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Abstract

We show that monotone circuits of size exp(ﬁ(nl/ 2)) are required to detect bipartite
perfect matchings in n-vertex graphs. Our lower bounds are based on a new spread
matching lemma.

1. Introduction

A monotone Boolean circuit is a circuit that only uses the monotone gates A, V; negations
are not allowed. One of the beautiful success stories of complexity theory has been the
achievement of exponential monotone circuit lower bounds. In this paper, we prove new
monotone circuit lower bounds for detecting matchings, and simplify the proofs of some
other monotone circuit lower bounds for natural functions.

In a foundational paper, Razborov [20] proved that computing matching and detecting
cliques both require monotone circuits of size n*°¢™ Alon and Boppana [1] later improved
the lower bound for clique to exp(Q(n/3)). These early results leveraged the combinatorial
concept of sunflowers, namely a collection of sets whose pairwise intersections are identical.
Erd6s and Rado [10] showed that every large collection of small sets must contain a large
sunflower, and Razborov used this sunflower lemma to approximate the gates of a given
monotone circuit with simpler functions, yielding circuit lower bounds. Since then, similar
monotone circuit lower bounds were also proved by appealing to the switching lemma or
other methods which avoided the use of sunflowers altogether [13, 5, 14]. Another direction
leveraged the connection to communication complexity to prove optimal lower bounds of
Q2(n) on the depth of the monotone circuits computing clique or matching [19, 18].

1.1. Robust sunflowers and spreadness

A significant advance in the study of these monotone circuit lower bounds was made
by Rossman [21] when he introduced the notion of robust sunflowers. Loosely speaking, a
robust sunflower is a DNF,| namely a formula in disjunctive normal form, with the property
that the DNF can be approximated by a single term. Rossman’s work revealed that robust



sunflowers could be used to prove new monotone circuit lower bounds. For example, he gave
exponential monotone circuit lower bounds for the task of distinguishing graphs with cliques
of size k from Erd6s—Rényi random graphs that do not have such cliques.

In a breakthrough, Alweiss, Lovett, Wu and Zhang [2] established an essentially optimal
robust sunflower lemma. The proof crucially used the concept of a spread set, first considered
by Talagrand [22]. We say that a random set Z is r-spread if for all sets .S,

p(SCZ)< r18l

Let Z denote the support of Z. The key contribution of [2] is a nice encoding argument
to show that a random set must contain some element of a spread family Z with high
probability. Subsequent work by the author [16], Frankston, Kahn, Narayanan and Park
[11], and Bell, Chueluecha and Warnke [4] cleaned up the bounds to obtain the following
version (see [17] for the easiest proof):

Lemma 1 (Spread Set Lemma). There is a universal constant o > 0 such that the following
holds. Let e < 1/2, r = alog(t/e)/~ and Z be a random r-spread set of size at mostt. Then
if Xo is a random set including each element independently with probability -,

p(3z€ Z,2C Xy) >1—e.

If a monotone DNF has terms that correspond to Z, then the conclusion of Lemma 1
is that the DNF can be approximated by the function 1 from the perspective of a random
input Xy. Lemma 1 is tight [2]. Let [n] = {1,2,...,n}, let f : [t] — [[log(t/e)/7]] be a
uniformly random function, and let Z = {(¢, (7))} be its graph. Then Z is r-spread with
r = [log(t/€)/~], but if X, includes each element with probability v, the probability that
X is disjoint from [i| x [[log(t/e)/~]] is

(1— nY)flog(t/s)/ﬂ ~~ ¢ Nos(t/e)/7] oy e/t

so X does not contain the graph of any f with probability & e.

These results led to several new monotone circuit lower bounds, as well as new connections
to so-called lifting results by Garg, G66s, Kamath and Sokolov [12], Lovett, Meka, Mertz,
Pitassi and Zhang [15] and by de Rezende and Vinyals [9]. For example, Cavalar, Kumar and
Rossman [3] used Lemma 1 to prove a lower bound of exp(Q(y/n)) for an explicit function of
n variables, beating the prior record of exp(€(n/3)) due to Andreev [3] and Harnik and Raz
[14]. They also gave a lower bound of exp(€(k)) for detecting cliques up to size k < n'/3,
by proving a robust clique sunflower lemma. Blasiok and Meierhofer [6] and de Rezende and
Vinyals [9] proved lower bounds of the type exp(Q(y/n)) for monotone circuits computing
whether or not a graph on n vertices contains a clique of size ~ y/n. The stronger bounds
of [6] followed from a better robust clique sunflower lemma. Implicit in their work is the
following spread clique lemma (see Section 4 for the proof). For a set S, let Cg denote the

clique on the vertices of S.



