;| < ¢t. More precisely, when element i is added to or removed from T, the
algorithm may only read from and write to the memory cells corresponding to .S;. The goal is to
minimize ¢ to improve efficiency. A well-known data structure called a binary search tree achieves
t <logm. Using the sunflower lemma, Ramamoorthy and I showed that every data-structure must
satisfy ¢ = logm/loglogm [17]. Tt is an open problem to understand what can be achieved by
adaptive data structures that are not limited to accessing a fixed set of memory cells S;.

The connection to sunflowers is easiest to explain in the special case where the minimum is
computed by accessing a fixed set of memory cells Sy C [n]. The main observation is that if the
sets S1 U S, ..., S USy happen to form a sunflower with a common intersection C, the algorithm
is severely constrained about how it stores information about subsets T C [w]. Consider storing



the set [w] and then deleting the elements of the set [w] \ T, so that the memory now encodes T
After these operations, we claim that the contents of the memory cells in the common intersection
C are sufficient to recover T. Indeed, T' can be recovered by repeatedly computing and deleting
the minimum of 7" using only the memory cells in C. The sunflower structure ensures that for
i € T, the contents of S; \ C' are not modified after the set [w] is added using the algorithm, so
T is encoded by the memory cells of C. This means that the size of the common intersection |C|
must be large enough to encode all 2% subsets of [w], in other words, mlI€l > 2% which implies that
2t > |C] > w/logm. The sunflower lemma ensures that if m is sufficiently large and ¢ is small, a
sunflower with w petals exists among the sets S; U Sy, ..., S, USy. A straightforward calculation
using the bounds given by the sunflower lemma yields ¢ > Q(log m/ loglog m).

2.2. Monotone circuit complexity

Our second application is to proving exponential lower bounds for computing natural functions
using monotone circuits, following classical arguments due to Razborov [21], and Alon and Boppana
[2] and the very recent work of Cavalar, G6os, Riazanov, Sofronova, and Sokolov [5]. A monotone
circuit is a computational model represented as a directed acyclic graph (DAG). The input nodes
of the DAG correspond to Boolean variables 1, ..., x,, each taking a value in {0, 1} representing
specific information, such as the presence or absence of an edge in a graph. Each internal node
computes either an AND (logical conjunction) or OR (logical disjunction) operation on the outputs
of two previous nodes, and the circuit has a single output node that produces the final result.
Unlike general Boolean circuits, monotone circuits are restricted to AND and OR. operations, with
no negations allowed, meaning they can only compute monotone Boolean functions—functions
where changing an input from 0 to 1 never flips the output from 1 to 0. The circuit’s size is defined
as the number of gates (AND or OR nodes). Proving similar exponential lower bounds for general
Boolean circuits (which allow negations) would resolve the P vs NP problem, a major open question
in computer science. These results suggest that the use of negations in algorithms is a major barrier
to proving P # NP.

Here, we describe lower bounds for computing two natural graph properties using monotone
circuits. The inputs z1,...,x, encode a graph on m vertices, with n = (TS) and x; indicates
whether the i-th edge is present. In the first example, the goal is to determine whether the graph
contains a clique of size k ~ n'/3: a set of k vertices fully connected by edges. In the second
example, the goal is to determine whether a graph with an even number of vertices m contains a
perfect matching, namely a set of m/2 disjoint edges. We give rough sketches showing how to prove
that any monotone circuit computing these functions requires exponentially many gates.

2.3. Cliques

Here we present the approach of [21, 2]. Suppose a small monotone circuit exists computing
whether the graph has a clique of size k. Let G be a random graph containing a clique of size k
and no other edges, meaning only the edges within the clique are present. Let H be a random
(k — 1)-partite graph, where vertices are partitioned into k — 1 parts, and only the edges connecting
distinct parts are present. This ensures H never contains a clique of size k. Finally, let F' be a
random graph which is equal to G with probability 1/2, and equal to H with probability 1/2.

For a set of vertices S, let cliqueg(z) denote the Boolean function that outputs 1 when 2 contains
a clique on S. The key claim of the proof is the following, which we state here without being too



specific about the parameters:

Claim 3. If a small monotone circuit f computes whether a graph has a clique of size k, then there
1s a small collection of sets St,..., St such that

T

f(F) = \/ cliqueg, (F)

i=1
holds with high probability over the choice of F.

