Lecture 3: Golden-Thompson and the Frobenius inner product CSE 5991, Spring 2021
Instructor: James R. Lee

1 Golden-Thompson

Recall the Golden-Thompson inequality, employed in the previous lecture:
Lemma 1.1. For all symmetric matrices A, B € My, it holds that
Tr(e”*B) < Tr(e?e?).
Recall that eX = },,5 ),i—?, and note that
(A+B)" = Z Al Bl-it pg2gl-i2 ... pin gl-in
i1,i2,.-,in€{0,1}

AeB’

ApB

is a uniform sum over all degree-n interleavings of A and B. To obtain the degree-n terms in e
one takes every product occuring in this sum and sorts it so that all the copies of A come first: e
only contains products of the form A/B"~/ for 0 < j < n.

Thus, intuitively, Tr(e*?) < Tr(e“e®) asserts that the largest correlations occur when the A and
B terms are grouped together. How might we prove this?

1.1 The Frobenius inner product

A hint comes from the Cauchy-Schwarz inequality. Define the Frobenius inner product of two matrices
A,B e My by
(A, B) = TI‘(ATB) = ZAijBij'

ij
(Similarly for A, B € M;(C), one uses Tr(A*B).) As the final expression shows, this is just the standard
inner product on the “vectorizations” of A and B (i.e., when considering them as d?-dimensional
vectors).

Let us correspondingly define the Frobenius norm (aka the Hilbert-Schmidt norm, aka the

Schatten 2-norm) of a matrix:

1/2

1AL = Tr (ATA)"2.

Recall that every matrix A € My has a singular-value decomposition A = Z?:l aiuiviT, where
o1,...,04 > 0,and each of {u;}, {v;} forms an orthonormal basis of R?. In this case,

ATA = Z afviviT,
i
hence we also have ||All> = ||(01,.-.,04)]2-

1.2 Sorting products

Assume now that A, B € M, are symmetric, and then applying the Cauchy-Schwarz inequality
gives
Tr((AB)?) < ||AB||3 = Tr((AB)" AB) = Tr(BT AT AB) = Tr(BA?B) = Tr(A*B?), (1.1)



where the last equality uses cyclicity of the trace. Let’s try the fourth power:

Tr((AB)*) = Tr((AB)*(AB)?) < ||(AB)?||5 = Tr(BABA ABAB)
= Tr([AB(AB)"][(AB)" AB])
< |AB(AB)|2|I(AB)" AB||,
= [|AB(AB)" I3
= Tr((AB*A)?) = Tr((A’B*)?),

where the last equality uses cyclicity of the trace. Now we can apply (1.1) (with the substitution
A — A%, B — B?), yielding

Tr((AB*) < Tr((A%B?)?) < Tr(A*BY).
This gives one faith that such a relation holds more generally; we will prove the following.
Lemma 1.2 (Distentangling Lemma). For every integer k > 1 and U, V € My(C) Hermitian, it holds that
Tr(UV)?) < Te(U V).

1.2.1 The Lie-Trotter product formula

Now let us see how to employ the sorting lemma (Lemma 1.2) to prove the Golden-Thompson
inequality. If we take U := ¢4/? and V := /P for some p = 2¥, then Lemma 1.2 gives

Tr ((eA/”eB/”)”) < Tr(eAeP). (1.2)
Now we can employ the Lie-Trotter formula which asserts that for any matrices A, B € My,
N
eAB = lim (eA/NeB/N) : (1.3)

Thus taking p — oo in (1.2) yields Lemma 1.1.