Lemma 2 (Spread Clique Lemma). There is a universal constant o > 0 such that the
following holds. Let ¢ < 1/2, r = alog(t/e)/p'™* and Z C [n] be a random r-spread set of
size at most t. Then if X is a graph on the vertex set [n| sampled by including each edge
independently with probability p and S C [n] is an arbitrary set of size s,

p(3z € Z,C.us € XoUCs) > 1 —c¢.

Razborov’s n?(°¢™ hound remained the best monotone circuit lower bound for matching
until Cavalar, G66s, Riazanov, Sofronova, and Sokolov [7] used Lemma 1 as well as the
concept of blocky matchings to prove a robust matching sunflower lemma and used it to
show that any monotone circuit distinguishing graphs with a perfect matching from graphs

with maximum matching size n/2 — 2 must have size exp(Q(nl/3)).

1.2. Our results

In this paper, we give new monotone circuit lower bounds for detecting matchings.

Theorem 3. For q < k < n/2, any monotone circuit that can distinguish n-vertex bipartite
graphs with matchings of size k from graphs that do not have matchings of size ¢ must have

exp(Q(q/(Vklog?n))) gates.
Setting k = n/2, ¢ = n/4 yields:

Corollary 4. Any monotone circuit that can distinguish n-vertex bipartite graphs with a
perfect matching from graphs that do not have matchings of size n/4 must have

exp(Q(y/n/log®n)) gates.

Corollary 4 improves on the results of [7] in two ways: the exponent is larger, and the lower
bound applies for distinguishing perfect matchings from graphs with no small matchings,
rather than distinguishing perfect matchings from graphs with matchings of size 1 less than
perfect. Theorem 3 gives exponential lower bounds even for circuits that distinguish graphs
with matchings of size n'/% from graphs that do not have matchings of size n'/.

Following the usual pattern, these new results are a consequence of a new spread matching
lemma with essentially optimal parameters. We say that a random matching Z is r-spread

if for every matching m,
p(m C Z) < r~Iml,

Let G(Wj) denote the graph that contains exactly those edges that are incident to W.

Lemma 5 (Spread Matching Lemma). There is a universal constant o > 0 such that the
following holds. Let e < 1/2,t > 1, r = a- (logt)?- (t + log*(1/¢))/+?, and Z be a random
r-spread matching on the set of vertices [n], with |Z| < t. Then if W C [n] is a uniformly
random set with |W| = ~yn,

p(3z € Z,2CGW)) >1—c¢.



Remark 6. Lemma 5 also holds when W includes each element independently with proba-
bility ~. To prove this, add dummy elements to the universe until the probability that W
contains < yn/2 elements is much less than e, and then apply Lemma 5.

A consequence of Lemma 5 is the following robust spread matching lemma.

Corollary 7 (Robust Spread Matching Lemma). There is a universal constant o > 0 such
that the following holds. Lete < 1/2,t > 1,7 = a- (logt)?- (t +1og*(1/¢))/+?, and let Z be
a family of r* matchings of size at most t. Then there is a matching m such that if W C [n]
is a uniformly random set with |W| = yn,

p(AM € ZmCm/ m' CGW)Um)>1—c¢.

Corollary 7 looks closer to a statement proved in [7]. To prove it, let Z € Z be uniform,
and pick the largest matching m violating r-spreadness. Then Z \ m | m C Z is guaranteed
to be r-spread by the choice of m, so we can apply Lemma 5 to derive the conclusion. The
main improvement of Lemma 5 and Corollary 7 over the corresponding statement of [7] is
the dependence of 7 on ¢ and €. Our dependence is of the type ¢ + log?(1/¢), while theirs is
tlog®(1/¢). Our results apply using the graph G(W), which contains a matching of size at
most yn, while their result required the use of graphs that contain matchings of size n/2 — 2.

The proof of Lemma 5 is not as easy as the proof of Lemma 1. It uses a new encoding
argument tailored for matchings that builds on the one used for sets, and the argument is,
unfortunately, quite subtle. We prove the lemma in Section 2, where we also give several
examples that verify the (near) optimality of its parameters. One of the examples given
there shows that r > Q(log?(1/¢)) is necessary to obtain error .

In an effort to unify all known monotone circuit lower bounds into a single nice framework,
one that we prefer over the other known ways of reasoning about these things, we reprove
the results of [8, 6, 9]. For detecting cliques, we use Lemma 2 to prove the following in
Section 4:

Theorem 8. There is a universal constant n > 0 such that if nlogn < q < k, kq < nn, any
monotone circuit distinguishing n-vertex graphs that contain a clique of size k from graphs
that have no clique of size ¢ must have size min{(n/(kq))¥@/ &™) exp(Q(q))}.

