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Preface

Low-rank models provide low-dimensional representations capturing the important
aspects of data naturally described in matrix form. Examples range from users’
preferences on movies to similarities between pairs of items. Naturally, the low-rank
representations serve as a tool for data compression and efficient computation. But
more importantly, they are used in data analysis to learn hidden structures of the
data, which is at the heart of machine learning and data mining. Applications include
latent semantic analysis, factor analysis, and clustering high-dimensional data.

While singular value decomposition provides an efficient way to construct a low-
rank model of a fully observed data matrix, finding a low-rank model becomes chal-
lenging when we only have a partial knowledge about the matrix. When we observe
a subset of the entries, we show that the singular value decomposition is sub-optimal
and can be significantly improved upon.

In this work, we investigate the possibility of learning a low-rank model from a
partial observation of a data matrix. We develop a novel and efficient algorithm that
finds a near-optimal solution. Further, we prove that the proposed algorithm achieves
performance close to the fundamental limit under a number of noise scenarios. This
provides a solution to many practical problems including collaborative filtering and

positioning.
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Chapter 1
Introduction

A wide range of datasets are naturally organized in matrix form. Consider the exam-
ple of a movie-rental service collecting its customers’ ratings on movies. This dataset
can be represented as a movie-ratings matrix where each customer is represented by
a row and each movie is represented by a column. Each entry of this matrix rep-
resents the preference of the associated customer for a particular movie. Similarly,
the frequencies of words used in a collection of documents can be represented as a
term-document matrix, where each entry corresponds to the number of times the
associated term appears in the indicated document.

A low-rank model is often used to capture the important aspects of such a data ma-
trix thus providing a low-dimensional representation. Traditionally, low-rank models
have been used for data compression and efficient computation. Low-rank represen-
tations require less resources to be stored compared to the full matrix. Moreover,
traditional computational tasks, such as matrix multiplication and inversion, can be
performed more efficiently when working with the reduced representation.

The data analysis method that approximates a data matrix by a low-rank model is
referred to as principal component analysis (PCA). The singular vectors of the data
matrix corresponding to the leading singular values are often called the principal
components. PCA provides the means to understand the hidden structures in the
data, which is at the heart of machine learning and data mining. Examples include

latent semantic indexing and spectral clustering.
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Latent semantic indexing [29] is a technique for analyzing the relationships be-
tween a collection of documents and the terms they contain. A low-rank approxima-
tion of the term-document matrix allows us to identify a set of concepts reflecting
the hidden relationships. Each principal component represents a concept. An entry
of a principal component corresponding to a specific document gives the relation be-
tween the document and the concept represented by the principal component. Using
a small number of principal components, each document can be represented by a low
dimensional vector corresponding to the entries in the principal components. In this
‘concept space’, semantically related documents are placed near one another. This
can be used to see how related two documents are in this concept space and to search

for documents conceptually related to a given query.

In unsupervised learning, low-rank model is used for partitioning a collection
of objects so that similar objects are placed in the same cluster. Given a notion
of similarity between all pairs of objects, we can define a similarity matrix. Each
entry of this matrix represents the similarity between two objects associated with its
row and its column. After an appropriate scaling of each row and each column, we
can use a small number of principal components to represent each object by a low
dimensional vector corresponding to the entries in the principal components. Similar
objects are placed near one another in this low dimensional space [75]. Once we
have this reduced representation, we can apply standard clustering techniques such

as k-means algorithm [65].

If all the entries of a data matrix are available, computing a low-rank model of
the data matrix is easy. We denote the singular value decomposition (SVD) of the
data matrix M with

T
M = g o,
i

where o;’s are the singular values and u; and v; are the left and right singular vectors
corresponding to the ¢th singular value. A common convention is to order the singular
values in descending order, i.e., o1 > 09 > --- > 0. Then, a low-rank approximation

L = Y0 ol minimizes the sum of squares of the residual errors among all



matrices that have the same predefined rank. In other words, L is the optimal solution

to the problem:

minimize Z(MW — Xy)?
1,5
subject to rank(X) <r.

In many practical applications, we do not have all the entries of the data matrix
available. Entries might be missing due to failure in the data acquisition process, or
it might be too costly to measure all the entries. Consider an example of a partially

revealed rank-1 matrix below.

7?7 -1 7 7
17 7 7
11 -1 1 -1
7 7 7 -1
7?7 -1 7 7

A naive approach based on SVD is to first fill in the missing entries with the average
value and then compute the SVD of the resulting full matrix. Then we can use the
first singular value and the corresponding left and right singular vectors to compute

the rank-1 approximation:

(0.24 020 —0.24 0.17 —0.24
0.20 0.16 —0.20 0.14 -0.20
1.09 0.89 —-1.09 0.75 —1.09
0.48 0.39 —-048 0.33 —-0.48

1024 020 -0.24 0.17 -0.24

This naive approach is sub-optimal and can be significantly improved upon. Since
the original matrix has rank one, all the rows must span a 1-dimensional subspace.

It is not difficult to see that all the rows with missing entries should be the same as
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the third row. Further, this defines a unique rank-1 model achieving zero error:

11 -1 1 —1]
11 -1 1 -1
11 -1 1 -1
11 -1 1 -1
11 -1 1 -1

Matrix completion concerns this problem of predicting the missing entries in a
partially observed data matrix by learning a low-rank model. The above example
of completing a rank-1 matrix seems trivial, but the problem changes dramatically
when we have matrices of higher ranks.

Many applications are captured within the framework of matrix completion. This
could be used, for example, by a movie-rental service to provide personalized recom-
mendations based on the past ratings provided by its customers. A movie-ratings
matrix can be modelled as an approximately low-rank matrix: customers who agreed
in the past tend to agree in the future and only a few factors determine a customer’s
taste in movies. Solving matrix completion provides predictions on the unobserved
ratings, which in turn can be used to make customized recommendations. A well-
known example of this collaborative filtering problem is the Netflix prize [59, 3].

Similarly, in a network of wireless devices, we could apply matrix completion
schemes to find positions of the devices. If we know distances between all pairs of
devices then we can reconstruct all the positions up to a rigid motion by applying a
simple technique known as multidimensional scaling [26]. In practice, due to attenua-
tion and interference, only measurements between close-by devices are available. This
defines a partially revealed distance matrix, the rank of which is determined by the
ambient dimension. To be precise, let each entry of a distance matrix be the squared
Euclidean distance between two devices associated with the row and the column.
Then, it is known that the rank of this distance matrix is at most five [93]. Hence,
we can find the positions of the devices up to a rigid motion by first completing this
distance matrix with a rank-5 matrix and then applying multidimensional scaling.

When it is costly to measure an entry of the data matrix, matrix completion



schemes could be used to reduce the number of measurements significantly. One
might be interested in monitoring temperature at hard-to-reach locations or traffic
on all the links in a network [120]. Define a traffic matrix where each row represents
each link and each column represents each time interval. Each entry represents the
volume of traffic on a particular link at the associated time interval. Since monitoring
all the links at all times is costly, we could instead measure a subset of the links at
a time interval and measure a different subset of the links at the next time interval.
Collecting all these partial traffic measurements over time, we can estimate the rest

of the traffic matrix using matrix completion schemes.

Matrix completion schemes could also be used to predict missing data points
possibly resulting from failures in the data acquisition process. Missing data points are
common in applications with large datasets, such as microarray [111] and structure-
from-motion [24]. Once all the missing values have been predicted, the complete
dataset can be analyzed using standard statistical techniques. We are concerned with
problems where most of the values are missing as well as problems where only a few
values are missing. For instance, about 99% of the movie-ratings are missing in the

Netflix prize dataset.

In this work, we study the problem of learning a low-rank model from a partially
revealed matrix to predict the missing entries. We introduce an algorithmic solution
to this matrix completion problem and analyze how well we can learn the low-rank

model with this algorithm.

Chapter 2 introduces the novel and efficient algorithm for solving matrix comple-
tion problems. Assuming the samples are drawn uniformly at random and corrupted
by noise, we provide strong performance guarantees. In the process, we obtain a gen-
eralization of a celebrated result by Friedman, Kahn, and Szemerédi [42], and Feige
and Ofek [40] on the spectrum of sparse random graphs. The algorithm can easily

deal with massive datasets with billions of entries.

The performance guarantees proved in Chapter 2 are quite general and hold for
any noise. In Chapter 3 we consider the quality of our estimation and prove order-
optimality under two important scenarios: the noiseless setting and the additive

Gaussian noise setting. When we don’t have any noise in the samples, if enough
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number of entries are sampled then we can correctly reconstruct a low-rank matrix.
Candes and Tao [22] proved a lower bound on the necessary number of samples, below
which no algorithm can guarantee correct reconstruction. With a small number of
samples close to this lower bound, we show that our algorithm correctly recovers a
low-rank matrix. In the case when we have i.i.d. Gaussian noise, Candes and Plan [19]
and Negahban and Wainwright [74] proved lower bounds on the achievable estimation
error. We show that our algorithm finds a near-optimal estimation with error close
to these lower bounds. Further, we review related results in matrix completion and
compare them to our performance guarantees. Then, we show numerical results on
artificial and real datasets supporting the theoretical guarantees.

Chapter 4 deals with the problem of positioning wireless devices. We formulate
this problem as a matrix completion problem, and discuss the main challenges in
applying matrix completion schemes directly. As a first step to overcome these chal-
lenges, we focus on understanding and analyzing existing positioning algorithms and
provide strong performance guarantees. Although this chapter is motivated by matrix

completion, it is mostly self-contained.



Notations

Throughout this manuscript, we use the following notations. For a vector x € R", we
use ||z]| = (301, 22)/2 for its Euclidean norm. For a matrix X € R™*", we use X7
for the transpose of X, and Tr(X) = > . X;; for the trace of X. ||X||p denotes the
Frobenius norm defined as || X||p = />, ; X7;. We use || X2 to denote the operator
norm (or the maximum singular value) defined as || X |2 = sup, {[|Xal|/|lal|}. For
a given positive integer n, we use [n] = {1,...,n} to denote the set of first n integers.
In the following, whenever we write that a property A holds with high probability
(w.h.p.), we mean that there exists a function f(n) such that P(A) > 1 — f(n) and

f(n) = 0asn— oo.
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Chapter 2
Matrix Completion

In collaborative filtering, we want to predict the missing ratings of a partially re-
vealed movie-ratings matrix in order to provide personalized recommendations [59].
In positioning, we want to find the missing distance measurements in a partially re-
vealed distance matrix in order to find the positions of the wireless devices [97]. Both
of these examples share a common fundamental challenge: How can we recover, or
complete, a data matrix from a small number of revealed entries? Without further
hypothesis on the structure of the data, we cannot hope to find the missing entries.
A common hypothesis is that the matrix is well approximated by a low-rank ma-
trix. Low-rank matrices are commonly used to model collaborative filtering datasets
[59]. In the positioning problem, the rank of the data matrix is comparable with the

ambient dimension which is three.

In Section 2.1, we start with a mathematical model for the problem of matrix
completion which will be used throughout this chapter. We assume that the matrix
to be reconstructed has low-rank and the entries are revealed uniformly at random.
Some matrices are easier to complete than other matrices of the same rank, and ‘inco-
herence’ of a data matrix characterizes how difficult it is to complete the matrix from
random samples. In Section 2.2, we provide a formal definition of this incoherence
property which was introduced in [20]. Section 2.3 introduces an algorithm which

efficiently finds provably near-optimal solutions to matrix completion problems. The
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proposed algorithm starts with ‘trimming’ the sampled data matrix to prevent over-
fitting and then computes the singular value decomposition to get an initial guess.
Then, starting from this initial estimate, the algorithm iteratively performs gradi-
ent descent on a Cartesian product of two Grassmann manifolds. The role of the
trimming step is further explained with an example in Section 2.4, and Section 2.5
discusses the geometry of the Grassmann manifold which will be useful in the proof
of main results. The main result of this chapter is a near-optimal performance guar-
antee of the proposed algorithm and is presented in Section 2.6. The proof of this
result is provided in Section 2.7. This chapter is based on joint work with Keshavan
and Montanari [56, 57].

2.1 Mathematical model

This section provides a mathematical model and sets up notations that are going to
be used throughout this chapter. We denote by M the unknown low-rank matrix that
we want to reconstruct. In the context of collaborative filtering, the (4, 7)th entry of
M is the rating the user ¢ would assign to the movie j. We assume that M € R™*"
has rank r which is much smaller than its dimensions m or n. Notice that we can
always assume to have m > n, since, in the other case, we can instead consider the
transpose of the matrix M. In the following, therefore, we define @« = m/n and

assume o > 1.

The singular value decomposition (SVD) of M can be expressed as
M=UxV",

where U € R™*" and V € R™" are orthonormal matrices corresponding to the left
and right singular vectors. The singular values are collected in a diagonal matrix
Y = diag(Xy,...,,), where ¥; is the ith largest singular value of M | i.e., ¥; >
Yo > 2>, >0.

To model the noise in the revealed entries, we assume that each entry of M is
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perturbed, thus producing an approximately low-rank matrix N. Let
Nij = Mij + Zij

where the noise matrix Z will be assumed to be small in an appropriate sense. Notice
that in a more practical case, the matrix to be reconstructed might not be exactly
low-rank but only approximately low-rank. Then, the weaker spectral features can
be modelled with Z and the same algorithm and our analysis applies to that case as

well.

Out of the m x n entries of N, a subset £ C [m] X [n] is revealed. Here and
below [k] = {1,...,k} denotes the set of first k integers. In the collaborative filtering
dataset, £ is the user/movie pairs for which a rating V;; is available, and Z;; models
the noise in the sampled ratings. Let N¥ denote the revealed matrix where all the

missing entries are filled with 0’s.

Y 0 otherwise.

In the future, we use the terms ‘observed’, ‘revealed’, or ‘sampled’ matrix interchange-
ably to refer to this N¥. Notice that we can also write N¥ = M¥ + ZF where the
superscript (-)¥ of a matrix denotes that we set to zero all the missing entries (all the

entries in the complement of F).

The set E is assumed to be uniformly random given its size |E|. From the random
sample N¥, we want to find a low-rank estimation of M. The accuracy of our estima-
tion depends on the structure of the original matrix M. We need the singular vectors
U and V to be sufficiently “spread out” or “incoherent” in order to reconstruct M
from a small number of samples. This notion is formalized by the incoherence property

introduced by Candes and Recht [20], and defined in the following section.
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2.2 Incoherence property

We need a simple characterization of M which conveys how difficult it is to recover
the matrix from a small number of sampled entries. For instance, let e; denote a
standard basis vector which has 1 in the ¢th entry and 0’s everywhere else. Let us take
an extreme example where M = eief and there is no noise, Z = 0. Then the original
matrix M can be recovered exactly only if the (4, j)th entry is actually sampled, which
happens with large probability only if we sample a significant fraction of the entries.
Therefore, to complete a matrix from a small number of samples, we need the singular
vectors to be sufficiently unstructured or incoherent in an appropriate sense.

Recall that »; is the ith largest singular value of M, and w; and v; are the
corresponding left and right singular vectors. We write U = [ug,us,...,u,| and
V = [v1,vg,...,v:]. Then, a rank-r matrix M has incoherence property with param-

eter p if it satisfies the following properties:
A0. For all i € [m], j € [n], we have >° . UZ < pr/m, 3 oy Vie < pr/n.
A1l. For all i € [m], j € [n], we have |M;;| < prt/?%; //mn.

We also refer to M as p-incoherent. In particular, we say a family of matrices are
pu-incoherent if the above conditions are uniformly satisfied. Further, with a slight
abuse of terminology, we say a matrix or a family of matrices are incoherent if the
conditions are satisfied with polylogarithmic p, i.e., u = O((logn)?).

This definition of incoherence was first introduced by Candes and Recht [20], and
proved to be crucial in characterizing the accuracy of matrix completion [22]. The
first assumption AO coincides with the corresponding assumption in [20]. Further,
UiaVija| < pr/?/\/mn. This is analogous to

A1, although it does not coincide with it. The two versions of assumption A1 coincide

20] makes an assumption that | 1,
in the case of equal singular values ¥; = ¥y = --- = X,.. In the general case, they do
not coincide but neither one implies the other. For instance, in the case the vectors
(Ui, ..., Ui) and (Vj1,...,V},) are collinear, our condition is weaker, and is implied
by the assumption of [20].

For any M, we can always find a p € [1,m/+/r] which satisfies the incoherence



2.3. ALGORITHM 13

property. Let U, be an orthonormal basis spanning the subspace orthogonal to the
span of U. Since |[e]U|]? < ||ef[U U,]||* = 1, A0 holds for any M with g = m/r.
Since ¥; > max; ; |M;;|, A1 holds for any M with p < m/\/r. Hence for any M we
can find a u < m/y/r such that M is p incoherent. Intuitively, p is large if the the
singular vectors of M are coherent with the standard basis. In the previous example
where M = eie?, i is equal to m and r = 1.

A number of families of random matrices are incoherent. For instance, let M =
XYT where X € R™" and Y € R™" are random matrices with ii.d. bounded
entries. Then, the incoherence condition is satisfied with y = O(min{\/r, /logn}),
with high probability. Also, if X and Y are drawn uniformly at random among all
orthonormal matrices of dimensions m x r and n x r, then u = O(logn) with high
probability [20].

2.3 Algorithm

Consider an example where the noise is zero mean and each entry is sampled indepen-
dently with probability p = |E|/mn. Then, given N¥_ the following rescaling ensures

that the sampled matrix has mean M.

(1) NE — { (1/p)(M;j + Z;;), with probability p,
p) 7

0, otherwise.

Indeed E[(1/p)Njj] = My;. Intuitively, the rescaling compensates for the smaller
average size of the entries of N¥ with respect to M. Achlioptas and McSherry [4]
showed that this rescaled and sampled matrix has spectral features very close to
M when enough entries are samples, namely p > (8logn)?/n. Based on the spectral
properties of this matrix, a naive algorithm for estimating M from a random sampling
NP consists of the following projection operation.

Projection. Compute the singular value decomposition (SVD) of (mn/|E|)N¥ (with
o1 >092>---2>0)

(757) ¥ = Lo
i=1
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Figure 2.1: Histogram of the singular values of a partially revealed matrix MF¥ before
trimming (left) and after trimming (right) for 10* x 10* random rank-3 matrix M with
|E|/mn = 0.003 and ¥ = diag(1,1.1,1.2). After trimming, the underlying rank-3 structure
becomes clear. Here the number of revealed entries per row follows a heavy tail distribution
with P{N = k} = const./k3>.

and return the matrix

PNP) = iy,
=1

obtained by setting to 0 all but the r largest singular values. Notice that, apart from
the rescaling factor (mn/|E|), P.(N¥) is the orthogonal projection of N¥ onto the

set of rank-r matrices.

It turns out that, if |[E| = O(n), this algorithm performs very poorly. The reason
is that the matrix N¥ contains columns and rows with ©(logn/loglogn) non-zero
(revealed) entries. The number of revealed entries in each row and each cloumn is dis-
tributed as i.i.d. binomial with bounded mean. It is known that among n i.i.d. bino-
mial random variables with bounded mean the largest one is at least C'logn/loglogn
with high probability. We refer to Section 2.4 for the proof. These over-represented
rows/columns alter the spectrum of N¥ as will be discussed in Section 2.4. This moti-
vates a preprocessing of the input data according to the following operation (hereafter
the degree of a column or of a row is the number of its revealed entries).
Trimming. Set to zero all columns in N¥ with degree larger that 2|E|/n. Set to
zero all rows with degree larger than 2|F|/m. Let the matrix thus obtained be NE.
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We can similarly define MP from M and ZF from Z , such that NE = MP 1+ 7P,
Figure 2.1 illustrates the role of trimming. We randomly generate a rank-3 matrix
M. To emphasize the effect of trimming, we sample the entries from a heavy-tailed
distribution. We let the degree of the ith row be a random variable X; distributed
as P{X; = k} = C/k® for k > kq. The constants C' and kg are chosen appropriately
such that the probability sums to one and the average degree is 30. Then, given
{ X }iejm), the entries are sampled uniformly at random from each row. The histogram
of the singular values of the resulting sampled matrix M is shown in the left figure.
Most of the information about the original matrix M is captured in the singular
values {oo(ME), o3(MF), 04(M¥)} and the corresponding singular vectors, while the
leading singular value oy(MF) is a ‘spurious’ one due to an over-represented row.
After trimming (right figure), we can see a sharp separation between the leading three
singular values revealing the structure of the original matrix M and the spurious ones.
This effect becomes even more important when the number of revealed entries per

row/column follows a heavy tail distribution, as is the case for real data.