It is not hard to see that any expression that is an OR of clique functions of this type must
have T' that is exponentially large if it computes the clique function on F correctly. So, the heart
of the matter is finding a small formula as above that approximates the computation carried out
by the monotone circuit. To carry out the approximation, we proceed by induction. For each gate
g computed by the circuit, we find a collection of sets Si, ..., Sr C [m] such that,

T
9(G) < \/ cliqueg, (G), (1)
j=1
and
T
o(H) > \/ dliqueg (H) @)
j=1

both hold with high probability over the choice of G, H. Such an approximation holds for input
variables because each x; is equal to clique,, where e is the i’th edge of the graph. If the circuit takes
the OR of two expressions of size T7,T5 as in Equations (1) and (2), the result can be computed by
a similar expression with T' = T} + T5. If the circuit takes the AND of such expressions, the result
can be computed by a similar expression of size T' = T3 - Ty using the distributivity of AND and
OR, because the choice of G, H implies that

cliqueg, (G) A cliqueg, (G) = cliqueg, 5, (G),
and
cliqueg, (H) A cliqueg, (H) > cliqueg, g, (H),

The problem is that these ideas only give T' in Equations (1) and (2) that is exponentially larger
than the size of the monotone circuit. We use sunflowers to give efficient approximations. If any
set S; in Equations (1) and (2) is larger than k, we can simply remove S; from the collection. This
only causes a problem when S; is contained in the clique of G, and that occurs with extremely
small probability. So, we can assume that all sets S; are of size at most k. The key observation

using sunflowers is as follows. If w is large, and Sy, ...,.5, forms a sunflower with core C, then
\/ cliqueg, (G) < cliqueq(G),
j=1



by definition. Moreover, when the input is H,

w

\/ cliqueg, (H) > cliquec(H)
j=1

holds with high probability over the choice of H. That is because a clique on C'in H likely implies a
clique on at least one of the petals of the sunflower, since if the vertices of C form a clique, the events
that the petals are also cliques are independent, and the parameters are chosen such that each event
occurs with significant probability. So, if T' is large, the OR of cliques in Equations (1) and (2) can
be simplified by using the sunflower lemma to find a sunflower, and replacing the sunflower with its
core C, preserving Equations (1) and (2) except with some small error. Repeatedly applying this
process in a small circuit yields Claim 3.

2.4. Perfect matchings

The lower bound for computing whether the graph has a perfect matching has a similar high-
level structure to the proof for cliques [5]. Let G be a graph containing exactly one uniformly
random perfect matching. Let H be a graph that is the union of two uniformly random disjoint
odd-sized cliques covering all vertices. Thus, G always has a perfect matching, while H does not,
because an odd-sized clique cannot have a perfect matching. We set F' to be equal to G with
probability 1/2, and equal to H with probability 1/2.

We approximate the circuit’s computation using indicators for matchings. Let M denote a
matching, namely a set of pairwise disjoint edges in the graph, and let 1,; denote the function that
outputs 1 only when the matching M is present. The key claim is:

Claim 4. If a small monotone circuit f computes the perfect matching function, there ezists a
small set of matchings {Mu, ..., Mr} such that

holds with high probability over the choice of F.

It is not hard to verify that a small OR of matchings cannot possibly compute the perfect
matching function correctly on F'. For each gate g of the circuit, we construct a set of matchings
{Mi,..., My} such that

o(6) < \/ 111(6) ®)
and
o) = \/ 1 (1) (@)

both hold with high probability over the choice of G, H. The input variables correspond to match-
ings of size 1, and we can generate Equations (3) and (4) inductively for each gate using the



distributivity of AND and OR, because the choice of G, H means

Ly (G) AN 1, (G) =

0 if M7 U M5 is not a matching
1ar,un, (G)  otherwise.

And,

0 if My U M is not a matching

lar, (H) ANp, (H) >
Ml( ) Mz( ){1M1UM2(H) otherwise.

Thus, we have

(V 1@) n (V 130(6)) - v o, (C),

1,7:M;UM;(G) is a matching

and

(\? L, () A \T_/ L, (H)) = \V Lo, ().

4,j:M;UM;(H) is a matching

The problem is that the value of T obtained in Equations (3) and (4) this way is too large to give
a result. We use sunflowers to give efficient approximations to such expressions. If any matching
M; occurring in Equations (3) and (4) involves more than k edges, we can simply remove it from
the expression. This only causes a problem when the random matching of G contains M;, and that
happens with very low probability. Repeat this until all matchings are of size at most k.