Proof of (1.3). Denote U := eA*B)/N and V := ¢4A/NeB/N_ Then using eX = ¥,,5¢ X" /n!, we have

A+B (A+B)?
+ + P

N 2N2
A+B+A2+BZ+2AB+

N 2N?2 !

u=I

V=I+

so U and V agree up to first order, hence
U - V|| < O(1/N?). (1.4)

where the O(:) notation hides a constant possibly depending on A and B (but not on N). Note also
that [|U], |V < eUlAI+IBID/N,
Using both these facts and the triangle inequality give
N-1
”uN _ VN” — Z ||uk+lvN—k—l _ uka—k”
k=0



—_

= ) |utu - vyvN
k=

o

N-1
<lu=vi )y, Uk - v
k=0

< N|[U = V|jelAl+IB]

(1.4)
< O(1/N),

where we used the fact that ||ST|| < ||S|| - ||T|| holds for all S,T € My. As UN = ¢4*B and
VN = (eA/NeB/N)N this completes the proof. m]

1.2.2 Disentangling

Our proof of Lemma 1.2 will follow an argument of Dyson (1964). Note that Cauchy-Schwarz gives
Tr(A?) < Tr(A*A) for all A € My(C). Let us prove the following generalization.

Lemma 1.3. Consider A € My(C), and suppose that A; € {A, A"} foreachi =1,2,...,2n. Then,
ITr(A1A2 -+ Agp)| < Tr ((A"A)").

Proof. We may clearly assume that A # A*. Let #, denote the space of such products P =
A1A5 - -+ Ay,. Define the number of transitions in P as # {i €1{L,2,...,2n} : Ajmod 2n # A(i+1) mod 21 },
i.e., the number of times in the cyclic order we see AA* or A*A occur in P.

Let P = A1A;y - - - Ay, denote a maximizer of |Tr(P)| among P € P,,. If the number of transitions
in P is 2n, then P = (A*A)" or P = (AA”*)", and we are done. Otherwise, there is some adjacent pair
of symbols that are equal; by a cyclic permutation, we may assume that A, = A,41.

Denote Q = A1---A, and R := A, ;1---Ayy, as well as P/ = Q*Q and P” = R*R so that
P’,P” € P,. By Cauchy-Schwarz, we have

ITe(P)|* < [Te(Q°Q)| - ITr(R'R)| = |Tr(P")| - [Tx(P”)].

By maximality of |Tr(P)|, we have |Tr(P)| = |Tr(P’)| = [Tr(P”)|. We will argue that one of P’ or P”
has more transitions than P, and therefore by induction there exists a maximizer of |Tr(P)| with 2n
transitions, completing the proof.

Indeed, the transitions in P are made up of three types: Those that occur within Q, those that
occur within R, and possibly one transition from A, to A1, hence

Np <ng+ng+1.

Moreover, we have Np: > 2ng + 2 and Np» > 2ng + 2. Let us prove the first inequality, since the
second is identical. Every transition within Q induces two transitions in P’, one in Q* and one in Q.
There are also two new transitions: One from the end of Q" to the beginning of Q, and one from the
end of Q to the beginning of Q*. We conclude that (Np: + Np~)/2 > Np, hence one of P’ or P” has
more transitions than P. O

We can now prove Lemma 1.2.



Proof of Lemma 1.2. Recall that U, V are Hermitian. Define A = UV so that Lemma 1.3 gives
Te(UV)¥) < Te(V'U UV = Te(VURV)PT) = Te(URV2T),
where the last equality uses cyclicity of the trace. Continuing inductively gives

Tr(U2V22 ) < Tr(UA VA2 < -+ < Tr(U2 VY o.

1.3 A Holder product formula

Let us prove a generalization of Lemma 1.3. For this, we define the Schatten p-norm of a matrix
A € My(C): For any p > 1, define

1/
Al = (Tx(lapP ) = (1e(a"ay )

The operator norm ||A|| = ||Al|e is the limiting case as p — 0. One can see that, as for the 2-norm,
if 01,...,04 > 0 are the singular values of A, then

IAllp = l(o1, ..., 0a)llp-
Lemma 1.4. For any integer k > 1and Ay, ..., Ay € My(C), it holds that
|Tr (A1 Az -~ Agi)| < || Axllpe | A2k - - - [|Agk ||k -

Proof. The proof is by induction on k. The case k = 1 is Cauchy-Schwarz.
Consider now k > 1. The inductive hypothesis yields