After trimming and an appropriate rescaling, (mn/|E |)N E has spectral properties
close to the original matrix M. We can, therefore, apply the rank-r projection to this
trimmed matrix to get a good estimation of the original matrix M. In the future,
we refer to this procedure as trimming-plus-SVD. The operation of trimming seems
counter-intuitive, because we are ‘throwing out’ valuable information. However, let
us emphasize two facts here: (7) In the last step of our algorithm, to be explained in
the following, the trimmed entries are actually incorporated in the cost function and
hence the full information is exploited; (i) Trimming is not the only way to treat
over-represented rows/columns in N¥, and probably not the optimal one. Another
popular way to balance out the rows and columns, for instance, is to rescale each
row/column by the inverse of its degree. Similar rescaling techniques are often used
in collaborative filtering [101, 59, 84, 103, 86]. We stick to trimming because we can
prove it actually works. The role of trimming is crucial and is further explained in

Section 2.4.

In terms of the above routines, our algorithm has the following structure. We call

our algorithm OPTSPACE because we perform optimization over a lower dimensional
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space that can be described as the Cartesian product of two Grassmann manifolds.

(We refer to Section 2.5 for background and references.)

OPTSPACE

Input: sampled matrix N¥, sample set £, target rank r
Output: estimated matrix M

1: Trim NP, and let NE be the output;

2: Project N¥ to XoS,YT = P,(NF);

3: Clean residual errors by minimizing F'(X,Y")

using manifold optimization starting from (Xj, Yp).

The last step of the above algorithm allows to reduce (or eliminate) small dis-
crepancies between Pr(]v EY and M, and is described below. Note that the entries
discarded in the trimming step are incorporated back into the algorithm in this clean-
ing step.

Cleaning. Various implementations are possible, but we found the following one
particularly appealing. Given orthonormal matrices X € R™*", Y € R™" with
XTX =1, and YTY =1, where I, denotes the identity matrix, we define

F(X,Y) min F(X,Y,9), (2.1)

SE]R"I‘XT‘

F(X,Y,S) = % > (N — (X8YT);)%.

(i,9)EF

In the cleaning step, we minimize F(X,Y) locally starting from (Xo,Yy), where
Xy and Yy are the orthogonal matrices resulting from the previous steps satisfying
XoSoYT = P.(NF).

Notice that F(X,Y) is easy to evaluate since it is defined by minimizing the
quadratic function S — F(X,Y,S) over the low-dimensional matrix S. Further,
F(X,Y) depends on X and Y only through their column spaces. In geometric terms,

F'is a function defined over the Cartesian product of two Grassmann manifolds. We
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refer to Section 2.5 for background and references on this manifold optimization step.
Optimization over Grassmann manifolds is a well understood topic [36] and efficient
algorithms (in particular Newton and conjugate gradient method) can be applied.
To be definite, we propose using the gradient descent method with line search to
minimize F(X,Y). The gradient descent method is described in detail in Section
2.5.3.

The function F(X, Y, S) is a natural error function to minimize. Similar objective
functions have been used for collaborative filtering in [101, 82, 84, 86]. The crucial
differences in our algorithm and analysis are that, first, we introduce a novel trim-
ming and projection step and, second, instead of minimizing F(X,Y,S) directly we
minimize F(X,Y) defined over the Cartesian product of two Grassmann manifolds.
We refer to Section 3.4 for further comparisons.

The implementation proposed here implicitly assumes that the target rank r is
known. In many practical applications, such as positioning [32, 97| or structure-from-
motion [24, 109], the target rank is known in advance and is small. However, in some
applications, such as collaborative filtering [82], the target rank is unknown. A very
simple algorithm for estimating the rank of the matrix M from the revealed entries is
introduced in Section 3.6.1. It is proved that the algorithm recovers the correct rank

with high probability under the hypotheses of Theorem 2.6.2 in the noiseless case.

2.4 Role of trimming

The trimming step of OPTSPACE is somewhat counter-intuitive in that we seem
to be wasting information. In this section, we want to clarify its role through a
simple example. Assume, for the sake of simplicity, M € R™*" to be a square all-
ones matrix, the entries of M are sampled independently with probability p, and
the samples are noiseless. Let ¢ = np denote the average number of samples per
row/column. If € > 15logn, no row or column is over-represented with probability
larger than 1 — 1/n*. Using the Chernoff bound, we get that each of the rows and
the columns is over-represented with probability smaller than (e/4)¢. For e > 15logn

this is smaller than 1/(2n°). Applying the union bound over all 2n rows and columns,
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the claim follows. Since we are interested in the regime where trimming is crucial, we

assume € to be O(1).

The number of non-zero entries in a row is Binomial(n, €/n) and is independent of
other rows. There exists a constant C' such that the row with the largest number of
entries has more than C logn/loglogn entries with probability larger than 1/n. A
simple proof of this claim is provided in [69] using the Poisson approximation. Let X;’s
be independent Poisson random variables with mean €. Also we let p, = P(X; > k).
Then, P(max; X; < k) = (1 — pp)” < exp{—pgn}. Note that p, > 1/(ek!). For
k = C logn/loglogn with small enough C' and € = O(1), it follows that exp{—pxn} <
1/n.

Let imax be the index of this column, and consider the test vector e(=<) whose
Imaxth entry is equal to one and all the others are equal to zero. By comput-

ing ||[MPelm)|| we conclude that the largest singular value of M¥, is at least

C \/ logn/loglogn. In particular, this is very different from the largest singular value
of E[M¥] which is e. Approximating M with the projection P,(M?¥), therefore, leads

to a large error.

Our first main result in Theorem 2.6.1 indeed confirms this expectation. In the
process of showing that PT(ZT/f EY is close to M, we require the leading singular values
of (1/ p)M £ to be close to the ones of M. This is only true if we assume trimming.
Following arguments similar to the ones in the proof, it is indeed possible to show
that the root mean squared error of the untrimmed estimation P,(M?¥) is increasing
with n when € is bounded.

/ 1/2

s =P 2 S ()
where [|Allp = (32, ; A%;)'/? denotes the Frobenius norm of a matrix. It is clear that
this phenomenon is indeed general, as illustrated by Figure 2.1. Also, the phenomenon
is more severe in real datasets where the number of revealed entries per row/column
follows a heavy tail distribution. For instance, in the case of the Netflix prize dataset
[3], the maxium degree of a movie is more than 200,000 while the average number

of samples per movie is about 5,627 [9]. These over-represented movies alter the
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spectrum of the movie-ratings matrix significantly.

To summarize, Theorem 2.6.1 simply does not hold without trimming, or a similar
procedure to normalize rows/columns of M¥. Trimming allows to overcome the above
phenomenon by setting to 0 over-represented rows/columns. On the other hand,
this makes the analysis technically non-trivial. Indeed, while M¥ is a matrix with
independent (but not identically distributed) entries, this is not the case for ME. As

a consequence we cannot rely on standard concentration-of-measure results.

2.5 Manifold optimization

The function F(X,Y) defined in (2.1) and to be minimized in the last part of
OPTSPACE can naturally be viewed as defined on the Grassmann manifold. Here
we recall from [36] a few important facts on the geometry of the Grassmann mani-
fold and related optimization algorithms in Section 2.5.1. Then, we give the explicit
formulae for the gradient in Section 2.5.2. In Section 2.5.3, we use these formulae to

precisely describe the manifold optimization step.

2.5.1 Grassmann manifold

The orthogonal group O(r) consists of r-by-r orthogonal matrices and the orthonormal
group O(n,r) consists of n-by-r orthonormal matrices. In formulae, O(r) = {Q €
R™: QQT = QTQ = 1.} and O(n,r) = {A € R : ATA =1,}. The Grassmann
manifold G(n,r) is defined as the set of all r-dimensional subspaces of R". In other
words, a point on the manifold is the equivalence class of an n-by-r orthonormal

matrix A € O(n,r)

4] = {AQ: Q € O(r)}.

Two n-by-r orthonormal matrices are equivalent if their columns span the same sub-
spaces. Hence, a point in the Grassmann manifold is a specific subset of the or-
thogonal matrices, and the Grassmann manifold is the collection of all these sub-

sets. Therefore the Grassmann manifold is also defined as the quotient G(n,r) =
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O(n)/(O(r) x O(n — r)), where the quotient O(n)/O(n — r) is the set of all n-by-r
orthonormal matrices. To represent a point in G(n, ), we will use an explicit repre-

sentative A to represent the equivalence class [A].

It is easy to see that F(X,Y’) depends on the matrices X and Y only through
their equivalence classes [X] and [Y]. We will therefore interpret it as a function

defined on the manifold M(m,n) = G(m,r) x G(n,r):

F:M(m,n) — R,
(XLIY]) — F(X)Y).

In the following, a point in this manifold will be represented as a pair x = (X,Y),
with X an m-by-r orthogonal matrix and Y an n-by-r orthogonal matrix. Boldface
symbols will be reserved for elements of M(m,n) or of its tangent space, and we
shall use u = (U, V) for the point corresponding to the matrix M = UXVT to be

reconstructed.

Given x = (X,Y) € M(m,n), the tangent space at x is denoted by Ty and
can be identified with the vector space of matrix pairs w = (W, Z), W € R™*",
Z € R™" such that WX = ZTY = 0. The ‘canonical’ Riemann metric on the
Grassmann manifold corresponds to the usual scalar product (W, W’) = Tr(WTW").
The induced scalar product on Ty and M(m,n) between w = (W, Z) and w' =
(W', 2" is (w,w') = (W, W' +(Z,Z").

This metric induces a canonical notion of distance on M(m, n) which we denote by

d(x1,%2) (geodesic or arc-length distance). If x; = (X1,Y]) and xo = (X5, Y3) then

d(Xh X2) = \/d(X17 X2>2 + d(ma 1/2>2

where the arc-length distances d(X;, X3) and d(Y7,Y2) on the Grassmann manifold
can be defined explicitly as follows. Let cos@ = (cos 0y, ..., cosb,) for 0; € [—m /2,7 /2]
be the singular values of X! X,. Then for § = (0y,...,0,)

d(X1,X2) = 0|l (geodesic or arc-length distance).
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The 6;’s are called the ‘principal angles’ between the subspaces spanned by the

columns of X; and X,. It is useful to introduce two equivalent notions of distance:

de(X1,X2) = min || X;Q1 — XoQ2||r (chordal distance),
Q1,Q2€0(r)
1
dp(X1, Xo) = EHXleT — Xo X7 ||F (projection distance).

Notice that d(X1, Xs), d.(X1, X2) and d, (X1, X3) do not depend on the specific rep-
resentatives X; and Xs, but only on the equivalence classes [X;] and [X3]. Dis-

tances on M(m,n) are defined through Pythagorean theorem, e.g. d.(x1,%3) =

\/dc(Xb X2)2 + dc(}/b }/2)2

Lemma 2.5.1. The geodesic, chordal and projection distance are equivalent, namely

1 1

;d(XlaXQ) < NG de(X1, X2) < dp(Xy, Xo) < de(Xy, Xo) < d(Xy, Xo).
Proof. Let A(diag(cosf))B be the singular value decomposition of X7 X,. Then,
0 = (0y,...,0,) for 6; € [—7n/2,7/2] are the principal angles between the planes
spanned by the columns of X; and X,. It is known that d.(X;, Xs) = [|2sin(0/2)||
and d, (X7, Xo) = || sin@|]. The first identity follows from

d.(X1, X5)2 = 2r—2 Tr(QTXT X
( 1, 2) r nglQagé(r) F(Q1 1 2@2)

= 2) (1 —cosf;) = ||12sin(6/2)[* .

i€[r]
The second identity follows from

dp(X1, X0)? = r—Tr( X1 X{ X0 XT)
— Z (1 — (cos;)?) = | sinb|”.

i€[r]

The thesis follows from the elementary inequalities

1
—2 < V2sin(2/2) < sinz < 2sin(2/2) < z |
7T
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valid for z € [0,7/2]. O

An important remark is that geodesics with respect to the canonical Riemann
metric admit an explicit and efficiently computable form. Given u € M(m,n), w € T,
the corresponding geodesic is a curve ¢ — x(t), with x(¢) = u + wt + O(¢?) which
minimizes the arc-length. If u = (U,V) and w = (W, Z) then x(t) = (X(¢),Y (¢))
where X () can be expressed in terms of the singular value decomposition W = LORT
[36]:

X (t) = URcos(0t)R" + Lsin(60t)R", (2.2)

which can be evaluated in time of order O(nr). Note that X (t) satisfy X(0) = U,

X(0) =W, and X ()" X (¢) = I, where I, denotes the identity matrix. An analogous
expression holds for Y'(t).

2.5.2 Gradient

In the following, we give an explicit expression for the gradient of the objective func-
tion, which in turn will be used in the manifold optimization step. The gradient of
the objective function F'(-) at x is the pair of matrices grad F'(x) € Ty such that, for
any smooth curve t — x(t) € M(m,n) with x(t) = x + wt + O(#?), one has

F(x(t)) = F(x) + (grad F(x),w) t + O(t*).

Let I denote the identity matrix. Then, the two components of the gradient of F'(x)
on the Grassmann manifold are grad F(x)y = (I— XX7)VxF(x) and grad F(x)y =
(I-YYT)VyF(x) [36], where

OF (x)
oYy

(VXF<X))Z']' = 6XU
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In order to write an explicit representation of the gradient, it is convenient to introduce

the projector operator for sampling

M;; if (i,5) € E,

(2.3)
0 otherwise.

Pr(M)i; = {

The two components of the gradient are then

grad F(x)y = (I-XX")Pp(XSY" - N)YS",
grad F(x)y = (I-YY")Pp(XSY"-N)'XS,

where S is the minimizer in (2.1). Since, X7 Pr(XSY? — N)Y = 0 for the minimizer

S, the above formulae simplify to

grad F(x)x = Pp(XSY' - N)YST, (2.4)
grad F(x)y = Pp(XSYT - N)'XS. (2.5)

2.5.3 Gradient descent

Now we have all the tools necessary to fully specify the gradient descent method
with line search. Let the SVD of the output from the projection step be PT(]V By =
X0SoYy" . In the manifold optimization step, we take as input the left and right factors

denoted as x¢ = (Xo, Yp), and minimize a regularized cost function

F(X,Y) = F(X,Y)+pG(X,Y)

~(m|| X2 —~ (n||y@|?
F(X.Y il | el Ll i | 2.
(X, )+pi§19< o +p§ 9\ 3 , (2.6)

=1

where X @ denotes the i-th column of X, and Y the j-th column of YT. The role

of the regularization is to force x to remain incoherent during the execution of the
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algorithm. To force (X,Y") to satisfy the incoherence property AQ with 3y, we define

0 if 2z <1,
Mdz{

D 1 if 2> 1.

Various choices of the regularization function would work as well, but we find this
one particularly simple. Furthermore, the algorithm is quite insensitive to the regu-
larization coefficient p, and various choices work well in practice. The analysis of the
algorithm gives a whole range of correct values of p, and we can choose p = O(|E]?).
Let us stress that the regularization term is mainly introduced for our proof technique
to work (and a broad family of functions g would work as well). In numerical experi-
ments we did not find any performance loss in setting p = 0. Notice that G(X,Y) is
again naturally defined on the Grassmann manifold, i.e. G(X,Y) = G(XQ,Y Q') for

any @, Q" € O(r).

Manifold Optimization

Input: sampled matrix N, sample set E., initial factors Xg, Kmax, Y
Output: estimated matrix M
1: For k=0,1,...,knx do:

2: Compute Sy = argming F(xy, S);

3: Compute wy = grad F(x;);

4: Let t — x4 (t) be the geodesic with x,(t) = x5, + wit + O(t?)
defined as in (2.2);

5 Set t = to;

6 While F(x;(t)) > F(x) — (1/2)t(wg, W) or d(xx(t), %) > v do:

T t—1t/2;

8 Set xp11 = Xk (1);

9 End For;

10:  Output M= XkSkYkT, where S, is the minimizer.

Before passing to the main results, it is worth discussing a few important points

concerning the gradient descent algorithm.

(7) In the above, v must be set in such a way that d(u,x() < v and a simple value
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Figure 2.2: Prediction and fit errors as functions of the number of line minimizations
for rank-10 random matrices of dimension 1000 x 1000. The average number of
samples per row/column is e for two values of e: 100 and 200.

(i)

(iid)

for v is proposed in Section 2.7.3. The appropriate choice of v might seem to
pose a difficulty. In reality, this parameter is introduced only to simplify the
proof. We will see that the constraint d(x(t),xo) < 7 is, with high probability,

never saturated.

Similarly, there is no need to know the actual value of i in the regularization
term. One can start with ¢ = 1 and then repeat the optimization doubling it at
each step. On the other hand, an algorithm for estimating the incoherence of an
unknown matrix by sampling its columns is proposed in [70]. A similar approach

can be extended to the case when we sample entries instead of columns.

The Hessian of F can be computed explicitly as well. This opens the way to
quadratically convergent minimization algorithms (e.g. the Newton method).
However, due to the increased complexity, such algorithms are not practical for

large scale problems.

Figure 2.2 illustrates the rate of convergence of the manifold optimization step
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Figure 2.3: Prediction and fit errors as functions of the number of line minimizations
for random rank-2 600 x 600 matrices. The average number of samples per row /column
is e 80 and 160. The standard deviation of the i.i.d. Gaussian noise is 0.001.
Prediction error of an oracle estimator (3.8) is also shown for comparison.

when there is no noise in the samples. We present the results of a numerical experi-
ment for uniformly random matrices M. The fit error, HPE(]\/Z — M)||r/+/|E] and the
prediction error H]\//T — M||p/n, are plotted with respect to the number of iterations
of the MANIFOLD OPTIMIZATION step and averaged over 10 instances. We can see
that the prediction error decays exponentially with the number of iterations. Also,
the prediction error is very close to the fit error, thus lending support to the validity
of using the fit error as the stopping criterion.

Figure 2.3 illustrates the rate of convergence of the manifold optimization step
in the presence of i.i.d. Gaussian noise. M is generated as in the previous example.
A small Gaussian noise was used in order to trace the RMSE evolution over many
iterations: Z;; ~ N (0,0?) with o = 0.001. Each point in the figure is averaged over
20 random instances. The prediction error converges to that of an oracle estimator
described in Section 3.2. The fit error is defined as HPE(]\//T— N)||r/+/]E|, and can
be easily evaluated since N¥ = Pg(N) is always available at the estimator. The fit

error decays exponentially with the number iterations until it reaches the standard



2.6. MAIN RESULTS 27

deviation of the noise which is 0.001.

For simplicity, consider the case when all the entries are revealed. Since N = M+7
and rank(M) = r,

i N-Al} > i Z — Al
A,ralrﬁl(lfll):rn ||F - A,rar?kl(lg)ZQTH ||F

> 2l —2rlZ]; -

From Theorem 2.6.3 we know that ||Z||3 < Co?n with high probability. Also, since
E[||Z]|%] = o*n?, we can apply the Chernoff bound to get || Z||% > (1 — d)o?n* with
high probability for any positive o > 0. Then,

1 C
min —||N—AHF20\/1—5——T.
Ayrank(A)=r N n

For r < n, the fit error of the best rank-r estimation is lower bounded by a quantity

close to o = 0.001.