Matchings do not directly correspond to vertex sets. A key insight is to apply the robust
sunflower lemma by first identifying a large blocky subset of the matchings given in Equations (3)
and (4). A set of matchings, is blocky if there exist k disjoint cliques such that each matching’s
edges lie in distinct cliques. Given 7' matchings of size at most k, some subset of roughly (1/k)?*-T
matchings must be blocky. That is because if we sample a random partition of the vertices into
k parts, then for any matching of size k, the first edge will be contained in the first part with
probability 1/k2, the second edge will be contained in the second part with probability 1/k2, and
so on. The entire matching will be consistent with the random partition with probability (1/k)?*,
so by averaging, there must be one partition that is consistent with (1/k)2* - T matchings.

There is a one-to-one correspondence between each matchings of this blocky set and the set
of 2k vertices that it touches. If we associate each matching M; with the set of vertices S; that
it touches, and if T is large enough in Equations (3) and (4), we can apply the robust sunflower
lemma, Lemma 2, to the corresponding family of subsets of the vertices to find a robust sunflower
R corresponding to a subset of the matchings. Let C denote the core of the robust sunflower. Let
M be the unique matching that is consistent with the blocky partition whose edges are completely
contained in C. Then

V 1. (G) < 1m(@)

i€ER



by construction, and one can use the robust sunflower property to prove

V 1ar (H) = 1 (H)
iI€ER

holds with high probability. As before, this gives a subroutine to find efficient approximations. By
replacing

V 1ag, (F) = 1 (F),

i€ER

we obtain a smaller set of matchings for Equations (3) and (4). Repeating this ultimately yields
Claim 4.

2.5. Other applications

Beyond these, sunflowers have revealed structure in large systems. For example, Erdés and
Sarkozy used sunflowers to prove that every large set of integers contains subsets whose sums
form an arithmetic progression [9]. The concepts surrounding sunflowers and recent progress in
[3] also resolved conjectures about the threshold of monotone functions. For a monotone function
f:{0,1}™ — {0,1}, the threshold is the probability p such that if each input is independently
set to 1 with probability p, then f equals 1 with probability 1/2. This parameter is significant in
studying random processes. Talagrand [27] and Kahn and Kalai [14] proposed methods to estimate
the threshold of monotone functions and made conjectures about these estimates. These were
confirmed by Frankston, Kahn, Narayanan, and Park [11], and Park and Pham [16], building on
techniques from [3]. Further details can be found in [20].

3. The robust sunflower lemma

Recall the statement of the robust sunflower lemma:

Lemma 2 (Robust Sunflower Lemma). There is a universal constant ¢ > 1 such that if ¢ < 1/2,
then every family of (clog(k/e)/v)* sets of size at most k contains a (7, ¢)-robust sunflower.

In this section, we present an elementary proof of the robust sunflower lemma. Let r =
clog(k/e)/~, where the logarithm is computed in base 2, and ¢ is to be determined. Let F be
a family of r* distinct sets. We prove by induction on k that F contains a (v, ¢)-robust sunflower.

When k = 1, we prove that every family of r > 2 sets is a robust sunflower with core C = (. If
the family contains the empty set, then the conclusion trivially holds. Otherwise, the probability
that the random set A(7) does not include one of the r sets of the family is at most (1 — )" <
e < eclog(l/e) < ¢ for ¢ large enough. Here we used the identity 1 4+ x < e”.

For k > 1, if there exists a set Z with 0 < |Z| < k contained in some r#~1% sets of F, we apply
induction on the family of sets containing Z, which are effectively sets of size at most k — |Z|. We
add the elements of Z to the core C' found by induction to obtain our final core. Otherwise, it must
be that for every non-empty set Z, the number of sets of the family containing Z is at most r*~141.
In particular, the intersection of all the sets in the family must be empty. We prove that such a
family is a (v, €)-robust sunflower with core C' = (). The family certainly has 2 distinct sets since
r* > 2. All that remains is to prove Pr[3S € R,S C A(7)] > 1 —«.



Set £ = [co - log(k/e)], for a constant ¢y > 0 to be determined. We add dummy elements to
the universe until n is large enough so that Pr[|A(v)| < vn/2] < /2. By the Chernoff bound,
Pr[|A(y)| < yn/2] < e~ ™) 5o there is a value of n for which this is achieved. If |A(y)| > yn/2,
sample a uniformly random set B C A(7y) of size £ - |yn/(2¢)] < yn/2. Conditioned on the event
that |A(v)| > yn/2, B has the distribution of a uniformly random set of size £ |yn/(2¢)]. It is
enough to prove:

Pr3Se F,SCB]>1-¢/2, (5)

because this implies that
Pr[3Se F,SCA(v)] >1-c¢,

as required. To prove Equation (5), partition B into ¢ sets uniformly at random: B;U---UBy = B,
with |B;| = |yn/(2¢)]. We denote B = B; U--- U B;, and B? = {).