Setting k = Sv/n/2,q = k/2 proves a lower bound of exp(€2(y/n/logn)). We reproduce
the bound proved by [8] in Section 5. Without loss of generality, assume n is a prime. Let
Dy denote the set of univariate polynomials of degree d over F,,. Define

Fk,d(x) = \/ /\ Z;.
weDy  icw([k])
lw([k)|=k/2
We prove

Theorem 9. There is a universal constant 5 > 0 such that if nkdlogn < n and 3dlogn < k,
then Fy 4 requires monotone circuits of size exp(2(min{d, n/k})).

Setting k = \/n,d = k/logn yields Fy 4 € NP, but Fj 4 requires monotone circuits of size

exp(Q(v/n/logn)).
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2. Spread matching lemma

In this section, we prove Lemma 5. Here are some examples that show why Lemma 5
must have the form that it does:

1. Let A and B be disjoint sets, each of size log(1/¢)/2, and Z be a single random edge
from A to B. Let v = 1/2. Then Z is r-spread with r = log(1/¢)?/4, yet with
probability ~ ¢, G(W) does not include any edge in the support of Z. This shows that
r > Q(log?(1/¢)) is required.

2. Let A and B be disjoint sets of size ¢, and Z be a uniformly random perfect matching
from A to B. Then Z is r-spread with r = ¢/2. If v = 1/3, with probability > 1/2, W
contains less than ¢ of the vertices of AU B, so the probability that G(WW') contains one
of the matchings is at most 1/2. This shows that (#/2)-spreadness is necessary, even
to achieve error 1/2.

3. Let A and B be disjoint sets of size n/2, and let Z be a uniformly random matching
of size t from A to B. Then Z is ©(n?/t)-spread. However, if yn = t/2, we see that
G(W) cannot contain any matching of size ¢, even though Z is ©(t/v?)-spread. This
shows that r < ¢/4? is insufficient.

4. Let Z be a uniformly random edge from the star graph, namely the set of edges
{{1,7} : 7 > 1}. We see that Z is (n — 1)-spread, yet W contains an edge of Z only if
it contains 1, and this happens with probability at most «. This example shows why
edges not contained in W need to be included in G(W).

2.1. Proof of Lemma 5

Let ¢ be the smallest number such that 29 > ¢, and sample a family of uniformly random
mutually disjoint sets {W;;}, with

ielq, jel[2log(q/e)]], \Wi,j\ﬂq.p@-q’ﬁzg@/@ﬂ-

Let W = U, ;W ;. We have |W| < yn. Sample W, ; in the order
Wi, Wig, oo, W rai-atog(g/e)], Was Was s W niog(g/e)1 -

Let k(i,j) be the location of the set W, ; in the above ordering: k(1,1) = 1,k(1,2) = 2 and
so on. We write Wy, = W, ; and Wk = Ule W,. Let W° = Wy = 0. During this random
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process, we need to keep track of the matchings of Z that have been partially covered by
G(W*). To this end, define the map 7 as follows. Set m(2) = 2, and

m(2) = T (i (2)) \ G(WP),

where p11.(2) € Z is the lexicographically first matching that minimizes |71 (ux(2)) \G(W*)|
subject to the constraints

i1 (ki (2)) € GWH) Umia (2),

and
| (e (2))] < 207

This choice ensures that m(z) C mp_1(2), and in particular mx(z) C z. The map 7y
is determined by Wiy,...,Wy. Given W*, m(2) is a matching that is easier to cover than
mr_1(2), and if m(2) is eventually covered by G(W*), then some matching of Z must also
be covered. If mi(z) is empty, then Z must contain a matching that has been covered by
G(W*H).

For k = k(i,7), let @ > 297" and fix Wy,...,Wy_;. Let E}; denote the event:

Ey : 1T—1(Z)| <2977 and |7 (Z)] > 297°

The key technical bound of the proof is that over the random choice of the pair (W}, Z) we
have

p(Ey) < w727, (1)

where k = a/2'7, for « as in the statement of Lemma 5.
Let us see how to use Equation (1) to finish the proof. Applying Markov’s inequality to
Equation (1), we conclude that

_2q77,'71

—i—1
)<k ,

pw, (Pz(Er) > K~

and recall that this bound holds for all fixed values of W7, ... , W;_;. So, for any fixed ¢ and
fixed Wb ey Wk(i,l)—17

pW(vjapZ(Ek(i,j)> > KfZ‘l‘i‘l) < (K72q_i_1)f2‘1"'10g(Q/€ﬂ < Kk~ log(q/¢)/2 < E/C],

for o chosen large enough. By the union bound, we conclude that with probability at least
1 — e, W satisfies the condition that for each i there is some j = j'(i) such that over the
choice of Z ‘
pz(Eriign) < K2
We claim that this implies that there must be z € Z with z C G(W,). That is because we
can bound
[2¢~log(q/e)]

q
pz(|Tr(q,nog(a/e) (Z)| > 0) < sz( A Ek(zpj))
=1

j=1

< zq:pz <Ek(i,j’(i))> < zq: K2 < f: K2 <1,
i=1 — p



for a chosen large enough.
It only remains to prove Equation (1). Recall again that the choice of Wy, ... Wj_4 is
fixed. Let Ej, denote the following event, which is determined by (W, Z):