2.6 Main results

The two main results of this chapter are performance guarantees for the simple
trimming-plus-SVD approach and the OPTSPACE algorithm. Since we are inter-
ested in very large datasets, we shall strive to prove performance guarantees that are
asymptotically optimal for large m and n. However, our main results are completely
non-asymptotic and provide concrete bounds for any m and n.

Trimming and rank-r projection can be done efficiently when we have N which
is sparse. The following theorem establishes a bound on the quality of the estimation

using this simple procedure.

Theorem 2.6.1. Let M be a rank-r matriz of dimension naxn that satisfies | M, ;| <
Mpax for alli € [m] and j € [n]. Assume that the set of revealed entries E C [na] x [n]

is uniformly random given its size |E| and the sampled matriz is N¥ = M¥ + ZE,
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Then there exists a numerical constant C such that

/2 ~
pu-n), < (M) RN @

n\/_) 2] B

with probability larger than 1 — 1/n3.

Recall that ||- ||z denotes the Frobenius norm and || || denotes the operator norm
or the largest singular value of a matrix. The architecture of the proof is described
in Section 2.7.2. The factor 1/(ny/a) corresponds to the usual normalization by the
number of entries in the summation. Note that this bound does not depend on the
incoherence of M.

Projection onto rank-r matrices through SVD is a pretty standard tool, and is used
as the first analysis method for many practical problems. At a high-level, projection
onto rank-r matrices can be interpreted as ‘treat missing entries as zeros’. This
theorem shows that this approach is reasonably robust if the number of observed
entries is as large as the number of degrees of freedom (which is (m +n)r — r?) times
a large constant. The error bound in (2.7) is the sum of two contributions: the first
term can be interpreted as an undersampling effect (error induced by missing entries)
and the second as a noise effect. Let us stress that trimming is crucial for achieving
this guarantee when the sample size is comparable with the degrees of freedom.

Notice that the top r singular values and singular vectors of the sparse matrix
NE can be computed efficiently using subspace iteration [11]. Each iteration requires
O(|E|r) operations. The subspace iteration converges exponentially when there is a
gap between the rth singular value and the the (r + 1)th one.

The second main result of this chapter provides a performance guarantee for
OPTSPACE. By adding the ‘cleaning’ step, the performance improves systematically
over the simple trimming-plus-SVD approach. The following theorem establishes that
the ‘cleaning’ step eliminates all the effects from missing entries for large enough | E|.
This theorem is order optimal in a number of important circumstances including the
noiseless case and i.i.d. Gaussian noise case, and further comparisons are provided in

Chapter 3. For the proof of this theorem we refer to Section 2.7.3.
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Theorem 2.6.2. Let M be a rank-r matrix of dimension na X n satisfying the in-
coherence property with parameter p. Define ¥y to be the k-th largest singular value
of M and let k = Yiax/Smin where Yoy > X1 > - > 5, > Y. Assume that the
set of revealed entries E C [na] X [n] is uniformly random given its size |E|. Let M
be the output of OPTSPACE on input N¥ = M¥ + Z¥ . Then, there exists numerical
constants C7 and Cy such that, if

|E| > O nuroufmax{logn, ur\/a/f4},

then, with probability larger than 1 —1/n?,

1 — nK?\/ra
nallM = M| < G121, (2:8)

provided that the right-hand side is smaller than X/ (ny/a).

The above guarantee only holds ‘up to numerical constants’ independent of the ma-
trix dimension or the incoherence parameter. One might wonder how good OPTSPACE
is in practice. While a detailed study is presented in Section 3.5, in Figure 2.4, we
present the results of a numerical experiment with randomly generated matrices. We
generate n x r random matrices U and V' with i.i.d. Gaussian entries distributed as
N(0,1), and let M = UVT be the rank-r random matrix to be reconstructed. We plot
the empirical reconstruction rate of OPTSPACE as a function of the average number
of revealed entries per row. Here, the sampled entries are noiseless and we declare a
matrix to be reconstructed if the relative error | M — ]\//THF/HMHF < 107*. The recon-
struction rate is the fraction of instances for which the matrix was reconstructed. For
comparison, we also plot the fundamental limit obtained using the algorithm from
(98] based on rigidity theory.

In Figure 2.5, the average root mean squared error RMSE = | M — ]\/4\||F/\/W
is shown for different sample size |E| and various number of line minimization in
the ‘cleaning’ step. The noise is i.i.d. Gaussian with Z;; ~ A(0,1). We also plot
an information theoretic lower bound described in Section 3.2. After 10 iterations,

the RMSE achieved by OPTSPACE becomes indistinguishable from that of an oracle
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Figure 2.4: Reconstruction rates of OPTSPACE on 500 x 500 matrices. The solid
curves are the upper bounds on the reconstruction rate for different ranks proved in

[98).

estimator described in Section 3.2 for most values of |E].

So far, we did not make any assumption about the noise matrix Z. Our results
are completely general and provide concrete bounds for any Z. However, in order to
make sense of the above results, it is convenient to consider a couple of simple models
for the noise matrix. For each of these models, we provide a bound on || ZZ||5, which

determines the accuracy of our estimation.

Independent entries model. We assume that Z;;’s are i.i.d. random variables, with

zero mean E{Z;;} = 0 and sub-Gaussian tails. The latter means that
22
P{|Zij| = 2} < 2727,

for some constant o uniformly bounded in n.

Worst case model. In this model Z is arbitrary, but we have a uniform bound on

the size of its entries: |Z;;| < Zpyax.

The error bounds are determined by the operator norm || ZZ|, and || Z”|5. The
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Figure 2.5: RMSE achieved by OPTSPACE in reconstructing a 600 x 600 rank-2 matrix
using | F| sampled entries with Gaussian noise for different number of line minimiza-
tions. RMSE achieved by an oracle estimator (3.8) is also shown for comparison.

next theorem provides a bound on these quantities under the two noise models.

Theorem 2.6.3. If Z is a random matriz drawn according to the independent entries

model, then for |E| > n there is a constant C' such that,

|27, < co (182 29)
n
with probability at least 1 — 1/n*. Further, if |E| > nalogn then
N B[\ "2
7%, < co (£ 2.10
177, <o (1) 210

with probability at least 1 —1/n*.
If Z is a matriz from the worst case model, then
~ 2|E
12, < 22 Zo,

ny/a
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for any realization of E.

We showed that if |F| > 15anlogn then no row or column is over-represented
with high probability. It follows that in the regime of |E| for which the conditions of
Theorem 2.6.2 are satisfied, we have ZZ = ZF and hence the bounds apply to || ZZ||
as well. Then, among other things, this result implies that for the independent entries
model the right-hand side of our error estimate, (2.8), is with high probability, smaller
than X5,/ (ny/a), if |E] > Cra?n®k*(o/Smm)?. For the worst case model, the same
statement is true if Zpa < S /Cnky/ra.

2.7 Proofs

In this section, we provide the proofs of the main results, which rely on a number of
key technical lemmas. For the sake of brevity, we refer to [56, 57| for the proofs of

some of the lemmas.

2.7.1 Independent sampling model

Under the uniform sampling model assumed in Section 2.1, each subset E is chosen
with probability 1/ (| i

hold under the uniform sampling model, we prove that the results hold under an

") for a fixed |E|. Instead of proving that the main results

independent sampling model, where each entry is independently sampled.

Define € = |E|/y/mn. In the case m = n, e corresponds to the average number of
revealed entries per row or per column. In practice, it is convenient to work with a
model in which each entry is revealed independently with probability €/y/mn. Ele-
mentary tail bounds on binomial random variables imply that, under the independent
sampling model (also called Bernoulli model [20]), there exists a constant A such that,
for all ey/a > 1

{|E!E [nev/a — Ay/nlogn, m—:\/_—|—A\/nlogn}>1—i

Since the success of the algorithm is a monotone function of | E| (we can always ‘throw

away’ entries) any guarantee proved within one model holds within the other model
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as well, if we allow for a vanishing shift in €. This type of ensemble equivalence is

standard and heavily used in random graph theory [63, 14].

2.7.2 Proof of Theorem 2.6.1

We want to prove that 73,n(J§7 £ is a good estimation of M with bounded error as in
(2.7). Our key technical result is that the random matrix (an?/ |E|)J/\\4/ E has spectral

properties close to the original matrix M.

Lemma 2.7.1. There exists a numerical constant C' > 0 such that, with probability

larger than 1 — 1/n3,

< CMynay |2 (2.11)

2
an® —~—
M — —MF .
H 2 |E]|

B

This lemma generalizes a celebrated result on the second eigenvalue of a random
graph by Friedman, Kahn, and Szemerédi [42], and Feige and Ofek [40]. The impli-
cation of this lemma is illustrated in Figure 2.1. The spectrum of ME clearly reveals
the rank-3 structure of M.

A main challenge in proving the above lemma is that the trimming step generates
dependencies among the entries of MPE. To address this challenge, we use techniques
inspired by [42] and [40]. The proof of this lemma is somewhat cumbersome and, for
the sake of brevity, we refer to [56] for the proof. Notice that (2.11) does not depend
on the rank of M and, thus, generally holds for any M with any rank. Further, notice
that (2.11) does not depend on the incoherence of M.

To bound || M —P,(NE)||p, we start by noting that M —P,(NZ) is a random matrix
with rank at most 2r. For any matrix A of rank at most 27, we have || Al|r < v/2r| Al|,.
Hence it is sufficient to bound the operator norm ||M — P, (NZ)][,.

Define the singular values {o;} and the singular vectors {z;} and {y;} as

an?\ ~
R

i€[n]
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where oy > -+ > 0,,. Recall that N = M + ZZ and P,(N¥) = (an?/|E|)NZ —

T
ZiZH—l 0;%:Y; whence

2 2
i>r+1

Applying triangular inequality to the operator norm, we get

2 2
M —P(NFY, < HM—ﬂMEH . HﬂZEH . 2.12
|| P( )H? = ’E’ 2+0+1+ |E’ 5 ( )

Let 71(-) denote the kth largest singular value of a matrix. Then, applying Weyl’s
inequality [50] to bound 0,41 = (an2/|E|)&r+1(ﬁE + ZF), we get

2

_ san?—~ _san? =~ B
Or41 S O'1<EME—M> +O_1(WZE> +O'7~+1(M)
an? ~ an? ~
= e - vl + 77,
| E| » TITE 1l

Substituting it into (2.12) and applying | M — P.(NE)|z < v2r|M — P,(NE)]|5, we

have

2 o~
n zx/er—O‘” 7E
2

~ 2/\/
IM = PNP)p < 2v20|| M - TN 7

|E

) .

Together with Lemma 2.7.1, this finishes the proof of Theorem 2.6.1.

2.7.3 Proof of Theorem 2.6.2

Recall that the cost function is defined over the Riemannian manifold M(m,n) =
G(m,r) x G(n,r). The definitions given in Section 2.5.1 will be heavily used in this
section. We first present a few preliminary remarks that are useful, then we present
two key lemmas which are crucial in proving Theorem 2.6.2. In the proof, we will use
C, (', ete. to denote general numerical constants, and C7, Cs, ete. to denote specific

numerical constants.
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Preliminary remarks and auxiliary lemmas

The next remark, together with Theorem 2.6.1, shows that we can get an initial esti-
mate (X, Yp) close to the correct solution (U, V') with trimming-plus-SVD approach.

Let I, denote an r x r identity matrix.

Remark 2.7.2. Let U, X € R™" with UTU = XTX =1, VY € R™" with
VIV =YTY =1, and M = UXV7T, M= XSYT for ¥ = diag(¥24,...,%,) and
SeR™. If¥,...,2, > Xn, then

™ ™

\/52 min \/§E min

Proof of Remark 2.7.2. We start by observing that d(V.Y) < nd,(V,Y’) from Lemma
2.5.1 and

d(U,X) < 1M~ Ml , dV.Y)< 1M = M.

1 )
(V.Y) = J5 min [V = YAl (2.13)

Indeed the minimization on the right hand side can be performed explicitly (as ||V —
Y Al|% is a quadratic function of A) and the minimum is achieved at A = YTV. This
implies (2.13) from the definition of dp(-).

To prove the remark, take A = STXTUYX~!. Then

[V-YA|lp = sup (B,(V-YA)

BBl r<1

= sup (BT, 2T UBVT - XSYT))
B,[|Bllr<1

= sup (U 'BT (M- M»
BBl p<1

< suwp [[USTBT||p||M — M]|r. (2.14)
B|Bl|p<1

On the other hand

|US™'BY||% = Te(BY ' UTUS ' BY) = To(B"BX %) < 2.2 || B|l%,

min
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whereby the last inequality follows from the fact that X is a diagonal matrix. Together
with (2.13) and (2.14), this implies our claim. O

The following remark provides a bound on || Z€||y. Let € = |E|//mn.

Remark 2.7.3. By assumption that the right-hand side of (2.8) is smaller than
Yomin/ (n/a@), the following is true:

EZ:min

A _—
1271 = Cor?ny/ar’

(2.15)
where Cy can be made as large as we want by modifying the constant appearing in the
statement of Theorem 2.6.2.

The main idea of the proof of Theorem 2.6.2 is that when PT(N EY is close to M
the cost function is well approximated by a quadratic function plus some noise term.
The proof consists in controlling the behavior of F'(+) in a neighborhood of u = (U, V)
(the point corresponding to the matrix M to be reconstructed). The proof is based
on the following two lemmas. Given S achieving the minimum in (2.1), it is also

convenient to introduce the notations

(o) = == SR de )+ 15 - S

dy.(x, ) 2+ 1S -X2lE,

- e

and let /C(x) be the set of matrix couples (X,Y) € R™*" x R™" such that || X®|? <
pr/m, ||Y |2 < pr/n for all 4, j, where X@ is the ith row of X and Y is the jth

row of Y.

Lemma 2.7.4. There exists numerical constants C, Cs3, Cy, Cs such that the following
happens. Assume € > Cyury/a max{logn; urv/ax*} and 6 <1/(Csk). Then,

3
3
|
g
£
Vv

Cyenv/ad_(x,u)? — Cyny/ral| Z*||2d, (x,u) (2.16)

C:;E_ 2 d(x,u)* + Csny/ral| Z7|2d,y (x,u) (2.17)

3
L
|
g
£
A
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for all x € M(m,n) N K(4p) such that d(x,u) < 6, with probability at least 1 — 1/n*.

Here S € R™" is the matriz realizing the minimum in (2.1).

For the proof of this lemma we refer to [57]. The next corollary follows from the

above lemma.

Corollary 2.7.5. There exists a constant C' such that, under the hypotheses of Lemma
2.7.4,

1S — 3|lr < OB paxd(x, 1) + oV ||ZE||2

Further, for an appropriate choice of the constants in Lemma 2.7.4, we have

Onax(S) < 2+ O 27, (2.18)
1
Tmin(S) > §zmm—c” 122, . (2.19)

Proof of Corollary 2.7.5. By putting together (2.16) and (2.17) and using the defini-

tions of d, (x,u) and d_(x,u), we get

(Gt Bz dix,u)?
Cy
(04 + Cs)nvar g
e A Y

IS — SII%

2+ 1S - 3lE-

max

To prove the bound on [|S—X| ¢, let z = ||S—X||, a® = ((C4+C5)/Ca) X2, d(x, u)?,
and b = ((Cy + Cs)ny/ar/Cye) || ZF 5. The above inequality then takes the form

2 <a?+bvVa2+a<a®+ab+ bz,

which implies our claim x < a + b.
The singular value bounds (2.18) and (2.19) follow by triangular inequality. For

stance

Umin(S) Z min szax (X, u) - Cn €ar||ZEH2-



38 CHAPTER 2. MATRIX COMPLETION

which implies the inequality (2.19) for d(x,u) < § = Xin/C38max and Cs large

enough. An analogous argument proves (2.18). OJ

Further, using Corollary 2.7.5 in (2.16) and (2.17), we get the following corollary

after some algebra. Define

NKA/TX (6%
So = C YN zE), 0 G =C 1255 .

Emin max

NK~/T

We can assume 0y < §/20 and 9o < /C4/C5(6/(20k)) by substituting (2.15) with
large enough Cs.

Corollary 2.7.6. There exists a constant C' such that, under the hypotheses of Lemma
2.7.4,

F(x)— F(u) > 04%{d(x, w?—-32 ), (2.20)
F(x)— Fu) < Cs™msfg(x u)? + 2L (2.21)

The next lemma shows that, in a neighborhood of u, local minimizers satisfying
grad F(x) = 0 are all close to u: d(x,u) < (Coniy/ra/(€Smm))|| ZZ||2-

Lemma 2.7.7. There exists numerical constants C, Cs, Cg, C; such that the following
happens. Assume € > Cyury/a k® max{logn; ury/axt} and § < 1/(Csk). Then,

2

1Z5]l2| (2.22)
_l’_

- 224.
lgrad F(x)|? > Comin | g(x, u) — Oy V@
no

62rnin

for all x € M(m,n) N K(4u) such that d(x,u) < &, with probability at least 1 — 1/n?.
(Here [a], = max(a,0).)

For the proof of this lemma we refer to [57]. We can now turn to the proof of
Theorem 2.6.2.
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Proof of Theorem 2.6.2

Let § = 1/(Csk) with Cj large enough so that the hypotheses of Lemmas 2.7.4 and
2.7.7 are verified. The strategy for proving Theorem 2.6.2 is as follows. Call {xy }x>0
the sequence of pairs (X, Yx) € M(m, n) generated by k iterations of gradient descent.
First, we claim that we get a good starting point xo with distance at most §/10 from
u. Further, with this starting point, we can show that all the x;’s satisfy x5, € K(4pu)
and d(u,xy) < §/10. The proof of these claims are provided later in this section.

These claims imply that the lemmas 2.7.4 and 2.7.7 are satisfied for all x; and, in

particular, the sequence {x;} converges to
Q = {x € K(4p0) N M(m,n) : d(x,u) < 5, grad F(x) = 0}.

By Lemma 2.7.7, for any x € €2 we have

nNKk+/ T
dlx,0) < G2 27 (2.23)

By triangular inequality,

1M = XSYT3 < 3X(S — YT+ 3IXE(Y - V)TI2 + 3I(X - U)svT |
315 — 2% + 352 (IX = Ul + 1Y = V(%)

max(|

IN

< Cn*ad(x,u)?,

Using Corollary 2.7.5, we have

1
d+<X, 11) S m(Emaxd(X, u) -+ HS — ZHF>
C C
S Emaxd(xa U) + \/;HZEHQ :

ny/a €

Substituting (2.23) in the above series of inequalities, this implies for all x € €,

1 K2\/T
L= xSy Ty < 0T 28,
ny/a €
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which proves Theorem 2.6.2.

Now we are left to prove the following three claims:
1. d(xg,u) < 46/10.

First, we apply Theorem 2.6.1 to show that we get a good starting point x,
with distance at most /10 from u. From Remark 2.7.2 we have d(u,x() <
(7/Smin) |M — X0SoYy ||, where Sy is the minimizer in (2.1). Together with
Theorem 2.6.1 this implies

CMyxno (r\Y2  C'nyar  ~
sy < Cmcrs (V2 OV 7

- Emin € Ez]min

Since € > Crap?r?k? as per our assumptions and M.y < py/TSmax/ (ny/a) for
incoherent M, the first term in the above bound is upper bounded by C/(C} / ’K).
For a given C5, we can choose large enough Cj such that C/(Cll/Qli) < 1/(20C5k).
Using (2.15), with large enough constant Cs, the second term in the above bound
is also upper bounded by 1/(20Csk). This proves that if € > Ciapu?r?k?* then
for 6 = 1/(Csk),

J

d <2
(u,%0) < 75

2. xi € K(4p) for all k.

First we notice that we can assume x¢ € K(3p). Indeed, if this does not hold,
we can ‘rescale’ those rows of X, Y, that violate the constraint. The following
remark shows that such rescaling is possible. For the proof of this remark we
refer to [56].