Figure 2: S is m-covered by T if |Z| < m.

Say that a set S € F is m-covered by a set T C [n] if there is S’ € F such that S" C T U S and
|S"\ T| < m. Observe that if a set is m-covered by T', then it is also m-covered by all U D T If
a set is 0-covered by A, then there must be S’ € F with S’ C A; our goal is to prove that a set is
0-covered with probability at least 1 — e. Here is the key technical claim:

Claim 5. If N sets of F are m-covered by B, then with probability at least 1/2 over the choice of
Biy1, at least N — ¥ /4™ sets are (m/2)-covered by B,

To prove the robust sunflower lemma, we repeatedly apply Claim 5. There are r* sets in F,
and each of them is k-covered by B? = (). The claim guarantees that with probability 1/2, at least
7k —rk /4% sets are (k/2)-covered by B!. If this does not happen, it does not matter so much, because
the sets are still k-covered by B!. In the next step, we can potentially find r* — ¥ /4F — -k /4F/2 sets
that are (k/4)-covered, and so on. If 1 + [logk] rounds of this random process succeed, because
/21t Mogkl < 1 we are left with sets that are 0-covered.

There are £ rounds of sampling Bj, ..., By, and each succeeds with probability 1/2. We have
1+ [logk] < ¢/3, for ¢y large enough. By standard concentration bounds like Azuma’s inequality,



the probability that less than ¢/3 rounds succeed is at most e~ U0 < €/2, for ¢y chosen large
enough. So, with probability at least 1 — /2, we get 1 + [log k] successful steps.
Claim 5 guarantees that the number of sets that are 0-covered at the end is at least (using the
identity 1/(1—z) =14z +2%+...):
PR ak a2 1) > ek R ((1/4) 4+ (1/4)2 + )
=P —rkF(1/4)/(1 - 1/4)
=2r%/3
> 1.
So, the claim proves that Bf contains some set of F, Wi_th probability at least 1 — &/2, establishing
Equation (5). It only remains to prove Claim 5. Fix B*, and define the random family:

Z ={S\ B : S € Fis m-covered by B’, but not (m/2)-covered by B*"'}.

A set Z € Z is minimal if it does not contain any other set of Z. There cannot be a minimal set Z
with |Z| < m/2, since the corresponding set S is (m/2)-covered by B**1. We bound the expected
number of minimal sets of size b > m/2 using the following count:

1. Let n’ = n — |BY|, t = |Bit1| = |yn/f|. There are at most (tj_/b) choices for Z U B;11 with
|Z| = b. We have:

()= () T (1)) = (7)o

j=1

since ¥ = gy < 7317% < 2% - [log(k/e)] < r/1000, if ¢/cg is large enough.

2. Given ZU B;,1, let S\ B be the smallest set (breaking ties by picking the lexicographically
first one) among all S € F that are m-covered by B’ and satisfy S\ B* C Z U B;;1. This
choice ensures that |S \ B| < m. We must have Z C S\ B, since otherwise S\ B! would
be a proper subset of Z, contradicting Z’s minimality. Thus, there are at most 2" choices for
Z given Z U Byy;.

Because there are exactly (T;l) choices for B; 1, the above count shows that the expected number
of minimal sets of size b is at most 2™ - (r/1000)°. By assumption, each such minimal Z of size b is
contained in at most r*~% sets of F. Recall that there are no minimal sets of size less than m/2 in
Z. Every set that is not (m/2)-covered contains such a minimal Z. Thus, the expected number of
sets that are not (m/2)-covered by B! is at most

0o o0
ST rkbom . (7/1000)" < 727 - (1/1000)™/21 - S (1/1000)7
b=[m /2] J=0

= rF . 2™ . (1/1000)™/21 . (1/(1 — 1/1000))
=% . (2/4/1000)™ - (1000,/999)
< rk/8m.

By Markov’s inequality, we conclude that the probability that 7%/4™ > 2.7%/8™ gsets are not
(m/2)-covered is at most 1/2, proving Claim 5.
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