ITr (A1Az - - Agi)| < [|A1Azllpr-1[|AzAallpr-1 - - - | Agk g Ak ||k (1.5)
Now use the definition of the Schatten 2~ 1-norm to write

2k—1

14212 = Tr (4142 (ArA2)2 7 ) = Tr (434141407 ) = Tr (474143424341 -+ A34)

where in the last equality we have used the cyclic property of the trace to move one copy of A’ from
the head to the tail of the product. Applying the inductive hypothesis again yields

2k71
* * * * % k k
Tr (A1A47 4243 -+ A A) < | [ 1141 A} et 424 s = 14112, AalZ s,
j=1
% 2k—1 _ % . 2k72 _ % 2](71 _ zk
where we have observed that ||414][[2 = Tr ((AlAlAlAl) ) = Tr(A1AD? ) = 1412, and

similarly for A;. Therefore we have
[A1A2[pt-1 < [[Ax [l [| Azl
Since this holds also for every pair A;A;;1, using it in (1.5) yields
I Tr (A1A2 - Agi)| < [|Axllpx | A2k - - - [[Agellox,

as desired. O



In analogy with the scalar case, we might look to prove a generalization of Lemma 1.4: For any
p1,P2,---,Pn > 0such that p% +- 4 pin =1,

[Tr(A1Az - -~ Ay)| < [|A1llp 1A20lp, - - [[An]lp, -
To prove this, fix some m > 1 and define N := 2", k; := |[N/p;] foreachi =1,...,n. Then we have

k k2 n
ITr(A1As - Ay)| = |Tr nAi/kl .HA;/’Q e nAi/k”IN_(Iﬂ""“‘*kn)
j=1 j=1 j=1

1/k1 1k 1/ky 1k N—(k1+-+k
< A Ay ey,

Note that
AYEIG = T AN = 1Al e,
and
TNt - githiekn/N
hence

ITe(A1Az - Ap)l < WAl iy - IAnllan g, - '~ ka2,

As m — oo, we have 2" /k; — p; and (k1 + --- + k) /2" — 1, completing the proof.

1.4 Discussion

Perhaps that all seemed a bit mysterious. While “non-interleaved correlations are the largest” makes
intuitive sense, why does something clean like Lemma 1.1 hold? Say that a norm [||-|| on M4(C) is
unitarily invariant if [|[UAV ||| = |[|A]|| for all A € M4(C) and U, V unitary. (We will study unitarily
invariant norms more in the next lecture.)

The trace norm A — Tr((A*A)'/2) is such a norm (as are all Schatten p-norms for p € [1, o]).
An analog of Lemma 1.1 holds for every unitarily invariant norm: If A, B € M;(C), then

e Pl < lle?/ZePe 2. (1.6)

Weak majorization. Inequality (1.6) holding for every unitarily invariant norm is equivalent to

the statement that

eATB < pAI2,BA/2
where for two matrices X, Y € M;(C) with singular values 01(X) > --- > 04(X) and 01(Y) > --- >

04(Y), the notation X <, Y means that
o1(X)+--+0(X)<o1(Y)+---+0x(Y), VI<k<d.

In general, this inequality is related to similar sorts of “non-interleaved correlations are the
largest” inequalities. For instance, it holds that for every pair of PSD matrices A, B € M;(C) and

any Hermitian X € M;(C):
1
/ ny*m
0

A2XBY2| < <

2

AX + XB H'



This is one possible analog of the classical AM-LM-GM inequality: For all a,b > 0, it holds that

1
\/E</ utbl‘tdt<a;b.
0

(The less familiar quantity in the middle is the “logarithmic mean” and equals gg:fo =7 .) We will
discuss such concepts further when we study matrix means.
Here is another example:

Theorem 1.5 (Lieb-Thirring trace inequality). Forall A,B > 0and t > 1, it holds that

Tr [(B?ABY?)!| < Tr [A'B']
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