Remark 2.7.8. Let U, X € R™" with U'U = X*X =1, and U € K(u)
and d(X,U) < § < 1—16. Then there exists X' € R™" such that X' X' = 1,,
X' € K(3u) and d(X',U) < 45. Further, such an X' can be computed from X
in a time of O(nr?).

Since xo9 € K(3u) , F(x¢) = F(x9) < 4C5¢*¥2,.6%/(100n+/a), which follows

from (2.21) after some algebra. On the other hand F(x) > p(e'/? — 1) for
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x & K(4u). Since F (xx) is a non-increasing sequence, the thesis follows provided
we take p > Ce?X2. /(ny/a).

3. d(xx,u) < /10 for all k.

Since € > Cap?r?k® with large enough C) as per our assumptions in Theorem
2.6.2, we have d(xg,u)? < (Cy/Csk%)(6/20)%. Also assuming (2.15) with large
enough Cy, we have dy— < 6/20 and &y < \/C4/C5(6/20k). Then, by (2.21),

, 20

F <F CheXs ) ———.

Now, set the algorithm parameter to v = §/2 such that d(xz,u) < J. Using
(2.20), for all x;, such that d(xy,u) € [0/10, 6], we have

> —
F(x) > F(u) + CyeX 100nva

Hence, for all x; such that d(x,u) € [6/10, 8], we have F(x) > F(x) > F(x).

This contradicts the monotonicity of F (x), and thus proves the claim.

2.7.4 Proof of Theorem 2.6.3

Proof. (Independent entries model ) We start with a claim that for any sampling set
E, we have
12502 < 1127]l2 -

It is, therefore, enough to show that the bounds hold for || Z#||,, in which case the inde-
pendence of the entries can be exploited. To prove this claim, let z* and y* be m and n
dimensional vectors, respectively, achieving the optimum in maXHxHSLHyHSl{xTZ Eqr,
Equivalently, we have ||ZE||2 = :E*TZEy*. Recall that, as a result of the trimming
step, all the entries in trimmed rows and columns of ZE are set to zero. Then, there
is no gain in maximizing 277 Ey to have a non-zero entry x} if ith row is trimmed.
Analogous result holds for y*. It follows that =7 ZPy* = *T ZEy* < || Z|..

Now we are left to bound ||ZF|l,. The strategy is to bound the expectation
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E[||Z*||s] and use the concentration inequality for Lipschitz functions on i.i.d. Gaus-
sian random variables.

Note that ||- || is a Lipschitz function with a Lipschitz constant 1. Indeed, for any
M and M, [||M'||s — ||M||z] < ||M’ = M|z < ||[M’ — M|, where the first inequality
follows from triangular inequality and the second inequality follows from the fact
that || - ||% is the sum of the squared singular values. To bound the probability of a
large deviation, we use Talagrand’s result on concentration inequality for Lipschitz
functions on i.i.d. sub-Gaussian random variables [104]. We have independent random
variables {Z]}icim) jen) With zero mean and sub-Gaussian tails with parameter o°.

For a 1-Lipschitz function || - ||o, it follows that

P(125] ~ B2 > 1) < exp{ — 55}

202

Setting ¢ = \/802logn, this implies that || ZZ|, < E[||Z]|2] + /802 log n with prob-
ability larger than 1 — 1/n*. Now, we are left to bound the expectation E[||Z]|5]

using the following lemma.

Lemma 2.7.9 (Expectation of the spectral norm). There ezists a numerical constant
C > 0 such that, if |E| > n then

E|l
E[|Z”|l,] < Coy/E108™
n
Further, if |E| > anlogn, then
E
B[ 25),) < Coy/ 2L
n
The proof of this lemma uses a result from [92] on expected norm of a random

matrix. Together with Talagrand’s inequality, this proves the desired thesis. 0]

Proof of the Lemma 2.7.9. Our strategy to bound the expectation E[[|Z%|,] is to

apply the result from [92] on expected norm of random matrices with i.i.d. symmetric
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random entries. First, we symmetrize the possibly asymmetric random variables Z! -E.
Let Z;;’s be independent copies of Z;;’s, and ;;’s be independent Bernoulli random
variables such that &;; = +1 with probability 1/2 and &;; = —1 with probability 1/2.
Then, by convexity of E[||Z# — Z'F||5|Z'F] and Jensen’s inequality,

E[IZ"]2) <E[I1Z2" — Z'%|l.] = E[I{&:i(Z; — Zi)}l] < 2B[II{:5Z5 2] |

where {£;;Z7} denotes an m x n matrix with entry &;Z/ in position (i, 7). Thus, it

is enough to consider symmetric random variables Z;;’s.

To this end, we apply the following bound on expected norm of random matrices

with i.i.d. symmetric random entries [92, Theorem 1.1].
E[I12°1.]) < ¢ (E[max||ZE)] + E[max | 2]]) (2.24)
i€lm Jj€[n

for a general numerical constant C' where Z and Z[ denote the ith row and jth
column of Z¥ respectively. For a positive parameter 3, which will be specified later,

the following is true.
B2 2| E| = B2 2| E|
E[max || Z[|]°] < fo + P( max || Z,;||* > Bo +z)dz. (2.25)
J n 0 J n

To bound the second term, we want to apply union bound on each of the n columns.

Further, we claim

(i ij > po 2|n| >§eXp{_g((ﬁ—3)|E|+ )} (2.26)
k=1

To prove the above result, we apply Chernoff bound on the sum of independent
random variables. Recall that Z,Z = ékakj where é’s are independent Bernoulli

random variables such that & = 1 with probability |E|/mn and zero with probability
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1 —|E|/mn. Then, for the choice of A = 3/(80?) < 1/(20?),

E[ew (03 @z02)] = (114 Elgpz)”
k=1

|E] E] m
<< mn " m (1—202>\)>
= exp{mlog(l—k%)}
< {2,

where the first inequality follows from the definition of Z;; as a zero mean random
variable with sub-Gaussian tail and the second inequality follows from log(1+z) < z.
By applying Chernoff bound, (2.26) follows. Note that an analogous result holds for

the Euclidean norm on the rows || Z%|2.

Substituting (2.26) and P(max; | Z5|? > z) < mP(||ZE|]*> > 2) in (2.25), we get

2
gl 8T gz (2.27)
n

B max | Z57] < -

The second term can be made arbitrarily small by taking 8 = C'logn with large
enough C. Since E[max; || ZE||] < \/E[maxj HZEHQ}, applying (2.27) with § =

C'logn in (2.24) gives
E|logn
E[1Z7].] < Ca\/HTg .

Together with (2.24), this proves the desired thesis for |E| > n.

In the case when |E| > anlogn, we can get a tighter bound by similar analysis.
Since |E| > anlogn, the second term in (2.27) can be made arbitrarily small with a

large constant (3. Hence, applying (2.27) with 8 = C' in (2.24), we get

B JIE
E[Z"].] < Co —

This finishes the proof of the lemma.
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O

Proof. (Worst Case Model ) Let D be the m x n all-ones matrix. Then for any
matrix Z from the worst case model, we have || Z7||s < Zuax||DE |2, since 27 ZFy <
> i Zmax|xi|55|yj|, which follows from the fact that Z;;’s are uniformly bounded.
Further, D¥ is an adjacency matrix of a corresponding bipartite graph with bounded

degrees. Then, for any choice of E the following is true for all positive integers k:

,[|lz]|=1

IDP|2F < max xT((EE)TﬁE)%‘ < Tr(((ﬁE)Tf)E)k) .

Now consider the bipartite graph with adjacency matrix D¥. Then, Tr ( ((ﬁE )T DE ) k)
is the sum of the number of paths that begin and end at node i for every i € [n] and
has length 2k. Since this graph has degree bounded by 2|E|/v/mn, we get

vmn ’

Taking k large, we get the desired thesis. 0

|DE |3 < n(
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Chapter 3

Comparisons and Extensions

In the previous chapter, we introduced an efficient matrix completion algorithm—
OpTSPACE-and provided performance guarantees. One might wonder how good
these guarantees are and whether this algorithm is also suitable for practical use.
To answer these questions, we first present fundamental limits which coincide with
the error bounds achieved with OPTSPACE up to numerical constants under mild
assumptions. This proves that OPTSPACE achieves order-optimal performance un-
der the noiseless setting (Section 3.1) and under the Gaussian noise setting (Section
3.2). We also review recent results in matrix completion and compare them to the
performance guarantees of OPTSPACE. Next, to provide a new perspective on matrix
completion, we compare OPTSPACE with a line of work in numerical computations,
namely sampling-based algorithms for low-rank approximations (Section 3.3). In the
past two years, a number of novel and efficient matrix completion algortihms have
been developed. In Section 3.4, we review a subset of these recent developments, a
few of which are numerically compared on both synthetic and real datasets in Section
3.5. Section 3.6 discusses two important extensions to make OPTSPACE more suitable
in practice. Finally, we discuss some open problems and future research directions
in Section 3.7. This chapter is based on joint work with Keshavan and Montanari
[55, 56, 57, 58].

47
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Figure 3.1: 2 X 2 minor with one unique missing entry

3.1 Noiseless scenario

When the sampled entries are revealed without any noise, Theorem 2.6.2 states that
uniform random samples of size O(runmax{ru,logn}) are sufficient to recover a
rank-r p-incoherent m x n matrix. In this section, we first present the fundamental
limit on the number of samples that are necessary for exact recovery. Then, we
compare the error bound in Theorem 2.6.2 to the fundamental limit and analogous

results using a different algorithm, namely nuclear norm minimization.

3.1.1 Fundamental limit

We first investigate how many samples are necessary for exact recovery. As a warm-up
example, consider a rank-1 m x n matrix M to be recovered from a random sample
of entries. Assume that we know 3 entries of the matrix M that belong to the same
2 x 2 minor. Explicitly, the entries a,b, and ¢ are known as in Figure 3.1. Unless
a = 0, the fourth entry is uniquely determined by bc/a. The case a = 0 can be treated
separately, but for the sake of simplicity we shall assume that all the entries of M are
Nnon-zero.

This observation suggests a simple matrix completion algorithm: Recursively look
for a 2 x 2 minor with a unique unknown entry and complete it according to the above
rule. This algorithm has a nice graph-theoretic interpretation. Let R and C denote
the set of vertices corresponding to the rows and the columns of M. Consider the
bipartite graph G = (R, C, E) with vertices corresponding to the row and columns
of M and edges to the observed entries. If a 2 x 2 minor has a unique unknown
entry M;;, it means that the corresponding vertices ¢ € R, j € C are connected by

a length-3 path in GG. Hence the algorithm recursively adds edges to G connecting
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distance-3 vertices.

After at most O(n?) operations the process described halts on a graph that is
a disjoint union of cliques, corresponding to the connected components in G. Each
edge corresponds to a correctly predicted matrix entry. If the graph is connected
then there is a unique rank-1 matrix matching the sampled entries, and the above
recursion recovers M exactly. If it is disconnected then multiple rank-1 matrices
match the observations and no algorithm can distinguish the correct M. Clearly,
in the large n limit only the components with ©(n) vertices matter (as they have
O(n?) edges). Recall that E is the set of indices of the sampled entries and is drawn
uniformly at random given sample size |E|. In the following, we let o = (m/n) and
e = |E|/v/mn. Tt is a fundamental result in random graph theory [38] that there is
no connected component with ©(n) vertices for ¢ < 1. For € > 1 there is one such
component involving approximately né. vertices in R and m(, vertices in C', where

(&, ¢.) is the largest solution of

£=1—¢ V¢, Czl—e_ﬁg.

Applying the recursive completion algorithm, matrix element corresponding to
vertex pairs in distinct components are predicted to vanish. Therefore, for a rank-1
matrix M, there is an algorithm with O(n?) complexity which achieves the following

with high probability. We use a parameterization of € = y/a(log m + w).
(1) If w — 0o as n — oo, then M is recovered exactly.

(17) If w — —o0 as n — oo, then there exists multiple rank-1 matrices matching the

sampled entries, thus no algorithm can recover the original matrix M exactly.

(7i1) The root mean squared error is bounded by

1 — logn
M_M < 1_ eeMmax O )
— | I € VI= G M+ 01/ —27)

where M. = max; ;{|M;;|} [55].
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When there is an isolated node in G = (R, C, E) there are multiple rank-1 matrices
matching all the observed entries. The property (ii) follows from the fact that if
w — —oo then there exists isolated nodes in R. The number of isolated nodes in R

is asymptotically a Poisson random variable with mean e~". Hence

w

P(3 an isolated node in R) — 1 —¢e™¢ | (3.1)

which converges to one. In the G(n, p) model, where there are n nodes and each pair of
edges is connected independently with probability p, it is known that the probability
a random graph is connected is about the probability that it has no isolated node
[15]. Together with (3.1), the analysis can be generalized to bipartite random graphs
to prove the property (7).

The property (ii7) implies that arbitrarily small root mean squared error is achieved
with a large enough constant €, or equivalently |E| > C'(m+n). A very simple exten-
sion of this algorithm to general rank-r matrices is introduced and analyzed in [68]
under the assumption that all the r-by-r minors of U and V' are full-rank (here U
and V are the left and right factors resulting from the SVD of M = USVT).

Another argument to understand the logn factor in the necessary condition (i)
is via coupon collector’s problem. As an example, assume that we do not observe
any samples in a particular row or column. Then there is no hope for correctly
reconstructing that row or column. Hence, for exact recovery of M, it is necessary to
sample every row and every column. Under the uniform sampling assumption, this
happens with high probability only if |F| > Cnlogn. This is the famous coupon
collector’s problem where we have n coupons (or columns) that we want to collect
and each time we collect one of those n coupons uniformly at random. It is well

known that we need on the order of nlogn samples to sample all the rows.

Graph connectivity and coupon collector’s problem provide necessary conditions

for the uniqueness of the solution. For a general rank r» > 1, a stronger necessary
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condition is proved assuming incoherence by Candeés and Tao [22]. Under mild as-

sumptions on n, if
|E| < (3/4)nrplogn (3.2)

there exists a p-incoherent matrix M such that there are multiple rank-r and pu-
incoherent matrices matching the samples in the set £, with probability larger than
1/2 [22, Theorem 1.7]. The definition of incoherence condition is provided in Section
2.2. In particular, this implies that if all we know about M is the rank r and the inco-
herence p, then no algorithm can guarantee to succeed with less than (3/4)nrulogn
random samples. The proof essentially uses the coupon collector’s argument, but
with a block diagonal structure on M. To get the factor ru in the right-hand side of
the bound, each block is constructed with size |n/(ru)| x [n/(rup)].

For a non-random sampling, a different approach based on rigidity theory gives
a necessary condition for exact matrix completion. In [98], Singer and Cucuringu
introduced an algorithm that checks if there exists multiple rank-r matrices that are
identical in the given sampled set E. If this algorithm detects that E is not rigid, then
there are multiple rank-r matrices that are identical on E. Therefore no algorithm can
guarantee to succeed if all we know about M is that it has rank-r. This algorithmic

bound is presented for comparison in Section 3.5.

3.1.2 Nuclear norm minimization

Assuming there is no noise in the samples, we want to compare the performance
guarantees of Theorem 2.6.2 with analogous guarantees for a different approach, i.e.,

nuclear norm minimization. Recall the projector operator for sampling Pg(-) defined
in (2.3).

0 otherwise.

Pu(M)i; = {
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When there is no noise in the samples and the sample size is large enough, we can

try to recover M by solving the following optimization problem.

minimize rank(X) (3.3)
subject to Pr(X) =Pr(M),

where X is the variable matrix and rank(-) is the rank of a matrix. When M is
a unique rank-r matrix satisfying the condition, solving this problem recovers M.
However, this is an NP-hard problem and any known algorithm requires time doubly

exponential in the problem dimensions [25].

We can use the nuclear norm minimization heuristic, introduced by Fazel [39],

which consists solving a convex relaxation of (3.3), namely

minimize || X« (3.4)
subject to Pg(X) = Pr(M),

where || X||. denotes the nuclear norm of X, i.e the sum of its singular values. The
nuclear norm is also known as the Ky-Fan n-norm or the trace norm, and is commonly
used as a convex relaxation of the rank(-) of a matrix. It has also been shown that
this problem can be formulated as a Semidefinite Program (SDP) which in turn can

be solved using off-the-shelf solvers with time complexity O(n?).

Nuclear norm minimization has a close relationship with compressed sensing [30,
21]. At the heart of compressed sensing is the problem of finding the sparsest vector

satisfying a set of affine constraints, i.e.,

minimize ||z, (3.5)

subject to Az =10,

where || - ||, denotes the sparsity, the number of nonzero entries. To tackle this
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NP-hard problem, a common heuristic is to instead solve a convex relaxation:

minimize ||z, (3.6)

subject to Ax =10,

where || - ||s, denotes the sum of absolute values of all the entries. ¢; norm is the
tightest convex envelop of £y norm and the ¢; minimization is known to provide an

optimal solution to (3.5) under appropriate conditions on the measurement matrix

A.

In case of the rank minimization problem (3.3), the rank function counts the
number of nonzero singular values whereas, in the nuclear norm minimization (3.4),
the nuclear norm sums the magnitude of singular values. Hence, the rank(-) of a
matrix is analogous to the £y norm of a vector, and the nuclear norm || - ||, corresponds
to the ¢; norm. There are close connections between compressed sensing and rank
minimization, and a number of matrix completion algorithms are in fact based on
compressed sensing. Some of these algorithms are described in Section 3.4. Further
connections between rank minimization and compressed sensing are investigated in
[81], which also provides performance guarantees under appropriate conditions on the

constraints.

In a breakthrough paper [20], Candes and Recht analyzed the nuclear norm mini-
mization (3.4) in the context of matrix completion. A significant theoretical challenge
here is that the condition that is proven to be quite effective for compressed sens-
ing, namely the restricted isometry property, is not satisfied in the matrix completion
setting. To address this challenge, Candes and Recht introduced the incoherence prop-
erty which is a less restrictive condition and has proved to be very useful. Under the
simple noiseless setting and assuming the incoherence property and uniform sampling,

they proved that there exists a numerical constant C' such that if |E| > Cn®/°

urlogn,
then solving (3.4) recovers M correctly with high probability. Here, p is the incoher-
ence parameter of the original matrix M. For further details on incoherence we refer

to Section 2.2.

The sufficient condition was later tightened with contributions from [22, 46, 80].
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A major breakthrough came from the powerful ideas introduced by Gross [47] in
the context of quantum-state tomography. In particular, using the clever ‘golfing
scheme’, the most recent analysis shows that solving (3.4) recovers M correctly, with
high probability, if

|E| > Cnpur(logn)? . (3.7)

For comparison, assume that there is no noise in the samples. Then the bound in

Theorem 2.6.2 guarantees exact recovery with OPTSPACE when
|E| > Cnprrk?(logn 4 prx*) .

This improves over (3.7), when we have ur = O((logn)?) and bounded ‘condition
number”: £ = (Xpax/Zmin) = O(1). Note that in many practical applications, such
as positioning or structure-from-motion [24, 97], r is known and is small (indeed it
is comparable with the ambient dimension that is 3). Further, comparing with the
lower bound in (3.2), both nuclear norm minimization and OPTSPACE achieve near-
optimal performance up to polylogarithmic factors. Theorem 2.6.2 is also suboptimal

in the following regimes:

(1) Large rank. The necessary number of samples for exact recovery scale linearly
in the rank rather than quadratically as in (3.2). As should be clear from Figure
2.4 (and from more extensive simulations in Section 3.5) this appears to be a

weakness of our proof technique rather than of the algorithm.

(77) Large ‘condition number’ k = (Xpax/>min). Indeed our bound depends explic-
itly on this quantity, while this is not the case in (3.7). This appears to be indeed
a limitation of the singular value decomposition step. However, in Section 3.6.2,
we discusses a simple modification of OPTSPACE, and shows empirically that

we can overcome this problem.
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3.2 Noisy scenario

For a more general setting where we have noisy samples, we start with an example of
an oracle estimator introduced by Candes and Plan and follow closely the analysis of
the estimation error in [19].