Eia: |Tr_1(Z)] < 297 and |m(2)] = a.
So, Ey = \/2:2:,1 E}o. Given a matching z of size a, let V(z) denote the set of 2a vertices
that are incident to z. For z € Z, say that a pair (W*, 2), with |m,_1(2)| < 297 |m.(2)] = @

is consistent with a subset S C [n] and a function f : [n] — [a] if the following conditions

hold:
1. For all edges {u, v} € 1 (s(2)), cither
(a) {u,v} C S, {u,v} € m(2) and f(u) = f(v), or
(b) {u,v} NS =0 and {u,v} ¢ m(2).
2. If u, v belong to distinct edges of my(2), then f(u) # f(v).

Given any fixed pair (Wy, z) € Ej,, if S and f are chosen uniformly at random, then the
probability that the pair is consistent with S, f is at least

2727 (1/a®)* - al > 272 (ea) ™,

Therefore, if Dg s denotes the event that the pair is consistent with .S, f, there is some choice
of S, f such that

P(Era N Dsy) > p(Eg) - 2727 (ea) e (2)

Fix such a choice of S, f.

With Equation (2) in mind, our goal is to bound p(Ej, A Ds ). To do this, we count
the number of possible pairs (W, 7 (2)) that can be produced within the event Ej , A Dg ;.
For a matching m, let V(m) denote the vertices incident to m. Given Wy and m(z), the
number of choices for W U V(7 (2)) is

()= (e
< (n —’% - |) (A (2z—q-vlog<q/aﬂ>2a. @

For each choice of W, UV (m,(2)), let 2" € Z be the lexicographically first matching satisfying
the following conditions:

L |meea(2)] < 2077 meq(27) © GWF UV (mi(2))),

2. For all {u,v} € mp_1(2'), either



(a) {u,v} C S, f(u) = f(v) and {u,v} C Wy UV (m(2)), or
(b) {u,v} NS =0.

The conditions given above are satisfied by p(2), so the choice of 2’ is well-defined.
Claim 10. 7 (2) C me_1(2').

To prove Claim 10, observe that if {u,v} € m;_1(2') and u,v € V(mg(2)), then u,v € S,
so the choice of 2’ implies that f(u) = f(v) and {u,v} € m(z), because this must be true
in Dgs. There is no edge {u,v} € m;_1(2’) such that u € V(m(2)),v ¢ W* U V(mi(2)),
because such an edge must have u € S, which forces v € S, and hence by 2(a) we get
v € W UV (mg(2)). We conclude that any edge of m,_1(2’) that is not in 7(z) must be
incident to Wy. So, if there is an edge {u,v} € m(z) that is missing in m;_1(2), we must
have 7,1 (2') € G(W*)Umg(2) and |mp_1(2") \ G(W*)| < |7 (2)], but px(z) is the minimizer,
so this cannot happen.

By Claim 10, given W), U V(m(2)) and the event Ej, A Dg ¢, the number of possible
choices for 7, (2) is bounded by the number of subsets of m,_;(2'), which is at most 22"
Given 7 (2) and Wy UV (mg(z)), Wy is also determined. Putting these calculations together,
and using the spreadness condition of Z applied to the matching 7 (z), we conclude that for
2qfi+1 2 a 2 2q7i7

P(Eka A Ds )
= > PWi, mie(2))

(Wi, mx(2))EER,a ADs, ¢

5 (n - |W“|>1 -
_— - T
(Wil

(Wi, mx(2))EER o ADs, ¢
< <n - IW’“I) . <2q- [277e - 10g(61/5ﬂ)2“ ot (n - IW’”I>1 -
B (Wi g | Wi
(2 o
< 2

Using Equation (2) yields the bound

2 (20 bl

Era <(
P(Bra) < REpE:

Observe that when 2779 - log(q/e) < 1, we have

a- 279 log(q/e)]? < a,

and when 277 - log(q/¢) > 1, because a < 29771 we have

a-[279 log(q/e)]* < 4a- (27 log(q/e))? < 8log*(q/e) = 8(log(q) + log(1/))?
< 16(log?(q) + log*(1/e)).



Recall that r = o - ((logt)? - (t +log®(1/€))/~? and ¢ = [logt], so in all cases we obtain the
bound p(Ey ) < (a/2')7% Finally, we bound

2q—i+1

p(B) < Y p(Bra) < (/27)7",

a=29""1

as required.

3. Exponential lower bounds for matching

Here we prove Theorem 3. Let X; be a uniformly random matching of size k from [n/2]
to [n] \ [n/2], and let X} denote its support. Let Xy = G(Wp) (recall that this is the set of
edges incident to W), where Wj is a uniformly random subset of [n] of size q. Note that X,
has maximum matching size q. Let Xy denote the support of Xj.

If {m| > k, then p(m C X;) =0, and if |m| < k, then by the arithmetic-mean geometric-
mean inequality,

(") \? 1
(n/2—m)) (k)(k = 1) (k—[m| + 1)

k—|m|

p(mQXl) = (

< (%)_Qm (k= |m|/2+1/2)" ™

n?\ —lm|
<(%)
— \8k
so X is (n?/(8k))-spread. We may assume that ¢ > v/k, or the statement of the theorem is

trivial. For a small constant n > 0 that depends on a from Lemma 5, we set parameters to
make the following identities hold:

t =g/ (Vklog® n) < n’¢*/(klog®n)
e = exp(—ng/(Vklogn)),
min{2',n~%/e} > exp(nq/(2Vk log n)),
r=o- (log?(2t)) - (2t + log?(1/e)) - (2n/q)?
< 100an - n?/k
< n?/(16k).

3.1. Approximation method
Given any set of matchings M, define

fu(z) =

1 ifdne M mCx
0 otherwise.



For each gate g of a given monotone circuit, we compute a set of matchings M, such
that every m € M, is of size at most ¢. Our approximator for g is fy;,. We define the sets
of errors:

E, ={ze X :g(x) =1, fa,(x) = 0},
E)={xeXy:g(x) =0, fa,(x) = 1}.

We prove that if the circuit has at most min{2¢,n =% /e}/2 = exp(Q(q/(Vklog® n)) gates
and g is the output gate, then one can compute M, with

p(X1 € E;) <1/2, and p(X, € EJ) < 1/2. (4)

Given Lemma 5, this is enough to complete the proof of the theorem. Indeed, if the circuit
is correct, then when X; ¢ E;, there must be some matching Z(X;) € M, such that
Z(X1) € Xy, |Z(X,)| < t. For any matching m, we have

p(m C Z(X)) € Xy, X, ¢ E))
p(Xi1 ¢ E))

so Z(Xy) is r-spread. Lemma 5 then implies that

p(m C Z(X1)|X1 ¢ E,) < < 2-(2r)7 <,

p(9(Xo) =1) >p(Fz € 2,2 C Xo) —p(Xo € E)) > 1/2 —¢,

proving that a correct circuit must have more than exp(Q(q/(vklog?n)) gates.

To prove Equation (4), we need to describe how to construct M, for each gate g. The
input gates already correspond to fy, with M, containing a single edge, so they are their
own approximators. If g is computed from gates hy, hy, we show how to obtain M, from
My, , Mp,. If g = haVhy, we set My = My, UM,,. This choice guarantees that E} C E, UE,,
and E) C E}) U E} , so no new errors are introduced.

The more interesting case is when g = hy A hy. Then the natural choice is to set

M, ={mum’:m € M,,m" € My,,mUm'is a matching}.
The problem is that M, may contain a matching of size > t. Given M, let
N, = E;\ (E,, UE,,) and N, = E{ \ (E}, U E}))

denote the sets of new errors. If X; € N, then there must be a matching Z(X;) € M,
with Z(X;) C X; and |Z(X;)| < 2t. We construct the final M, using the following simple
algorithm:

10



Algorithm 1 Computing M,

M, 0

while p(X; € Nj) > 0 do

Find a largest matching m such that p(m C Z(X;) | X; € Ngl) > poiml,

if |m| <t then
| My« M,U{m}
else
L halt ; // Terminate if largest valid matching exceeds threshold t

return M,

At the end of this algorithm, M, only contains matchings of size at most ¢, if any. Let
us bound the measure of the new errors N, gl.

Lemma 11. px, (X; € N,;) <27

Proof. The non-trivial case is when the algorithm discovers a matching m with |m| > ¢. In
this case we bound

p(m C Z, Xy € Nj) _ p(m C Xy)

X, €N} = <2 Imh <97,
(X s) pm C Z|X; e N}) = om0 = =
[l
Lemma 12. p(Xy € NJ) <n® ..
Proof. For a matching m*, let V(m*) denote the set of vertices incident to m*. We have
pXoeN)< > p(Xo€ N, |[m* C X, V(m*) N Wy =5)
m*eMy,SC[n]
-p(m* C Xo, V(m*) N Wy = 5)
< > p(Xg €N [ mtC Xo, V(m*)NWy = 5). (5)
m*eMy,5C[n]