Assume that we have an oracle giving us information about U, where U is the
orthonormal basis spanning the column space of M. With this precious information,
the oracle estimator finds an estimation by projecting the observations onto the sub-
space spanned by U or equivalently by solving the following optimization problem.
For simplicity assume M to be a square matrix of dimensions n x n. Let Py = UUT

denote the self-adjoint projection operator onto the subspace spanned by U.

1
minimize §||77E(X — N)|%
subject to X € Ty ,

where Ty = {UYT|Y € R™"} is a rn dimensional subspace in R"*". Recall that
Pg is the self-adjoint sampling operator defined in (2.3), and let T = {X | X;; =
0 for (i,j) ¢ E} be a |E| dimensional subspace in R™*". Then the least-squares
solution to the above problem is given by My = (A*A)PA*(NF), where

A: RV — Tg,
X PEPU(X),

and A* is the adjoint of the linear operator A. Under the hypotheses of Theo-
rem 2.6.2, A*A = PyPrPy is invertible and the inverse is well defined. Since,
(A*A)TA(NE) = M + (A*A) 1A (2),

IM — Myl|r = [[(A*A) A (Z)|f -

In the special case when we have i.i.d. Gaussian noise with variance 0%, the
expectation E[[|M — My||2] = 02 Tr((A*A)~1). Under the hypotheses of Theorem

2.6.2, all the rn eigenvalues of A*A concentrate around |E|/n?. This fact is proved
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later in this section. Therefore, Tr((A*A)™!) >~ rn/|E|. Then,

n3r

E[|M — My|z] ~ O%W :

where ~ indicates that the left-hand side concentrates around the right-hand side.

Now consider another oracle estimator with information on Tyy = {UY7T +
XVT|X € R™"Y € R™"}, which is a 2nr — 72 dimensional subspace in R"™*™.
Here, V' € R™" is the orthonormal basis for the space spanned by the rows of
M. Again with this precious information, the oracle estimator finds an estimation
M\Ofade = (ﬂ*ﬂ)—lﬂ*(z\/’f), where

./ZI R™" — Tg :
X - ’PE'PU,\/(X),

and Pyyv(A) = UUTA+ AVVT —UUTAVVT is the projection onto Ty .

Under the hypotheses of Theorem 2.6.2, AA = PuyvPePuy is invertible, and
onr — 12 eigenvalues of A*A concentrates around |E|/n?, whence Tr((A*A)™!) ~
(2nr—r2)n? /| E| [20, Theorem 4.1]. Notice that, by definition, Amax(A*A) < Amax(A*A)
and Ay, (A*A) > /\min(.»zlv*j). This confirms the previous claim that the eigenvalues

of A*A also concentrate around |E|/n?.

In the special case when we have i.i.d. Gaussian noise with variance 0%, following
the similar analysis, we have

3
5 2n°T

E[||M — MoracleHF]2 = Uzm ) (3.8)

for r < n where ~ indicates that the left-hand side concentrates around the right-
hand side. Notice that ]\/J\Orade is highly likely to have rank 2r, and the information

on r, if available, is not being used.

A lower bound on the estimation error with i.i.d. Gaussian noise is proved using
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minimax argument in [74]. Consider a family of matrices
M(r,C) = {M € R™" | rank(M) = r, incoherent with 1 = C'\/log n} ,

corresponding to rank-r matrices with logarithmic incoherence. Using an information
theoretic argument, it is proved that there exists universal constants C,C" > 0 such

that

3
; o T

inf sup E[||M — ]\//TH%] > C'o

: (3.9)
M MeM(r,C) z ||

where the infimum is taken over all estimators M that are measureable functions
of the |E| samples. For better readability, we presented the result with a slightly
modified version of M(r,C) from the original version in [74]. However, the same
lower bound holds in this case, since the modified set includes the original one.

The error achieved by the nuclear norm minimization in the noisy case was an-
alyzed by Candes and Plan in [19]. Note that the hard constraint in (3.4) must be

relaxed when dealing with noisy samples, which gives

minimize || X« (3.10)
subject to [|Pr(X — N)||r <9,

where ¢ is the estimated noise power and || X||. denotes the nuclear norm of X i.e the
sum of its singular values.. They show that when |E| > Cn pur (logn)?, the solution

of the nuclear norm minimization above achieves

1 — n 2
M — M. <7.]—|ZF — N ZFr . 3.11
—IIM = Msorlle < 7 [l 250 + == 2 (3.11)

In [19], the constant in front of the first term is slightly smaller than 7, but in any
case larger than 4v/2.

Theorem 2.6.2 improves over this result in several respects: (i) We do not have
the second term on the right-hand side of (3.11), that actually increases with the

number of observed entries; (i7) Our error decreases as n/|E| rather than (n/|E|)"/?
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(4i7) The noise enters Theorem 2.6.2 through the operator norm ||Z ||y instead of its
Frobenius norm ||Z®||p > ||Z¥||,. For E uniformly random, one expects ||Z||r to
be roughly of order ||Z%||oy/n. For instance, within the independent entries model
with bounded variance oz, || Z”||p = ©(c2+/|E|) while || Z”||y is of order o/|E|/n

(up to logarithmic terms).

For the sake of comparison, suppose we have i.i.d. Gaussian noise with variance
0%, and recall that M is a rank-r matrix of dimension m x n. In this case the oracle

estimator yields (for r = o(n))

1
vmn

— (m+n)r
||M - MoracleHF Oz — = -
|E|
The bound (3.11) on the semidefinite programming approach yields

1
mn

— E
’M_MSDP|’F§O.Z(7\/H+2 u)
mn

More recently, Negahban and Wainwright in [74] analyzed (3.10) with a ‘spikiness’
condition, instead of the incoherence condition, and showed that, with high proba-

bility, the solution to (3.10) achieves

1 — Crnlogn
M — M, <oz —mr—
— || SDPHF SOz U |E| )

where the spikiness i = /mnMya.x /|| M||r and assuming 02 > 1/(mn). The spikiness

1 is not too large for incoherent matrices since, due to the incoherence condition A1,
we have 1 < pu.

Finally, using Theorems 2.6.2 and 2.6.3 we deduce that OPTSPACE achieves

1 —~ Cnr
||M - MOptSpaceHF S Oz s
mn | |

where the constant C' depends on a« = m/n and k = o1(M)/o,.(M). When « and

r are bounded and we have i.i.d. Gaussian noise with small enough oz, we have
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matching lower and upper bound up to a constant and OPTSPACE provably achieves

order-optimal performance.

3.3 Sampling-based low-rank approximation

Low-rank approximation of matrices plays an important role in numerical analysis,
data mining, control and a number of other areas. Singular Value Decomposition
(SVD) is widely used to compute the optimal low-rank approximation minimizing
the mean squared error. However, the computational complexity of computing SVD
of a dense matrix with dimensions n x n is O(n?) which, in large-scale applications,
becomes infeasible. Particular applications of interest include spectral clustering
(75, 41] applied to image segmentation, manifold learning [95, 105], and low-rank
approximation of kernel matrices [114, 118]. To segment an image with 1000 x 1000
pixels requires computing SVD of a dense 10° x 10° affinity matrix. Learning a
high-dimensional manifold with 41368 samples (e.g., the CMU PIE face dataset [96])
requires computing SVD of a dense 41368 x 41368 matrix. In these large-scale ap-
plications with dense matrices, SVD is computationally infeasible. Even storing the
matrix is not possible, since, for instance, the affinity matrix of a 1000 x 1000 image
requires storing a 8 TB matrix. But, these applications, and many more interesting
ones, require only a few, say r, top singular values and the corresponding singu-
lar vectors. Iterative methods, such as power iteration, still suffer from superlinear
complexity requiring O(n?r) operations.

A popular strategy is to compute, instead of the optimal low-rank approxima-
tion, a near-optimal approximation. To this end, sampling based methods provide
powerful alternatives. Computation is performed on a small number of entries, hence
reducing the number of operations. Further, it is not necessary to store the full ma-
trix, requiring less storage. In this section, we review the recent developments on
sampling-based algorithms, and show that our main result in Theorem 2.6.1, along
with the novel trimming step introduced in Section 2.3, improves over the state-of-

the-art algorithms.



60 CHAPTER 3. COMPARISONS AND EXTENSIONS

Sparsification based approaches are efficient ways to compute near optimal low-
rank approximations. Given an input matrix M, we can first sparsify it to get a
sparse matrix S, then use orthogonal iteration to compute .S,, the best rank-r ap-
proximation of S. If (M —S) has weak spectral features, then S, will be a good rank-r
approximation of M. Sparsifying M speeds up the matrix vector multiplication in
orthogonal iterations, while reducing the memory required to store the input data.

The operator norm ||M — S||2 bounds how much we lose from sparsification. For
simplicity, assume M to be an n X n rank-r matrix, although all the arguments can be
easily generalized to a full-rank matrix M. Then, the approximation error, in terms
the Frobenius norm, is bounded by [|[M — S, |z < 2v2r|M — S|, [4, Lemma 1.1].
The main challenge is to find a matrix S that is sparse and has small operator norm
of the difference matrix ||M — S||2. Perhaps surprisingly, a simple uniform sampling
generates a good sparsification of M. Further, adaptive non-uniform sampling can
reduce the approximation error.

Under the uniform sampling

o I%Mij with probability p ,
Y 0 with probability 1 — p .

A direct application of a recent result in random matrix theory [110], an improvement
over the ideas of Ahlswede and Winter [5], gives the following bound on |M — S||,.
An analogous bound was proved in [20, Theorem 6.3], which is only weaker by a

constant factor. We refer to the end of this section for the proof.

Remark 3.3.1. Assuming p > (logn)/n, with probability larger than 1 — 1/n3,

Inl
HM - SHZ S 5Mmax nosn )
p

where Mmax = max; ; |Ml]‘

Achlioptas and McSherry in [4] proved a tighter bound by eliminating the loga-
rithmic factor but holding only for p > (8logn)?/n. Namely, they show that, with
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probability larger than 1 — exp { — 19(logn)*},
n
[M = S|2 < 4MmaX\/; : (3.12)

Our trimming-plus-SVD approach improves over both of these results by eliminat-
ing the logarithmic factor in the error bound as well as conditions on p. As explained
in detail in Section 2.4, ‘trimming’ is crucial especially when p is small. Let S be
the sparsification obtained from a random sampling followed by trimming. Theo-
rem 2.6.1, and in particular Lemma 2.7.1, implies that, with probability larger than

1 —1/n?, there exists a constant C' such that

1M — 8], < OMW\/E |
p

We get the same bound as (3.12) up to a constant without the extra condition on p.

Sparsification need not be bound to uniform sampling. We can get sparser matri-
ces (hence reducing the number of operations) without increasing the error bound, if
we allow non-uniform sampling. This is proved in [4] with adaptive sampling, sam-
pling entries with probability depending on the magnitude of the entries. Let pn? be,

in a similar way, the average number of samples under the adaptive sampling with

LM, with probability p; ; ,
Sij = { pij Y P VP (3.13)

0 with probability 1 —p;; ,

where p; ; = max { ¢(M;;/Myax)? \/c M;j/Max)?(8logn)*/n }. Then, it is proved
n [4] that with probability larger than 1 — exp{—19(logn)*},

1
1M = Sl §4\/§HMHF\/%- (3.14)

The constant in the right-hand side is in fact slightly smaller than 41/2 in [4], but in
any case larger than 4. For comparison with (3.12), notice that 1 < (||M||r/Mmax) <

n, and, intuitively, [[M||r/Mpax is larger for an incoherent matrix M than for a
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coherent M (We refer to Section 2.2 for the definition of incoherence). Therefore, the
gain in the performance guarantees with adaptive sampling is at best constant when

M is incoherent, but significant when M is coherent.

While searching for a fast algorithm for semidefinite programming, Arora et al.
[6] developed a modified adaptive sampling scheme with a comparable error bound.
Again, let pn? be the average number of samples under the adaptive sampling defined
in (3.13) with p; ; = min{1, ¢\/n|M;;|}. Using the discretization technique from [40]
and the Chernoff-Hoeffding bound, it is proved in [6] that there exists constants C'
and C’ such that, with probability larger than 1 — exp{—C'n},

CZi,j |Mw‘

Compared to (3.14) this gives a tighter error bound when 3, [ My;| S v/n|[ M|l p.

In conclusion, finding the best sparsification is a very difficult problem. We need

to solve

minimize |[|[M — S|y

subject to ||S]le, < pn

where the ¢y norm ||-||¢, of a matrix denotes the number of non-zero entries. As we saw
in this section, sampling based algorithms can be thought of as efficient heuristics for
solving this problem, but several questions remain open. It is an interesting research
direction to understand the fundamental limit on how good an approximation we can

get with sparsification and to devise efficient heuristics.

In an alternative approach, there is a copious line of work on sampling rows and
columns of M, instead of sampling entries, for fast low-rank approximation. Popular
column-sampling algorithms include fast Monte Carlo algorithms, known as CON-
STANTTIMESVD or LINEARTIMESVD ([31, 43, 34], Nystrom-based method [114],
and CUR decomposition method [33]. The relationship between these algorithms are
presented in [35] in detail.
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Proof of Remark 3.3.1. The remark follows from a direct application of the gener-
alization of Bernstein’s inequality to sum of independent random matrices. Let
Xij = (S — Mij)eiez‘ be a random matrix with a single non-zero entry in posi-
tion (i,7), such that S — M = 37, - X;;. Note that for all (i,7), E[X;;] = 0 and
| Xijll2 < Muax/p. Since E[X?;] = ((1 — p)/p) M2, the total variance is bounded

by (|37, E[X7]lle < nMZ,/p. Theorem 2.10 in [110] can be easily extended to

non-symmetric random matrices X; ; to give

P (H E Xi,j 5 ZaMmax) < 2nexp{2_n+2_a ‘
i row

Assuming p > logn/n, set a = 54/nlogn/p to prove the desired claim. 0

3.4 Efficient algorithms

One challenge in solving nuclear norm minimization (3.4) using SDP is that the
computational complexity, although polynomial in n, is still quite large: of the order
O(n*). This must be compared with the most complex component of OPTSPACE
which is the SVD in step 2 with complexity O(|E|rlogn). More recently, a number
of innovative and efficient algorithms were introduced to solve variations of the nuclear

norm minimization.

3.4.1 Compressed sensing based algorithms

We review recent developments in efficient algorithms for matrix completion, mostly
based on compressed sensing approaches. Numerical simulation results from a few of
these algorithms are compared in Section 3.5.

Cai, Candes and Shen [17] proposed an efficient first-order procedure called Singu-
lar Value Thresholding (SVT) to solve the nuclear norm minimization in (3.4) directly.
Trimming-plus-SVD in OPTSPACE is akin to a single step of this procedure, with the

important novelty of the trimming step that improves its performance significantly.
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One problem with (3.4) is that it does not generalize to the case when we have
noise in the samples. The hard constraint in (3.4) can be relaxed, resulting in the

problem
L 1 2
minimize )\HXH*+§H73E(X—N)HF : (3.15)

Here, Pr(N) is the sampled matrix with noise. A number of efficient first-order
procedures for solving (3.15) were recently developed. Fixed Point Continuation with
Approximate SVD (FPCA) [64] is based on the Bregman iterative regularization
algorithm [117]. Accelerated Proximal Gradient (APG) algorithm [108] is based on
the fast iterative shrinkage-thresholding algorithm [8]. SOFT-IMPUTE and HARD-
IMPUTE iteratively replaces the missing entries with those obtained from thresholded
SVD [66].

When we have a good estimate of the rank r, the matrix completion problem can

be recast into the following rank-r approximation problem.

minimize ||Pg(X — N)||r (3.16)
subject to rank(X) <r,

To find an approximate solution to (3.16), Lee and Bresler introduced Atomic Decom-
position for Minimum Rank Approximation (ADMIRA) [62] inspired by CoSaMP
[73]. Singular Value Projection (SVP) [67], is a different approach to solving (3.16)
based on the Iterative Hard Thresholding (IHT) algorithm [13].

Another popular approach is to minimize (3.17) over X and Y alternatively. This
procedure is known as the alternate minimization method or the nonlinear (block)

Gauss-Seidel (GS) scheme or the block coordinate descent method.
oo 1 T 2
minimize §|]77E(XY - N)|%, (3.17)

where X € R and Y € R™" and r is an estimated target rank. Alternate
minimization methods for the matrix completion problem have been studied in [10,
59, 49, 116]. Subspace Evolution and Transfer (SET) [28] is a manifold optimization
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approach to (3.17) with an extra condition that X lies on the Grassmann manifold.
This is similar to the last step of OPTSPACE, but with a novel transfer step which

seeks to overcome getting blocked by ‘barriers’ in the objective function.

In [113], a slightly modified problem is solved with the Low-rank Matrix Fitting
algorithm (LMAFIT).

1
minimize 5HXYT — 7|3, (3.18)
subject to Pg(Z) = Pg(N),

where X € R™*", Y € R™" and Z € R™*" are the variables we minimize over. The
hope here is that it is much faster to solve (3.18) compared to (3.4). However, the
non-convexity in the model may prevent one from getting a global solution. Wen et
al. [113] provide convincing evidence showing that LMAFIT is empirically as reliable

as other nuclear norm minimization approaches.

3.4.2 Collaborative filtering algorithms

Local optimization techniques such as gradient descent methods or coordinate descent
methods have been intensively used in collaborative filtering applications to solve
(3.17) and its variants. Weighted Low Rank Approximation (WLRA), introduced
in an early work by Srebro and Jaakkola [101], uses gradient descent methods to
minimize a slightly modified objective function F(X) = miny |Pg(XY7T)—Pg(N)|%.

The use of such an objective function was justified in [84] using a probabilistic
model. Let N;; represent the rating of user ¢ for movie j. Also, let X € R™*" and
Y € R™ " be user and movie features with the column vectors X; and Y; representing
the features of the user ¢ and movie j. Assume that the observed ratings are scalar
product of the feature vectors corrupted by additive i.i.d. Gaussian noise such that
Ny = X!Y; + Z;j, where Z;;’s are i.i.d. Gaussian noise distributed as N(0,0%).
The user and movie features are also assumed to have i.i.d. zero-mean Gaussian

priors, namely X;; ~ N(0,0?%) and Y;; ~ N (0,0?). Under this model, the (negative)
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log-posterior naturally leads to the use of quadratic regularization in the factors.
1
minimize §||7DE(XYT — N5+ X5+ Y% . (3.19)

Again, gradient descent in the factors was used to perform the optimization. Also,
[84] introduced a logistic mapping between the low-rank matrix and the recorded
ratings. Recently, this line of work was pushed further by Salakhutdinov and Srebro
in [86] using a non-uniform quadratic regularization in the factors. Based on the ob-
servation that in real datasets the samples are often drawn according to non-uniform
distributions, they suggest weighting the nuclear norm by the frequency of rows and

columns. Then, the objective function is
o 1 - -
minimize 2 [[Pp(XY" — N)|I% + Do lXE Y AgllYlE
i=1 j=1

where p; is the number of samples in row ¢ and g; is the number of samples in column

j. A version of stochastic gradient descent is used to optimize this objective function.

The relationship between the non-convex objective function (3.19) and convex
relaxation in (3.15) was further investigated in [102, 82, 81]. The basic relation is

provided by the identity
1 - 2 2
IAll =5 min {IXIE + Y1ES (3.20)

where || A, denotes the nuclear norm of the matrix A. In other words, adding a regu-
larization term that is quadratic in the factors (which is used in much of the literature
reviewed in this section) is equivalent to adding a nuclear norm regularization of A.
In view of the identity (3.20) it might be possible to use the results in Section 2.6 to
prove stronger guarantees on the nuclear norm minimization approach. Unfortunately
this implication is not immediate. Indeed in OPTSPACE we assume that the correct
rank r is known, while on the other hand we do not use a quadratic regularization
in the factors. In Section 3.6.1 we present a procedure that estimates the rank from

the data and is provably successful under the hypotheses of Theorem 2.6.2 assuming
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noiseless samples. Trying to establish such an implication, and clarifying the relation
between the two approaches is nevertheless a promising research direction.

In collaborative filtering applications, matrix completion was also studied from
a graphical models perspective in [85], which introduced an approach to prediction
based on Restricted Boltzmann Machines (RBM). Exact learning of the model pa-
rameters is intractable for such models. The authors studied the performance of
contrastive divergence, which uses an approximate gradient of the likelihood function
for local optimization. Based on empirical evidence, it was argued that RBM’s have
several advantages over spectral methods for collaborative filtering. More recently, [7]
used a graphical model to characterize the probability distribution underlying the col-
laborative filtering dataset. A message passing algorithm, dubbed IMP, is introduced

to infer the underlying distribution from the observed entries.

3.5 Numerical comparisons

In this section, we apply OPTSPACE to both synthetic and real data to compare its
performance to that of the other competing algorithms. First, we present numerical
comparisons using randomly generated matrices. Then, we present results on real
data from publicly available collaborative filtering datasets [3, 2, 1].

We implemented OPTSPACE in C and MATLAB, and the code is publicly avail-
able!. The comparisons were performed using a 3.4 GHz Desktop computer with 4 GB
RAM with the C implementation. For efficient singular value decomposition of sparse
matrices, we used a modification of SVDLIBC?, which is based on SVDPACKC.

3.5.1 Synthetic datasets

First, we consider the noiseless scenario and compare the rate of exact reconstructions.
Random matrices are generated as M = UVT. Here, U and V are n x r matrices
where each entry is i.i.d. with standard Gaussian distribution N (0, 1), unless specified

otherwise. Then, each entry is revealed independently with probability p = €/n, so

Lavailable at http://www.stanford.edu/~raghuram/optspace
Zavailable at http://tedlab.mit.edu/~dr/SVDLIBC/
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Figure 3.2: Reconstruction rates of rank-4 matrices using OPTSPACE. The solid

curve is the fundamental limit proved in [98]. In the inset, the same data are plotted
vs. |E|/(n(logn)?)

that on average en entries are revealed. Numerical results, and also the analysis, show
that there is no notable difference if we choose the revealed set of entries F uniformly

at random given |E| = ne.

Exact matrix completion

We first study the reconstruction rate, the fraction of instances for which the ma-
trix is reconstructed correctly. We declare a matrix to be reconstructed if ||M —
M\HF/HMHF < 107*. Figure 3.2 shows the reconstruction rate of OPTSPACE as a
function of € = |E|/n for fixed r = 4. As predicted by Theorem 2.6.2, the reconstruc-
tion rate is close to one when |E| > Cunlogn. Note that the incoherence parameter
1 scales like logn in this example. Figure 3.3 illustrates how the reconstruction rate
of OPTSPACE compares with those of the competing algorithms: SVT?, FPCA*, and
ADMIRA described in Section 3.4 [17, 64, 62]. Different algorithms have different

thresholds, the value of € where the reconstruction rate has a sharp transition. For

3available at http://svt.caltech.edu
4available at http://www.columbia.edu/~sm2756 /FPCA.htm
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Figure 3.3: Reconstruction rates of rank-10 matrices of dimension 1000 x 1000. The
leftmost solid curve is the fundamental limit proved in [98].

r = 10 and n = 1000, the figure shows that OPTSPACE has a lower threshold com-
pared to the other competing algorithms, and this is consistent for various values of
n and r as illustrated in the table below. Furthermore, the threshold of OPTSPACE
is very close to the bound proved in [98], below which no algorithm can correctly
recover M.

In the following Tables 3.1 and 3.2, we further compare the resulting relative root
mean squared error ||M — M |r/||M||F of different algorithms. Table 3.1 presents
results for smaller values of ¢ and hence for hard problems, whereas Table 3.2 is for
larger values of € = |E|/n which are relatively easy. Note that the values of € used
in Table 3.1 all correspond to |E| < 2.6(2nr — r?), which is slightly larger than the
degrees of freedom. We ran into Out of Memory problems for the FPCA algorithm
for n > 20000 and hence the results are omitted. On the easy problems, all the
algorithms achieves similar performances, whereas on the hard problems, OPTSPACE

outperforms other algorithms on most of instances.

Matrix completion from noisy entries

In the noisy scenario, M is generated as above and samples are corrupted by added

noise so that N;; = M;; + Z,;;. Again, each entry is revealed independently with
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OPTSPACE SVT FPCA ADMIRA
" " ‘ rel. error  time(s) | rel. err.  time(s) | rel. err.  time(s) | rel. err.  time(s)
10 50 | 1.95%x 107° 33 3.42 x 107! 734 6.04 x 1074 65 4.41 x 1071 8
1000 50 200 | 1.28 x 107° 235 2.54 x 1071 11769 | 1.07 x 107° 83 3.54 x 1071 141
100 400 | 9.22x 107 837 | 7.99x 107 27276 | 3.86x10™° 165 | 128 x10~" 1767
10 50 | 7.27x107° 338 |5.34x107" 476 [9.99 x10°! 1776 |5.13 x 107! 77
5000 50 200 | 1.47 x 107> 1930 | 4.87 x 1071 36022 | 2.17 x 1072 2757 | 5.36 x 107! 358
100 400 | 1.38 x 107° 6794 | 4.12 x 1071 249330 | 2.49 x 107> 3942 | 4.84 x 1071 36266
10 50 [1.91x10°° 725 6.33 x 1071 647 9.99 x 1071 9947 | 6.19 x 10* 129
10000 50 200 | 5.02x 107% 3032 | 5.50 x 107! 18558 | 9.97 x 107! 14048 | 5.79 x 107! 11278
100 400 | 1.33 x 107> 18928 | 4.84 x 1071 169578 | 8.59 x 1073 18448 | 5.30 x 1071 67880
20000 10 50 | 1.95x 1072 2589 | 7.30 x 107! 1475 — — 7.20 x 107! 286
50 200 | 1.49 x 107° 10364 | 6.30 x 107" 14588 — — 6.04 x 1071 29323
30000 10 50 | 1.62x107% 5767 | 7.74x 1071 2437 — — 7.43 x 1071 308

Table 3.1: Relative errors

on hard problem instances without noise.
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a probability €/n. As a performance measure, we use the root mean squared error
defined as

RMSE =

S|

1/2
<Z(Mij - ]\7@')2> :
4,7

First, in the standard scenario, Z;;’s are distributed as i.i.d. Gaussian random vari-
ables. In the following series of examples, we illustrate how the performances change
under different noise models. Since ADMIRA and OPTSPACE require a target rank,
we estimate the rank using the algorithm described in Section 3.6.1. For FPCA we
set j1 = v/2e0, where o2 is the variance of the noise. A convincing argument for this

choice of p is given in [19].

Standard noise scenario

We refer to the example used in [19] as the standard noise scenario. In this example,
M = UVT where U and V are 500 x r matrices with each entry being sampled
independently from a standard Gaussian distribution A(0,1). Further, the noise
Z;;’s are i.i.d. standard Gaussian A (0,1) unless specified otherwise. We also refer
to Section 3.2 for more details on the nuclear norm minimization and the oracle
estimator.

Figure 3.4 compares the average RMSE as a function of ¢, and Figure 3.5 compares
the average RMSE as a function of the rank. After a few iterations, OPTSPACE has a
smaller root mean square error than the nuclear norm minimization approach (FPCA)
for most instances, and in about 10 iterations it becomes indistinguishable from the

oracle estimation error in (3.8), which is \/(2nr — r2)/|E).

Figure 3.6 compares the average RMSE as a function of the noise power. The

results are presented in terms of the noise ratio defined as in [17].

(3.21)

NR = (M@H%bm |

E[|Pe(M)|%

The RMSE achieved using FPCA does not increase with the noise ratio in the large
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Figure 3.4: RMSE under additive Gaussian noise as a function of ¢ for fixed n = 500

and r = 4.
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Figure 3.5: RMSE under additive Gaussian noise as a function of r for fixed n = 500

and € = 120.
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Figure 3.6: RMSE under additive Gaussian noise as a function of the noise ratio NR
for fixed n = 500, € = 40 and r = 4.

noise regime. The reason is not that the estimates are good, but rather the estimation
becomes effectively a zero matrix and the resulting RMSE is close to \/E[[[M|[%/n?],
which is 2, regardless of the noise power. Table 3.3 illustrate how the relative error
M — M)||p/||M||r changes with respect to the noise power for fixed n = 1000.

In the standard scenario, we made the following three assumptions on the noise
matrix Z: (i) Z is independent of M; (i) Z;;’s are mutually independent; (iii) Z;;’s
follow the Gaussian distribution. The matrix completion algorithms described in
Section 3.4 are designed to be especially effective under this standard scenario for
the following two reasons. First, the algorithms minimize the squared error, which
is well suited for the Gaussian noise. Second, the independence of Z;;’s ensure that
the spectral norm of the noise matrix, which is the key parameter determining the
quality of the approximation in Theorem 2.6.2, is not large. In the following, we fix
n = 500 and r = 4, and study how the performance changes when we change the

noise model.
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Figure 3.7: RMSE under the multiplicative noise model.

Multiplicative Gaussian noise

In sensor network localization [112], where the entries of M correspond to the squared
pairwise distances between sensors, the observation noise is oftentimes modelled as
multiplicative Gaussian noise. In formulae, Z;; = &;;M,;, where §;;’s are i.i.d. Gaus-
sian random variables with zero mean. In this example, the variance of §;;’s is chosen
to be 1/r with r denoting the rank of M, so that the resulting noise ratio is NR = 1/2

for consistency with the standard scenario.

Figure 3.7 shows the RMSE with respect to € under multiplicative Gaussian noise.
The RMSE of the trimming-plus-SVD for ¢ = 40 is larger than 1.5 and is omitted
in the figure. The bottommost line corresponds to the oracle performance under the
standard scenario, and is displayed here, and all of the following figures, to serve as
a reference for comparison. The error is larger compared to the standard scenario in
Figure 3.4. It is more difficult to separate the noise from the original matrix, since

the noise is now correlated with M.
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with outliers as in (3.22).
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Outliers

In structure from motion applications [24], each entry of M corresponds to the position
of a point of interest in the 2-dimensional images captured by cameras in different
angles and locations. However, due to failures in the feature extraction algorithm,
some of the observed positions are corrupted by large noise whereas most of the

observations are noise free. To account for such outliers, we use the following model.

a with probability 1/200 |,
Zij=1< —a w.p. 1/200 , (3.22)
0 w.p. 99/100.

The value of a is chosen according to the target noise ratio NR = a/20. The noise is

1.1.d. but the distribution is non-Gaussian.

Figure 3.8 shows the performance of the algorithms with respect to € and the noise
ratio NR with outliers. The performance degrades for non-Gaussian noise when the
number of samples is small. This problem of separating sparse noise from low-rank
matrices, also known as robust principal component analysis, is an interesting research

topic and is investigated in a number of recent papers [23, 115, 18, 121].

Quantization noise

Quantization is ubiquitous in practical applications. To model regular quantization,
we choose a parameter a and quantize the matrix entries to the nearest value in
{-.., —a/2, a/2, 3a/2, 5a/2, ...}. The parameter a is chosen such that the resulting
noise ratio is 1/2. Quantization noise is deterministic and completely depends on
the matrix entries M;;, whereas in the multiplicative noise model the noise was still
random. Hence, the error is expected to be larger with quantization. Figure 3.9
shows the performance against € under the quantization. Compared to Figure 3.7,
for the same value of NR = 1/2, quantization is much more detrimental than the

multiplicative noise as expected.
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Figure 3.9: RMSE with quantization.

3.5.2 Real datasets

In this section, we compare the error on collaborative filtering datasets: the Jester
joke dataset [1] and the Movielens dataset [2].

The Jester joke dataset contains 4.1 x 10° ratings for 100 jokes from 73,421 users
5. Since the number of users is large compared to the number of jokes, we select
n, € {100, 1000, 2000, 4000} users at random for comparison purposes. We follow the
examples used in [64]. We randomly choose two ratings for each user as a test set
T, and we compare the Normalized Mean Absolute Error (NMAE) in this test set.
The NMAE is commonly used in collaborative filtering as an performance metric,
and in this section we provide the estimation NMAE so that it is easy to compare
with results using other approaches. The Mean Absolute Error (MAE) is defined as

in [64, 45].

°The dataset is available at http://eigentaste.berkeley.edu/dataset/
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where M,,; is the original rating and ]\//_7uZ is the predicted rating for user u and item
i. The Normalized Mean Absolute Error (NMAE) is defined as

MAE

NMAE= ————
Mmax - Mmin ,

where M. and M,,;, are upper and lower bounds for the ratings. Jester joke ratings
are in [—10,10] so that Myax — Mpin = 20.

In this section, we use an extension of OPTSPACE which we call Incremental
OPTSPACE. Incremental OPTSPACE iteratively performs OPTSPACE, using the pre-
vious estimation as a initial guess for the next iteration and incrementing the target
rank by one in each iteration. While this requires more computations, it gives a bet-
ter estimation when the original matrix to be reconstructed is ill-conditioned. The
description of the algorithm and more numerical simulation results are presented in
Section 3.6.2.

The numerical results for the Jester joke dataset are presented in the first four
rows of Table 3.4. In the table, rank indicates the rank used for estimation. To
get an idea of how good the predictions are, consider the case where each missing
entry is predicted with a random number drawn uniformly at random in [—10, 10]
and the actual rating is also a random number with same distribution. After a simple
computation, we can see that the resulting NMAE of the random prediction is 0.333.
If we estimate each missing entry with zero, the resulting NMAE is 0.25. As another
comparison, for the same dataset with n, = 18000, a nearest neighbor algorithm and
EIGENTASTE both yield NMAE of 0.187 [45].

The NMAE of Incremental OPTSPACE is lower than these algorithms even for n,, =
100 and tends to decrease with n,. Numerical simulation results on the Movielens
dataset are shown in the last row. The dataset contains 100,000 ratings for 1,682
movies from 943 users.® We use 80,000 randomly chosen ratings to estimate the
20,000 ratings in the test set, which is called ul.base and ul.test, respectively, in the
movielens dataset.

Next, to get some insight on the structure of the real data, we compute the

6The dataset is available at http://www.grouplens.org/node/73
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Figure 3.10: The singular values of the complete sub matrix in the Jester joke dataset
in the decreasing order.

spectrum of a complete sub matrix where all the entries are known. With the Jester
joke dataset, we delete all users containing missing entries, and generate a complete
matrix M with 14,116 users and 100 jokes. The empirical distribution of the singular
values of M is shown in Figure 3.10. The first two singular values are dominant,
but the distribution has a heavy tail. Computing Y (0;(M)/o1(M)), which can be
thought of as a soft rank, gives 15.5. This heavy tail in the singular value distribution
is one of the difficulties in dealing with collaborative filtering datasets. The other
aspect is that the samples are not drawn uniformly at random as commonly assumed

in matrix completion. A typical user tends to watch and rate the movie she prefers.

Finally, we test the incoherence assumption for the Netflix dataset [3] in Figure
3.11. For the definition of the incoherence property we refer to Section 2.2. To check
if the first condition A0 holds with small i for the Netflix movie ratings matrix, we
run OptSpace on the Netflix dataset and plot the cumulative sum of the sorted row
norms of the left and right factors defined as follows. Let the output of OPTSPACE be
M=X SYT where X € R™" and Y € R™" are orthonormal. The number of users
m is equal to 480, 189 and the number of movies n is 17, 770. For the target rank we
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use r = 5. Let o, = (m/r)| X®||? and y; = (n/r)||]Y?||? denote the rescaled norm
of the ith rows of X and Y respectively. Define a permutation 7; : [m] — [m] which
sorts ;’s in a non-decreasing order such that x;,1) < 2r2) < ... < Ty m). We use
the standard combinatorics notation [k] = {1,2,...,k} for an integer k. Similarly,
we can define 7, : [n] — [n] for y;’s.

In Figure 3.11, we plot Zle T ;) and Zle Yr.(i) against k. For comparison, we
also plot the corresponding results for a randomly generated matrix Xs. Generate
U € R™*" by sampling its entries U;; independently and distributed as N(0,1) and
let X be the orthonormal basis spanning the column space of U. For a given matrix,
if AO holds with a small x4 close to one then the corresponding curve would be close to
a straight line. The curvature in the plots is indicative of the disparity among the row
weights of the factors. In this example, the randomly generated matrix is incoherent
with p = 7.2, whereas the Netflix dataset is incoherent with p = 25.8. We can say

that a randomly generated matrix is more incoherent than the Netflix dataset.

3.6 Extensions

There are two potential drawbacks in using OPTSPACE in practice. OPTSPACE re-
quires a priori knowledge of the target rank, and in practice given rank r it is sensitive
to the condition number, i.e., o1(M)/o.(M). We provide algorithmic solutions, which

make OPTSPACE more robust for practical use.

3.6.1 Rank estimation

Although in many applications such as positioning [97] or structure-from-motion [24]
the target rank is known in advance, in other applications like collaborative filtering
[44, 100], we need a good estimate of the rank. We propose a very simple scheme to
estimate the target rank r from observation M* with provable performance guaran-
tees.

Let o; be the ith largest singular value of the trimmed matrix ME and define

¢ = |E|/y/mn. ‘Trimming’ is explained in Section 2.3. Then, the following cost
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Figure 3.11: Cumulative sum of the sorted row norms of the factor corresponding to
users (top) and movies (bottom).
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function is defined in terms of the singular values.

R(i) = i1+ 014/i]€ .

g;

Based on the above definition, RANK ESTIMATION consists of two steps:

RANK ESTIMATION

Input: trimmed observation matrix MZ
Output: estimated rank 7
1:  Compute singular values {o;} of MZ;

2:  Find the index ¢ that minimizes R(i), and let 7 be the minimizer.

The idea is that, if enough entries of M are revealed then there is a clear separation
between the first r singular values, which reveal the structure of the matrix M to be
reconstructed, and the spurious ones. This follows from Lemma 2.7.1 and is illustrated
in Figure 2.1. The following remark shows that this simple procedure is guaranteed
to reconstruct the correct rank r, with high probability, when |E| is large enough. In
particular, in the noiseless setting, we are guaranteed to recover the correct rank when
the hypotheses in Theorem 2.6.2 are satisfied. Hence, we combine this algorithm with
OPTSPACE to get the same guarantees without any prior knowledge of the rank r.
In practice, we do not need to compute all min{m,n} singular values of MPE , since

we often have a bound on the maximum target rank we would like to use.

Remark 3.6.1. Assume M to be a rank-r m x n matriz and k = O(1) for k =
o1(M)/o.(M), and E is uniformly random given its size |E|. Then there exists a
constant C(k,a) such that, if |E| > C(k,a)nr, then RANK ESTIMATION correctly

estimates the rank r from ME , with high probability.

Proof. Let ¥; be the ith largest singular value of the matrix M. From Section 2.7.2

we know that there exists a numerical constant C' > 0 such that, with high probability

1/2
T ) < oM (2)
€

i A—

€ v mn

where it is understood that ¥, = 0 for ¢ > r, and M., = max; ;{|M;;|}.
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Applying this result to the cost function R(i), we get the following bounds.

C M/ + (5 + CMapae /) Ve
&%—’" — O M /e ’
if1 - CMmaX\/&

. mn :

R(i) > , Vi<r,

(i) 2 E OM e/ e
21 _CMmax\/E \/E

R(i) > (5 ) Vi>r.