When m* was added to My, it was chosen as a largest matching satisfying p(m* C Z | X; €
N7) = r=I™ | Thus, for any matching m’ with V(m’) N’V (m*) = 0, we have

pm'Um* C Z | X; € Nl) y—(Im*[+|m’]) o,
'"CZ|m*CZ X, e N = 9. < S
p(m = |m = 4, A1 g) p(m* g VA ’ Xl c Ngl) — 7"*|m*| T

Therefore, Z \ m* conditioned on the event (m* C Z,X; € N;) is an r-spread matching of
size at most 2t. Let Z denote its support. Conditioned on m* C X, and V(m*) N Wy = S,
the random variable X, contains G(W{), where W/ is a uniformly random subset of the
complement of V(m*) of size

(Wl > q—|S| > q—4t > q/2,

11



since t < ¢/8. Applying Lemma 5, we conclude that

p(Xo € Ny | m* C Xo,V(m*)NWy = 5)
<1—-p(Fze€Z,zUum”C Xy | m"C Xo, V(im*)NnWy =9)
<e.

Because M, only contains matchings of size at most ¢, the number of possible pairs

m* € M,, S is at most
2
t- (n> .27 < S
; <

0
p(XO € Ng) S g
*’Sg[n]

m
no . e.

So, (8) yields

VAN

O

Using the union bound with Lemmas 11 and 12, we find that if the circuit has size at
most min{2¢, n~%/c}/2, then

p<X1 c UE;) <2t.97t/2 <12, p(XO e UEg) < (n7%)(2¢)) - n®e < 1/2,

g

proving Equation (4).

4. Exponential lower bounds for clique

We start by reproducing the ideas of [6] to prove Lemma 2:

Proof of Lemma 2. Without loss of generality, assume that S = {n — s+ 1,...,n}. For
i=1,...,n—s,let W, be arandom subset of [i], where each element is included independently
with probability p'**, sampled independently of Xg. Let W,y = (). Recall that G(W};) denotes
the graph that includes all edges incident to W;. Let X§ = G(W;) U (X, \ G([i])).

We use a coupling argument to prove that

p(3z € Z,C.us € X UCs) > p(3z € Z,C.us € X UCs). (6)
X9 has the same distribution as Xy, and by Lemma 1,
p(ﬂz S Z,Czus - XSL_S UCS) >1—c¢

So, Equation (6) proves Lemma 2.
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To prove Equation (6), sample W; and T'= X \ G([i + 1]) independently. Then sample
Q@ C {i+ 1} by including i + 1 with probability p'**, and sample H as a subset of the edges
{i+1,i4+2),(i+1,i+3),...,(i + 1,n)} where each edge is included independently with
probability p. Set Xi = G(W;)U HUT and set X;™ = G(W; UQ)UT.

For each fixing of W;, T, if there is z € Z with C,us € G(W;) UT U Cg, then C, s C
XiUCs and C,us C Xé“ U Cs. Similarly, p(C.us € X; U Cs|W;,T) = 0 if and only if
p(C.us € X UCs|W;, T) = 0. The only interesting case is when both quantities are in
(0,1). In this case, after fixing W;, T, the probability that H includes the edges required to
ensure C,us € G(W;)UHUT UCg is at least as large as p'**, because in the worst case i + 1
needs to connect to ¢ + s vertices, and those edges are included in X" with probability at
most pt**. This proves

p(C.us € XGUCs|Wi, T) > p(Caus € XU Cs| W, T)

and completes the proof of Equation (6).
O

Armed with Lemma 2, we can now prove Theorem 8. Let W; C [n] be a uniformly
random set of size k, and let X; = Cy,. Let Xy be an Erdés-Rényi random graph where
each edge is included with probability p = n~=?/(@=1), We have that W} is (n/k)-spread, and
the probability that X, includes a clique of size q is at most

(Z) ) = (Z) T <1/2,

for ¢ > 5. Let o be as in Lemma 2, and let n > 0 be a small constant and n be large enough
so that following identities hold:

t=n*(q—1)/logn,
e = exp(—n4q),
n~* /e > exp(ng/2)
r=alog((2t +1)/e)/p*t! < q/2.

4.1. Approximation method
For a family of sets A, define

1 ifdSe€ Aand I3Cr C z with S C T,
fa(z) =

0 otherwise.