C' M o/ Q€ ’

Let, k = X1 /%, and € = (Mpav/a)/(X14/7). After some calculus, we get that for
e>C’rmaX{52, S m4} ,

we have the desired inequality: R(r) < R(i) for all i # r. This proves the remark. [J

3.6.2 Incremental OPTSPACE

In this section, we introduce a modification to the OPTSPACE algorithm, which has
substantially better performance in the case when the matrix M to be reconstructed
is ill-conditioned. The condition number of a rank-r matrix M is defined as kK =
o1(M)/o.(M), where o;(M) is the ith singular value. When M has high condition
number, then the simple trimming-plus-SVD step is unable to track the relatively
smaller singular values. As a result, the greedy gradient descent iterations get stuck
in a local minima which only captures the structure corresponding to the largest

singular value.

One heuristic to compensate for this lost signal is to iteratively infer the structure
corresponding to the largest singular values and subtract their effect from the obser-
vations. This allows for those weaker features to stand out. We start by first finding
the first singular value and the corresponding singular vectors, and incrementally

search for the next ones.
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Incremental OPTSPACE

Input: observation matrix M, observed set E, pmax
Output: estimation M
1: Trim M®. and let M* be the output;
2. Set M© = 0;
3: For p=1,..., pmax do:
4:  Compute the largest singular vectors (u,v) of ME — M (p=1).
5 Set X and Y,” to be the orthonormal basis
spanning [X*~V; v;] and [Y =V, u;];
6:  Minimize F(X,Y) through Manifold Optimization
with initial condition (Xép ), Yo(p ));
Set M) = XSOy W7,
End for
9: Return M®).

o0

Figure 3.12 illustrates how the RMSE defined as (1/n)||M — M||r degrades when
the matrix M is ill-conditioned. We generate as M = 1/4/166 U diag([1, 4,7, 10]) V7,
where U and V have ii.d. Gaussian N(0,1) entries. The resulting matrix has
Y1/, =~ 10, and the normalization constant ,/4/166 is chosen such that E[||M %]
is the same as in other examples in Section 3.5. Incremental OPTSPACE achieves a
smaller error for most values of € compared to other competing algorithms including
OPTSPACE. In Table 3.5, we also compare the relative error ||M — ]\/4\||F/||M||F for
different values of the condition number « in the noiseless scenario. Table 3.5 shows
that Incremental OPTSPACE improves significantly over OPTSPACE and achieves per-

formance comparable to those of the other algorithms.

3.7 Discussions and open questions

Let us consider the noiseless setting for the sake of simplicity, since the same argu-
ments hold in the noisy case as well. There are two important ingredients in proving

our main result in Theorem 2.6.2: (i) Simple trimming-plus-SVD step can produce a
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38

OPTSPACE Inc. OPTSPACE SVT FPCA ADMIRA
v rel. error  time | rel. error  time(s) rel. err. time(s) rel. err. time(s) rel. err. time(s)
10 | 856x107% 20 | 8.66x107°° 19 1.70 x 107° 55 5.32 x 107° 22 1.57 x 107° 242
1 50 |1.16x107° 78 | 1.09x107° 832 |1.64x107° 628 |297x10% 115 |[1.60x107° 1252
100 | 7.05 x 1076 401 | 7.37 x 1079 4605 | 1.78 x10™°> 2574 | 1.88 x 106 174 | 1.67 x10™° 3454
10 | 1.08 x 1071 124 | 1.53 x 10~° 70 1.53 x 10~° 72 5.53 x 107° 21 1.56 x 10~° 234
5 50 | 1.10x107Y 1591 | 1.30x 107> 921 | 1.46x 107> 639 | 1.08x107° 145 |1.61x107° 1221
100 | 1.24 x 1071 5004 | 1.41 x 107° 5863 | 1.54 x 107 1541 | 4.38 x 107 664 1.68 x 107> 3450
10 | 1.09 x 101 112 | 2.00 x 10°t 238 | 1.47x107° 127 [ 522x107° 21 1.55 x 107° 243
10 50 [ 1.04x 107" 1410 | 1.32x10™® 1593 | 1.36 x 107® 1018 | 1.42x107° 270 | 1.61x107° 1206
100 | 1.10 x 1071 4569 | 1.36 x 107° 9550 | 1.41 x 10™® 2473 | 4.54 x 1076 996 1.65 x 107 3426
Table 3.5: Numerical results for different condition numbers . € depends only on r and is the same as used in
Table 3.3.
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Figure 3.12: RMSE with ill-conditioned matrices and i.i.d. Gaussian noise.

good initial estimate; (i) The objective function F'(-) defined in (2.1) that we want to
minimize is well-behaved in a neighborhood close to the global minimizer M. Thus,
once we have a good initial estimate, greedy minimization converges to the correct

solution M.

The objective function F(-) is a non-convex function with many local minima.
Hence, a greedy minimization scheme gets stuck in a local minimum of F(-) and the
performance varies depending on where we start the greedy minimization. Therefore
analyzing such a non-convex optimization problem is a priori a difficult task. How-
ever, once we are guaranteed an initial estimate close to the global minimizer M,
greedy minimization converges to the correct solution M, and we can prove strong
performance guarantees. This idea of combining a simple initial estimation step and
a following greedy optimization step could be applied to other problems with non-
convex objective functions beyond matrix completion. And the techniques used in our
work for analyzing such a two-step algorithm could also be applied to other problems

of interest.

In the following, we discuss open problems in matrix completion which could be

interesting future research directions.
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Characterizing computation-accuracy tradeoff

Finding a low-rank approximation of a large data matrix is a common computational
task in many important applications including spectral clustering [75, 41], manifold
learning [95, 105], and low-rank approximation of kernel matrices [114, 118]. It is
known that the SVD of a data matrix provides the best low-rank approximation. Let
the SVD of the data matrix be M =), ou;vl, where o;’s are the singular values and
u;’s and v;’s are the left and right singular vectors. The singular values are ordered
in a decreasing order, i.e., 0y > 09 > --- > 0. Then, the low-rank approximation
based on SVD is L = >0 oyu;v], and L has the minimum approximation error
>i.;(Mij — Lij)? among all matrices of rank 7.

Traditional schemes to compute the leading singular values and the singular vec-
tors involve applying the data matrix multiple times, which can be time consuming
when the data matrix is large and dense. In Section 3.3, we discussed the possibility
of using matrix completion schemes as efficient alternatives for finding low-rank ap-
proximations. Matrix completion schemes deal with a sparsified version of the data
matrix, thus reducing the number of operations significantly, at the cost of increased
approximation error. The trade-off between the number of samples |F| and the ap-
proximation error ), (M;; — ]\//Ej)2 achieved using OPTSPACE is characterized in
Theorem 2.6.2. However, we do not have a bound on the total number of computa-
tions necessary to produce an estimate achieving the performance guaranteed in the
theorem. Namely, we don’t have a bound on how many iterations in the gradient

descent step we need.

Let M® be the low-rank estimation we get after t iterations of the gradient descent
step. If we can characterize the approximation error 3, (M;; — ]\//TZ.(j.t))2 in terms of the
sample size | FE| and the number of iterations ¢, then we can customize OPTSPACE for
fast low-rank approximation. For instance, consider an example where we are given
a target accuracy and we want to produce an estimate within that target accuracy
with small number of computations. If we can characterize the computation-accuracy
tradeoff of OPTSPACE, we can use it to choose the number of samples to use and the

number of gradient descent iterations to perform.
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Figure 3.13: Histogram of number of ratings per movie (left) and per user (right) in
the Netflix prize dataset [3]. Average number of samples per movie is about 5,575
and per user is about 206. Maximum number of samples per movie is 227,715 and
per user is 17,651.

General sampling model

The model we study assumes the set of sampled entries £ to be uniformly random.
Under this model, we expect to see binomial distribution of the number of samples per
row/column. However, in practical applications like collaborative filtering, we observe
heavy-tailed distributions indicating that the sample set E is far from uniformly
random. This is apparent in the Netflix prize dataset [3] (Figure 3.13). Under the
uniform sampling model, the probability of seeing a movie with 227,715 ratings is
close to zero. Recently, Salakhutdinov and Srebro in [86] introduced a generalization
of nuclear norm regularization to deal with collaborative filtering datasets with non-
uniform sampling. The idea is to use weighted nuclear norm regularization with
weights determined by the number of samples in each row/column. It is a practically
important challenge to extend OPTSPACE, perhaps using a similar idea as in [86],

when dealing with datasets under non-uniform sampling.

General low-dimensional model

The low-rank model is used in many applications to capture the important informa-

tion about data in matrix form. However, in practical applications like collaborative
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filtering, the data matrix might not be well approximated by a low-rank matrix. This
is illustrated in Figure 3.10 that shows the distribution of singular values of Jester
joke dataset [1].

Although a low-rank matrix might not be a good model for such datasets, the
data might still be determined by low-dimensional features. Let u; € R" be a low-
dimensional vector representing customer ¢ and v; € R" be a low-dimensional vector
representing movie j. Then, there might be a function h : R” x R" — R that
explains the ratings, namely h(u;,v;) = M;;. It is an interesting problem to find such
a function h(-) for datasets of interest and develop schemes to estimate the feature

vectors from a small number of entries {M;;} ¢ j)er.



Chapter 4
Positioning

This chapter treats the problem of positioning wireless devices from pairwise dis-
tance measurements. We first show that such a positioning problem can be viewed
as a matrix completion problem (Section 4.1). However, direct application of ma-
trix completion algorithms fails in common positioning settings. We first discuss
the challenges in applying matrix completion approaches to positioning problems.
Then, as a first step to overcome these challenges, we focus on understanding how
existing positioning algorithms work. To this end, the main result of this chapter
provides performance guarantees of two popular positioning algorithms. In Section
4.2, we analyze a centralized positioning algorithm known as MDS-MAP introduced
in [93]. In a more practical setting, we might not have a central infrastructure and
only local communication might be available. In section 4.3, therefore, we assume a
decentralized setting, and analyze a decentralized algorithm called HoP-TERRAIN
introduced in [87]. This chapter is based on joint work with Karbasi and Montanari
(78, 54].

4.1 Introduction

The problem of determining the physical locations of wireless devices has recently
gained much interest, mainly due to the increasing number of applications from wire-

less ad-hoc sensor networks to location based services for mobile devices. Localization

93
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plays an important role in many applications, when a large number of wireless devices,
which we call here nodes, are randomly and densely placed in a region. The geographic
information can be used in communication protocols for routing in wireless ad-hoc
networks [60]. There are abundant applications for location-based services such as
personal navigation [91], provided that real-time and low-cost indoor positioning is

possible using accessible mobile devices like smart phones.

Although Global Positioning System (GPS) has been widely used for position-
ing, it adds considerable cost to the system. Further, it does not work in indoor
environments. As an alternative, we want to use basic local information such as
connectivity (which nodes are within communication range of each other) or local

distances (pairwise distances between neighboring nodes).

Two common techniques for obtaining the local distance and /or connectivity infor-
mation are Received Signal Strength Indicator (RSSI) and Time Difference of Arrival
(TDoA). RSSI is a measurement of the ratio of the power present in a received radio
signal and a reference power. Signal power at the receiving end is inversely propor-
tional to the square of the distance between the receiver and the transmitter. Hence,
RSSI could potentially be used to estimate the distance and it is common to assume
the use of RSSI in distance measurements. However, experimental results indicate
that the accuracy of RSSI is limited [37]. TDoA technique uses the time difference
between the receipt of two different signals with different velocities, for instance ul-
trasound and radio frequency signals [79, 89]. The time difference is proportional
to the distance between the receiver and the transmitter, and given the velocity of
the signals the distance can be estimated from the time difference. These techniques
can be used, independently or together, for distance estimation. In an alternative
approach, Angle of Arrival (AoA) can also be used to infer the positions of sensors
[76]. Once a node has angle of arrival information to three other nodes with known
positions, we can perform triangulation to locate the wireless node. To measure the

angle of arrival, an antenna array is required at each wireless node.
In the following section, we first discuss centralized positioning algorithms which
use the connectivity information or the local distance measurements. Then, we discuss

positioning algorithms which can be used in the decentralized setting.
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4.1.1 Centralized positioning

In the centralized setting, we assume that there is a central processor with access
to all the distance measurements. A centralized algorithm is used to estimate the
positions of the nodes from the pairwise distance measurements. Note that we can
only determine the positions up to a rigid transformation (rotation and translation),
since pairwise distances are invariant under a rigid transformation. Further, due
to signal attenuation, we assume that only distance measurements between nodes
within some radio range R are available. The corresponding network is modeled as
a fixed radius random geometric graph. In some cases, when we have special nodes
with known positions in some global coordinate system, we can hope to uniquely
determine the node positions. These special nodes are called anchors, landmarks [76]
or seeds [83].

In Section 4.2, we are interested in the theoretical guarantees associated with the
performance of centralized positioning algorithms. Such analytical bounds on the
performance of localization algorithms can provide answers to practical questions:
for example, how large should the radio range be in order to get the error within a
threshold? With this motivation in mind, we provide a bound on the performance of
the popular MDS-MAP [93] algorithm when applied to centralized positioning using
only the connectivity information.

In the case when all pairwise distances are known, the positions can be exactly
determined, up to a rigid motion, using a classical method known as multidimensional
scaling (MDS) [16, 26]. We refer to Section 4.2.2 for further details. However, when
most pairwise distances are missing, the problem is much more challenging. One
approach is to first estimate the missing distance measurements and then apply MDS
to the estimated distance measurements [106, 107, 93, 94]. MDS-MAP [93] uses
the shortest paths between all pairs of nodes to approximate the missing distance
measurements. In Section 4.2, we describe the MDS-MAP algorithm in detail, and
provide a performance guarantee for this algorithm.

Various approaches have been proposed to solve the problem of positioning from
partial distance measurements with noise. One line of work deals with solving a

convex relaxation to find the node positions using semidefinite programming (SDP)
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[12, 112]. When the distances are measured exactly without any noise, then SDP
guarantees exact reconstruction of the node positions if the underlying graph is uni-
versally rigid [99]. However, when the graph is only globally rigid or when there is
a small noise in the measurements, there is no performance guarantee. Another line
of work deals with ‘stitching’ together local structures, including Locally Rigid Em-
bedding (LRE) [97], eigenvector synchronization of locally rigid subgraphs [27], and
As-rigid-As-Possible algorithm [119]. The performances of these practical algorithms
are measured through simulations and there is little work on the theoretical analysis
to support the results.

Dineas et al. used a matrix completion technique to reconstruct the distance
matrix and prove an upper bound on the resulting estimation error [32]. However,
the analysis is based on a number of strong assumptions. First, it is assumed that
even far away sensors have non-zero probability of detecting their distances. Second,
the algorithm explicitly requires the knowledge of detection probabilities between all
pairs. Third, it is assumed that the average degree of the network (i.e., the average
number of nodes detected by each node) grows linearly with the number of nodes
in the network. In the following section, we further discuss how positioning can be

viewed as a matrix completion problem and what the main challenges are.

4.1.2 Positioning as matrix completion

As will be explained in Section 4.2.2, if we have the complete and exact matrix
of squared distances D € R™ ™, we can use Multidimensional Scaling (MDS) to
determine the exact positions of the nodes, up to a rigid motion. We define D, ; =
|z; —x;||?, where z; € R is the d-dimensional position of node i € [n]. It is, therefore,
enough to determine D in order to solve the positioning problem. Further, matrix D

has low rank. By definition,
D =all +1,a" —2XX" |

where a € R™ is a vector with a; = ||z;]|?, 1,, € R™ is an all-ones vector, and X € R"*¢

is the position matrix with i-th row equal to z;. D is a sum of two rank-1 matrices
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and a rank-d matrix. Hence, the rank of D is at most d + 2, which is much smaller

than n.

We can view positioning as a matrix completion problem, where we want to find
a low-rank matrix D from a small number of sampled entries corrupted by noise.
However, matrix completion algorithms cannot be directly applied to the problem
of positioning, because the assumptions made in the matrix completion setting are
not always satisfied. We made two main assumptions: (i) The low-rank matrix has
small incoherence parameter pu; (it) The entries are sampled uniformly at random
given the sample size |F|. The following remark shows that the first assumption on
the incoherence of D is still satisfied in a common positioning setting. We refer to

Section 2.2 for the definition of incoherence.

Remark 4.1.1. Assume n nodes are positioned independently and uniformly at ran-
dom in a d-dimensional hypercube [—1,1]¢. Then the matriz D of squared distances

15 incoherent with parameter p = 4d, with high probability.

Note that a typical value of d is two or three, so p is quite small compared to
n, and therefore assumptioin (7) is satisfied. However, assumption (i), which is on
sampling, is violated. It is very common and more practical to assume that the
distances between close-by sensors are more likely to be measured. This introduces
bias in the samples, since we are sampling entries of D which have smaller values.
Hence, none of the analysis for matrix completion applies in the positioning setting.
In Section 4.2, we describe and analyze a simple positioning algorithm based on the
low-rank structure of D, and discuss how we can combine the idea of this algorithm

and OPTSPACE to apply matrix completion to solve positioning problems.

Proof of Remark 4.1.1. We start with the condition AQ. Let D = )ZS)?T, where X €

R™*(4+2) is the matrix whose i-th row is the column vector X; = (1,21, ..., i g, |7:]|?)"
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and
0 0 1
S=10 -21I; 0 (4.1)
1 0 0

With probability one, the columns of X are linearly independent and therefore there
exists a matrix A € R+2%(@+2) gych that X = VAT with VTV = I(4+2). The SVD
of M then reads M = UXUT with ¥ = QT ATSAQ and U = VQ for some orthogonal
matrix Q € R2x(@+2) Tt is enough to show that

pu(d+ 2
sup V7 < M4+
1<i<n n

where V; = A7'X; is the i-th row of V. Since ||Vi||2 < omim(A) 72| X;|? and || X,]|> =
1+ ||z + ||z:]|* < d(d+ 2), it is sufficient to bound from below o, (A)?. Since V'

is orthonormal,
AAT = XTX =) X X7
i=1

It is easy to compute the expectation of this matrix over the distribution of node

positions {z;},

1 0 /3

E{AAT} =n| 0 (1/3)I, 0 : (4.2)

d/3 0 (d/3)’+4d/45

Therefore Ay, (E{AAT}) = n/3. Using the fact that Ay, () is a Lipschitz continuous

function of its argument, together with the Chernoff bound for large deviation of sums
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of i.i.d. random variables, we get that Ay (AA”) < n/4 with high probability. This
implies that sup, ;< || Vi||* < (4d(d 4 2))/n as claimed.

Next, consider the condition A1. We need to show that sup, jcp, [Dij| < Sipuv/d +2/n.
Since x;, x; € [—1,1]%, we have | D;;| = ||z; — z;||* < 4d. Further, the above argument
implies that 31 = ||ATSAll2 > Amax(AAT)0min(S) = Amax(AAT).

Using (4.2), we get Amax (E{AAT}) > n(1+d?/9). Again using the standard Cher-
noff bound for i.i.d. random variables, we get Apax(AAT) > n with high probability.

We get therefore ¥; > n with the same probability, and sup; ;¢ [Di;|/>1 < 4d/n,

which proves our claim. ([l

4.1.3 Decentralized positioning

One consequence of the ad-hoc nature of the underlying networks is the lack of a
central infrastructure. In the centralized setting, we assumed that a central processor
has access to all the pairwise distance measurements. However, centralized algorithms
typically have low energy efficiency and low scalability due to dependency on a central
processor and excessive communication overload. In Section 4.3, we analyze the per-
formance of a distributed positioning algorithm. We show that the Hop-TERRAIN
algorithm introduced in [87] achieves a bounded error when only local connectivity

information is given.