Note that we may have |S| < 1 in the above definition. For each gate g of the circuit, we
approximate it with a function fa,, with |S| <t for all S € A. We define the sets of errors:

Eg1 ={z € X :9(x) =1, fa,(x) = 0}
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Eg ={zeXy:g(x) =0, fa,(x) =1}
We prove that if the circuit has at most
min{(n/(kq))",n"" /e}/3 = min{(n/(kq))* @ "™, exp(Qq))}
gates and g is the output gate, then one can compute A, with
p(X1 € E;) <1/3, and p(X, € E)) <1/3. (7)

Given Lemma 2, this is enough to complete the proof of the theorem. Indeed, if the circuit
is correct, then when X; ¢ EJ, there must be some set Z(X;) € A, such that Z(X;) C Wi,
|Z(X1)| <t. For any set S, using the spreadness of Wy, we get

p(S € Z(Xy) S Wi, X, € E)
p(Xi1 ¢ E})

So, Z(X;) is r-spread. Lemma 2 implies that
p(g(Xo) =1) >p(Fz€ Z2,C. C Xo) —p(Xo € EY) > 1—1/3—c>1/2,

p(S C Z(X1)| Xy ¢ E,) < <3 (n/k)"* < (n/(3k)) 71,

proving that the circuit is not correct.

To prove Equation (7), we need to describe how to construct A, for each gate g. The
input gates already correspond to f4, with A, containing a single set of size 2. If g is
computed from gates hi, hy, we show how to obtain A, from Ay, , Ap,. If g = hy V he, we set
Ay = Ap, U Ap,. This choice ensures that E} C Ey U E, and E) C E} U E) , so no new
errors are generated. The more interesting case is when g = h; A hy. The natural choice is
to set

A; = {Sl U SQ . Sl € Ahl,SQ € Ahg}-

The problem is that A) may contain a set of size > t. Given Ay, let
Ny =E;\ (E, UE,,) and N, = E{ \ (E}, U E})

denote the sets of new errors. If X; € Ngl, there must be a set Z(X;) € A’g with Z(X;) C W
and |Z(X;)| < 2t. We construct the final A, using the following algorithm:

Algorithm 2 Computing A,
Ay« 10
while p(X; € Nj) >0 do
Find a largest set S such that p(S € Z(X1) | X; € NJ) > 9.
if |S| <t then
| A, A,U{S}
else
L halt ; // Terminate if largest valid set exceeds threshold t

return A,

At the end of this algorithm, A, only contains sets of size at most ¢, if any.
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Lemma 13. p(X, € N;) < (n/(kq))™".
Proof. The non-trivial case is when the algorithm discovers a set S with 2t > [S| > ¢. In
this case we bound
SCZ X, eN! S C W
p( = 1 g) < p( = 1) S (n/(kq))—|5|
p(S C Z|X; € N}) =18l
< (n/(kq))™".

1
p(X1 S Ng) =

O
Lemma 14. p(X, € NJ) <n't'-e.
Proof. We have
p(Xo €N < Y p(Xo€NJ|Cre C Xy). (8)
S*eAq
§*CT*C[n]
T |<[S*[+1

When S* was added to A,, it was chosen as a largest set satisfying
p(S*CZ|X;eNY)=r ¥l
Thus, for any set S’ with S* NS’ = (), we have
p(S'US*CZ| X €N, o U5THISD

S'CZ|S*CZ X, eN)= < =19,
pSCZ|5CZXeN) p(S*CZ|XieNY) — 5 "

Therefore, Z \ S* | (S* C Z, X1 € N,) is a random r-spread set of size at most 2t. Let Z
denote its support. Conditioned on Cp« C Xy, the random variable Xj is the union of an
Erd6s—Rényi graph with Cp«. Applying Lemma 2, we conclude that

p(Xo € NJ | Cr- € X) <1—p(3z € Z,Crvu: € XoUCr-) <.

The number of choices for S*, T* is at most n'™!, so substituting this bound back into (8)
yields

p(Xo € NJ) <n'tle.
[

Using the union bound with Lemmas 13 and 14, we find that if the circuit has size at
most min{(n/(kq))!,n"""!/e}/3, then

p(X1 € UE}) < (n/(ka))'(n/(kg) /3 < 1/3,
p(Xo e UES) < (n"t1/(3¢)) - nttle < 1/3,
proving Equation (7).
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5. Exponential lower bounds for an explicit function

In this section we prove Theorem 9. Let w € D, be uniformly random, and let X; =
w([k]). Let Xy C [n] be uniformly random. We have

p(lw((k)] < k/2) < p(l{i,j € [k],i # j,w(i) = w(j)}] = k/2)
< Eulllij € k], # 5, w(i) = w(i)}]

k/2
(5)/n
= k)2

< k/n,

So, p(Fra(X1) =1) > 1—p(lw(k])| < k/2) >1—Fk/n>2/3.

pF(Xo)=1)< Y 272 <ptt. 272 <3
wEDy
o ([k])|>F/2

because 3dlogn < k. By the d-wise independence of the evaluations of w, for a set S with
|S] < d, we have

piscx)sps ol < (g) < (P )

so X is (n/k)-spread, at least for sets of size at most d. Set 7 > 0 to be a small constant,
so the following hold

t =n’d < n/(8klogn)),
e = exp(—nn/k)

n'e < /e
r=alog(t/e)/(1/2)* < n/(8k) + alogd < n/(4k),

for B chosen large enough in terms of a.

5.1. Approximation method
For a family of sets A, define

1 if3SeASCur,
fA(»’U)I{

0 otherwise.

For each gate g of the circuit, we approximate it with a function f,,, with |S| <t for all
S € A. We define the sets of errors:

Bl = {r e X glx) = 1, fu,(x) = O},
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E)={x € Xy:g(x) =0, fa,(x) = 1}.

We prove that if the circuit has at most min{2*,n~"/e}/2 = exp(Q(min{d, n/k})) gates
and g is the output gate, then one can compute A, with

p(X1 € E)) <1/2, and p(X, € E)) < 1/2. (10)

Given Lemma 1, this is enough to complete the proof of the theorem. Indeed, if the circuit
is correct, then when X; ¢ E, there must be some set Z(X;) € A, such that Z(X;) C X,
|Z(X1)| < t. Because 2t < d, by Equation (9), for any set S

p(S C Z(X,) € X1, X, ¢ E})
p(Xi1 ¢ B}

So, Z(X;) is r-spread. Lemma 1 then implies that

p(S C Z(X1)| X1 ¢ By) < <2 (n/k)"¥ < (n/(2k))7%,

p(F(Xo)=1)>p(3z€ 2,2 C Xo) —p(Xo € B)) >1—-1/2—¢>1/3,

which is a contradiction. Thus, a correct circuit must have more than min{2*, n=*/c}/2 =
min{2%% exp(} gates, proving Theorem 9.

To prove Equation (10), we need to describe how to construct A, for each gate g. The
input gates already correspond to f4, with A, containing a single set of size 1, so they are
their own approximators. If g is computed from gates hy, hy, we show how to obtain A, from
Apyy Apy. If g = ha V hy, we set Ag = Ay, U Ap,. This choice guarantees that £ C E; UE;,
and E) C E} U E},, so no new errors are introduced. The more interesting case is when
g = h1 A hy. Then the natural choice is to set

A; = {Sl U 82 . Sl € Ahl,Sg € Ahg}-
The problem is that Aj may contain a set of size > t. Given A, let
Ny = Eg\ (E;, UE,,) and Ny = Ej\ (E;, U E,,)

denote the sets of new errors. If X; € N, then there must be a set Z(X;) € A with
Z(X1) € X; and |Z(X;)| < 2t. We construct the final A, using the following algorithm:

Algorithm 3 Computing A,
Ay« 0
while p(X; € Nj) >0 do
Find a largest set S such that p(S C Z(X1) | X; € Nj) > 19l
if |S| <t then
| Ay A, U{S}
else
L halt ; // Terminate if largest valid set exceeds threshold t

return A,
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At the end of this algorithm, A, only contains sets of size at most ¢, if any. Let us bound
the measure of the new errors.

Lemma 15. p(X; € N;) <27

Proof. The non-trivial case is when the algorithm discovers a set S with 2¢ > |S| > ¢t. In
this case we bound

p(SCZ, X, €NY  p(SC X))

p(X; € N;) = P(S C ZIX, € N) < T <2718l < 9t
O
Lemma 16. p(X, € NY) < en’.
Proof. We have
p(Xo € Ng) = > p(Xo € Ny, 5% C Xo)
S*eAq
< 3 p(Xp € NI S C X, (1)
S*eAq

so we bound each term of this sum. When S* was added to A,, it was chosen as a largest
set satisfying
p(S*CZ| X € Ngl) > 157

so for any set S” with S* NS" = (), we have
PISUS CZ|XieNy) _r (5T
p(S*CZ [ X1 eNY) — I8

_|lqr
=¥,

p(S'CZ|S CZX €N =

Therefore, Z \ S* | (S* C Z, X, € N;) is an r-spread set of size at most 2¢. Call its support
Z. Conditioned on S* C X, the random variable Xj \ S* is a uniformly random subset of
the complement of S*. Applying Lemma 1, we conclude that

p(X0€N§|S*§X0) <1—-p(Fz€Z,2C XoUS"| 5" C Xy <e.
Substituting this bound back into (11) yields

p(Xo € NY) Snge-nt,
S*

which completes the proof. O]

Using the union bound with Lemmas 15 and 16, we find that if the circuit has size at
most min{2’,n~*/c}/2, then

p<X1 € UE;) <2t.27t/2 < 1/2, p<XO e UEg) < (n7t/(2¢)) - nte < 1/2,

g

proving Equation (10).
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