Table 4.1: Distributed localization algorithm classification [61]

Phase Robust positioning [87]  Ad-hoc positioning [77] N-hop multilat. [90]
1. Distance DV-HoP Euclidean Sum-dist

2. Position Lateration Lateration Min-max

3. Refinement Yes No Yes

Recently, a number of decentralized localization algorithms have been proposed
(87, 90, 77, 72, 83]. Langendoen and Reijers [61] identified a common three-phase
structure of three popular distributed positioning algorithms, namely robust posi-

tioning [87], ad-hoc positioning [77] and N-hop multilateration [90] algorithms. Table
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4.1 illustrates the structure of these algorithms. In the first phase, nodes share in-
formation to collectively determine the distances from each of the nodes to a number
of anchors. Anchors are special nodes with a priori knowledge of their own position
in some global coordinate system. In the second phase, nodes determine their posi-
tion based on the estimated distances provided by the first phase. In the last phase,
the initial estimated positions are iteratively refined. It is empirically demonstrated
that these simple three-phase distributed sensor localization algorithms are robust
and energy-efficient [61]. However, depending on which method is used in each phase
there are different tradeoffs between localization accuracy, computation complexity
and power requirements. In [72], a distributed algorithm based on the gradient desent
method was proposed, which is similar to ad-hoc positioning [77] but uses a different

method for estimating the average distance per hop.

Another distributed approach introduced in [52] is to pose the localization problem
as an inference problem on a graphical model and solve it using nonparametric belief
propagation. It is a naturally distributed procedure and produces both an estimate
of node positions and a representation of the location uncertainties. The estimated
uncertainty may subsequently be used to determine the reliability of each node’s

location estimate.

4.2 Centralized algorithm

In a centralized setting, we assume that a central processor has access to all the prox-
imity measurements available. Then we can apply a centralized algorithm to find the
positions of the nodes that best matches the proximity measurements. In this sec-
tion, we provide a performance bound for a popular centralized positioning algorithm
known as MDS-MAP [93], when only the connectivity information is available as in
the connectivity-based model described in the next section. Further, the algorithm

can be readily applied to the range-based model without any modification.
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Figure 4.1: An example of random nodes with radio range R. A node is connected
to its neighbors within distance R.

4.2.1 Model

We assume that the nodes are placed uniformly at random in a bounded convex
domain in R?. To be definite, we consider the random geometric graph G(n,r) =
(V, E, P), where V is a set of n nodes that are distributed uniformly at random in
a d-dimensional hypercube [0,1]2. E C V x V is a set of undirected edges that
connect pairs of nodes that are within a fixed radio range R, and P : EF — RT
is a non-negative real-valued weight of the edges. The weight F;;, which we call
the proximity measurement, corresponds to the measured distance between nodes ¢
and j possibly corrupted by noise and quantization. Although we assume the space
to be [0,1]? hypercube for the sake of simplicity, our analysis easily generalizes to
any bounded convex set, in which case the nodes are distributed according to the
homogeneous Poisson process model with density p = n. This is characterized by the
probability that there are exactly k nodes appearing in any region with volume A :
P(ka = k) = @24,

Let x; denote the position of node i in the d-dimensional space and R be the radius

of detection or the radio range. We assume that if two nodes ¢ and j are within a
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given radio range R, then a proximity measurement P;; between those two nodes is
available. Figure 4.1 shows an example of the random nodes in a unit square with
radio range R. This corresponds to the disc model, a common random geometric
graph model, where

(i,j) € E, if and only if d; ; < R,

where d; ; = ||x; — x;||. To each edge (i,7) € E, we associate the proximity measure-
ment F; ; between sensors ¢ and j, which is a function of the distance d; ; and random

noise. In an ideal case where our measurements are exact, we have P; ; = d; ;.

Localization algorithms are typically categorized into two categories depending on
the available proximity information. In the first one, approximate measurements of
the distances between neighboring sensors are available, perhaps with limited accu-
racy. This is referred to as range-based localization or range-aware model. Common
technologies to obtain the distance measurements include Time of arrival (ToA), Time
Difference of Arrival (TDoA), Angle of Arrival (AoA), and Received Signal Strength
Indicator (RSSI). Under the range-based model, it is assumed that the distance mea-
surements are available but may be corrupted by noise or have limited accuracy. In
formulae,

o { [dij + zigleif (Z}j).e E,

* otherwise,
where z; ; models the measurement noise, possibly a function of the distance d; ;, and
la]+ = max{0,a}. Here a x denotes that we do not have any proximity measurement
but we know that d;; > R. Common examples are the additive Gaussian noise
model, where the z; ;’s are i.i.d. Gaussian random variables, and the multiplicative
noise model, where P, ; = [(1+ N, ;)d; ]+, for independent Gaussian random variables
N;j’s.

Depending on the applications in which the location information is going to be
used, the tolerance for error in the estimation may vary. Acknowledging the fact that
the cost of hardware required to measure the distance in the range-based model may
be inappropriate, we assume a simpler range-free localization or connectivity based

model. Throughout this chapter, we assume that only connectivity information is
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available at the nodes. Formally,

R if (i,j) € E,
Pm:{ H ) (43)

* otherwise,

where a * denotes that the proximity measurement is missing due to d; ; > R. Hence,
a node can only detect which other nodes are within radio range R, and no other
information is available. This can be considered as an extreme case quantization,

where we only get one bit of information for each pair of nodes.

In the following, let D denote the n x n matrix of squared pairwise distances where
D;; = d?’j. We use X to denote the n x d matrix of node positions where the ith row
corresponds to x;. Given the graph G(n,r) = (V, E, P), the goal of positioning is to
find a d-dimensional embedding of the nodes that best fits the measured proximity
between all the pairs in E. The notion of embedding, or configuration, will be made

clear in the following sections.

4.2.2 Multidimensional scaling

Multidimensional scaling (MDS) refers to a set of statistical techniques used in find-
ing the configuration of objects in a low dimensional space such that the measured
pairwise distances are preserved [26, 16]. It is often used for visual representation
of the proximities between a set of items. For example, given a matrix of perceived
similarities or dissimilarities between n items, MDS geometrically places each of those
items in a low dimensional space such that the items that are similar are placed close
to each other. Formally, MDS finds a lower dimensional embedding Z;’s that minimize

the stress defined as

oy (f(dig) = diy)®
2 iz by 7

stress =

A

where d; ; is the input similarity or dissimilarity, d;; = ||Z; — ;|| is the Euclidean

distance in the lower dimensional embedding, and f(-) is some function on the input
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data. When MDS perfectly embeds the input data, f(d;;) = cZ,] and the stress is
zero.

In this chapter we use what is called the classical metric MDS (We refer to [26, 16]
for the definition of other types of MDS algorithms, for instance nonmetric MDS,
replicated MDS, and weighted MDS). In classical metric MDS, f(-) is the identity
function and the input dissimilarities correspond to the Euclidean distances such
that d; ; = ||z; — x;]|| for some lower dimensional embedding {z;}. Further, when all
the dissimilarities (or pairwise distances) are measured without error, the following
spectral method correctly recovers the lower dimensional embedding up to a rigid

motion.

Spectral method for classical metric MDS

Input: dimension d, input matrix A
Output: estimated positions MDS;(A)
1: Compute B = (—1/2)LAL, where L =1, — (1/n)1,17%;
2:  Compute the the singular value decomposition of B, B = UXUT;
3:  Compute the best rank-d approximation U;>qUT by taking

the d largest singular values and corresponding singular vectors;
4:  Return MDS,(A) = UdElli/Q.

This algorithm has been commonly used in positioning applications [32, 93] and
in the future whenever we say MDS we refer to the above algorithm. Let L be the
n X n symmetric matrix L = I, — (1/n)1,1%, where 1,, € R™ is the all ones vector and
I, is the n x n identity matrix. L projects n-dimensional vectors onto the (n — 1)-
dimensional subspace orthogonal to 1,. Let MDS;(D) denote the n x d matrix
returned by MDS when applied to the matrix D of exact squared distances. Let
(—=1/2)LDL = USUT be the singular value decomposition (SVD) of the symmetric
matrix (—1/2)LDL. It is proved below that this is a positive semidefinite matrix.

Then, we can define

MDS,4(D) = UnY?
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where U, denotes the n x d left singular matrix corresponding to the d largest singular
values and ¥; denotes the d x d diagonal matrix with d largest singular values in
the diagonal. Note that since the columns of (—1/2)LDL are orthogonal to 1, by
construction, it follow that L - MDS,;(D) = MDS4(D).

It can be easily shown that when MDS is applied to the matrix D of squared
distances without noise, the configuration of sensors are exactly recovered [26, 32].
This follows from rewriting the distance matrix as D = 1a” + al” — 2X X7 which

implies that
1
—5LDL = LXXTL, (4.4)

where a; = |z, and i-th row of X € R™*? is the position of the node 4. Since
LX XTL has rank at most d, MDS4(D) = LXQ for some orthogonal matrix @ € R%*¢
satisfying QTQ = QQT = I;. Note that we only get the configuration and not
the absolute positions, in the sense that MDS,(D) is one version of infinitely many
solutions that matches the distance measurements D.

Intuitively, it is clear that the pairwise distances are invariant to a rigid trans-
formation (a combination of a rotation and a translation) of the matrix X of node
positions. There are, therefore, multiple ways to position the nodes which result in
the same pairwise distances. For future use, we introduce a formal definition of rigid
transformation and related terms.

Denote by O(d) the orthogonal group of d x d matrices. A set of node positions
Y € R4 is a rigid transformation of X € R™ 4 if there exists a d-dimensional shift

vector s € R and an orthogonal matrix ) € O(d) such that
Y =XQ+1,s".

Y should be interpreted as a result of first rotating the node positions by ) and then
shifting all the node positions by s. Similarly, when we say two position matrices X
and Y are equal up to a rigid transformation, we mean that there exists a rotation @
and a shift s such that Y = XQ+1,,s”. Also, we say a function f(-) is invariant under

rigid transformations if for all X and Y that are equal up to a rigid transformation
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we have f(X) = f(Y). Under these definitions, it is clear that D is invariant under
rigid transformations.

In many applications of interest, for instance geographic routing, it is enough to
find the node positions up to a rigid motion. The task of finding a relative map is to
find one configuration of sensors that have the same pairwise distances as the original
configuration. The task of finding an absolute map is to determine the absolute
geographic coordinates of all sensors. This typically requires special nodes, called
anchors, with known positions in a given coordinate system. In this section, we are
interested in finding a configuration that best fits the proximity measurements and
providing an analytical bound on the resulting error. The problem of finding an

absolute map will be discussed in Section 4.3.

4.2.3 Algorithm

While MDS works perfectly when D is available, in practice not all proximity mea-
surements are available because of the limited radio range R and the measurements
are further corrupted by noise. In this section, we describe the MDS-MAP algo-
rithm introduced in [93], where we apply the shortest paths algorithm on the graph
G = (V, E, P) to get an estimate of the unknown proximity measurements. Note that
the idea of combining shortest paths with multidimensional scaling has also been used
extensively in the context of low-dimensional embedding in [106, 107].
Based on MDS, MDS-MAP consists of two steps :

MDS-MAP [93]

Input: dimension d, graph G = (V, E, P)
Output: estimation X
1:  Compute the shortest paths, and let D be the matrix of

squared distances along the shortest paths;
2:  Apply MDS to 13, and let X be the output.

The original MDS-MAP algorithm introduced in [93] has an additional post-processing
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step to fit the given configuration to an absolute map using a small number (typi-
cally d + 1) of anchors. However, the focus of this paper is to give a bound on the
error between the relative map found by the algorithm and the correct configuration.

Hence, the last step, which does not change the configuration, is omitted here.

Shortest paths. The shortest path between nodes ¢ and j in a graph G =
(V, E, P) is defined as a path between two nodes such that the sum of the proximity
measures of its constituent edges is minimized. Let cz” be the computed shortest
path between nodes ¢ and j. Since we assume that only the connectivity information
is available as in (4.3), the shortest path is equivalent to the minimum number of hops
scaled by R. Then, we define D € R™" as the squared distance along the shortest
paths.

~ 0 ifi=j,
Dij =4 5 .
d; ; otherwise .

Note that D is well defined only if the graph G is connected. If GG is not connected,
there are multiple configurations resulting in the same observed proximity measures
and global localization is not possible. In the unit square, assuming sensor positions
are drawn uniformly at random as defined in the previous section, the graph is con-
nected, with high probability if 7R? > (logn + ¢,)/n for ¢, — oo [48]. A similar
condition can be derived for generic d-dimensions as Cy4R? > (logn + c,)/n, where
Cy < 7 is a constant that depends on d. Hence, in the following, we are especially

interested in the regime where R = (alogn/n)'/¢ for some positive constant c.

As will be shown in Lemma 4.2.3, the key observation in this shortest paths step is
that the estimation cZ” is guaranteed to be arbitrarily close to the correct distance d; ;
for an appropriate radio range R and a large enough n. Moreover, the all-pairs shortest
paths problem has an efficient algorithm whose complexity is O(n?logn + n|E|) [53].
For R = (alogn/n)Y¢ with constant «, the graph is sparse with |E| = O(nlogn),

whence the complexity is O(n?logn).

Multidimensional scaling. In step 2, we apply the MDS algorithm to D to get
a good estimate of X. As explained in Section 4.2.2, we compute X = MDSd(lA)).
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The idea is that if the shortest paths algorithm gives a good estimate, then the
resulting error between X and X is small. The main step in MDS is singular value

decomposition of a dense matrix ZA), which has a complexity of O(n?).

4.2.4 Main result

The main result of this section establishes that MDS-MAP achieves an arbitrarily
small error with a radio range R = (alogn/n)'/¢ with a large enough constant a,

when we have only the connectivity information under the range-free model.

Let X € R™? denote an estimation of X. To compare X and X , we first need to
introduce a distance metric which is invariant under a rigid transformation. Define
L =1, - (1/n)1,1 as in the MDS algorithm. L is a projection operator which
eliminates the contribution of the translation, in the sense that LX = L(X +1sT) for
all s € RY. Note that L has the following nice properties : (i) LXXTL is invariant
under rigid transformation; (ii) LXXTL = LXXTL implies that X and X are equal

up to a rigid transformation. This naturally leads to the following distance metric:
~ 1 ~~
dpos(X, X) = —||LXX"L — LXXTL||,, (4.5)
n

where || - || denotes the Frobenius norm. Notice that the factor (1/n) corresponds
to the usual normalization by the number of entries in the summation. Indeed this
distance is invariant to rigid transformations of X and X. Furthermore, dpos(X, X ) =
0 implies that X and X are equal up to a rigid transformation. With this metric, our

main result establishes an upper bound on the resulting error. Define

2 /] 1/d
Ro = % ( Oi”) . (4.6)

Theorem 4.2.1. Assume n nodes are distributed uniformly at random in the [0,1]%
hypercube, for a bounded dimension d = O(1). For a given radio range R, we are given
the connectivity information of the nodes according to the range-free model. Then,

with high probability, the distance between the estimate X produced by MDS-MAP
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and the correct position matrix X is bounded by

for R > Ry, where dyos(+) is defined in (4.5) and Ry in (4.6).

A proof is provided in Section 4.2.5. As described in the previous section, we
are interested in the regime where R = (alogn/n)Y/¢ for some constant o. Given
any small positive constant §, this implies that MDS-MAP is guaranteed to produce
estimated positions that satisfy dpes(X, X ) < 6 with a large enough constant a and
a large enough n.

Using the above theorem, we can further show that there is a linear transformation
S € R%4 such that when applied to the estimations, we get a similar bound in the
Frobenius norm of the error in the positions. The proof of this corollary is presented
in Section 4.2.5.

Corollary 4.2.2. Under the hypotheses of Theorem 4.2.1 , with high probability,

min, innLX _LXS|p < \/6% +O(R) .

Now that we have a bound on the estimation error using MDS-MAP algorithm,
we can apply the two-step idea of OPTSPACE to positioning. Namely, in the first
step, we apply MDS-MAP to get an initial estimate of the sensor positions X. Then,
we can apply greedy algorithm to minimize the residual errors. Figure 4.2 compares
the average error of this OPTSPACE inspired algorithm with that of MDS-MAP.
In this example, we revealed the exact distances as in the range-based model. For
OPTSPACE, we saw that we can prove strong performance guarantees, provided that
we get an arbitrarily close initial estimate using a simple spectral method. The same
idea applies here in the positioning setting, since we proved that we get an arbitrarily
close initial estimate using a simple MDS-MAP algorithm. However, analyzing the
greedy minimization in the positioning setting is more challenging, and it is an inter-
esting research direction to analyze the performance of this modified OPTSPACE for

positioning.
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Figure 4.2: Average error with MDS-MAP and the OPTSPACE inspired positioning
algorithm under the range-based model without noise.

4.2.5 Proof
Proof of Theorem 4.2.1

We start by bounding the distance djos(X, X ), as defined in (4.5), in terms of D and
D. Since L(XXT — XXT)L has rank at most 2d, it follows that

|L(XXT = XXT)L|p < V2d|L(XXT = XXT)L]; ,

where we used the fact that, for any rank 2d matrix A, we have ||A||r < V2d||Al].

It is enough to bound the operator norm of L(XX” — XXT)L. To this end we

use
1~ PP 1 ~
|- FLDL - XX I, <1 - SLDL - Al (4.7)

for any rank-d matrix A. From the definition of X = MDS4(D) in Section 4.2.2,
we know that X X7 is the best rank-d approximation to —(1/2)L1A)L. Hence, XXT
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minimizes || — (1/2)LDL — Al|5 for any rank-d matrix A. It follows that

IL(XXT = XXT)L|2
(a

) P PN
< HL(XXT+ 5D)LH v H - 5LDL—XXTH
2 2

INE

1 ~ 1 ~
SIL(=D+ D)Ll + S 1L(~D + D)Ll

INZ

1D =Dl (4.8)

where (a) follows from the triangular inequality and the fact that X = LX as shown
in Section 4.2.2. In (b) we used (4.4) and (4.7). Since the rank of —(1/2)LDL is d,
the second term in (b) follows by setting A = —(1/2)LDL. The inequality (c) follows
trivially from the observation that ||L||s = 1.

Now it is sufficient to bound || D — D||», using the following key result on the short-
est paths. The main idea is that, for nodes with uniformly random positions, shortest
paths provide arbitrarily close estimates of the correct distances for an appropriate

radio range R. Define

R(B) =8Vd (M) " (4.9)

n

For simplicity we denote R(0) by Ry.

Lemma 4.2.3 (Bound on the length of the shortest path). Under the hypotheses
of Theorem 4.2.1, w.h.p., the shortest paths between all pairs of nodes in the graph
G(V, E, P) are uniformly bounded:

;< (1450, om).

for R > Ry, where Ry is defined as in (4.9) and Ry as in (4.6).

The proof of this lemma is given later in this section. Define an error matrix
7 = D—D. Then by Lemma 4.2.3, Z is element-wise bounded by 0 < Z < (Ry/R)D+
O(R). Let u and v be the left and right singular vectors of Z respectively. Then by
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Perron-Frobenius theorem, the entries of v and v are non-negative. It follow that

|ID-Dl|, = u"Zv

< %UTDU + O(Rn)

R
< Z DIl +O(Bn). (4.10)

The first inequality follows from the element-wise bound on Z and the non-negativity
of w and v. It is simple to show that || D] = ©(n). Typically, we are interested in
the region where R = o(1), which implies that the first term in (4.10) dominates the

error.

Now we are left with the task of bounding ||D||>. Using the element-wise bound
on D, 0 < D;; <d, we can prove a slightly loose bound : ||Dl|; < dn . We can also
prove a simple lower bound for ||Dl|s > dn/6, with high probability. This follows
from ||D|s > (1/n)17D1 and the fact that right hand side concentrates around
dn/6. Hence, the upper and lower bounds only differ in the constant. We can use
concentration of measure inequalities to show a slightly tighter upper bound with a

smaller constant in the following lemma which is proved in [78].

Lemma 4.2.4. With high probability,

d
|ID]s < ——n-+o(n).

V20

Applying Lemma 4.2.4 to (4.10) and substituting ||[D — D, in (4.8), we get the

desired bound :

N 432 R,
dpos(X, X) <

and this finishes the proof of Theorem 4.2.1.

+O(R) ,
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Proof of the bound on the length of the shortest path

Proof. (Proof of Lemma 4.2.3) We prove a slightly more general version of Lemma
4.2.3. We will show that under the hypotheses of Theorem 4.2.1, for any g > 0 and

all sensors ¢ # j, there exists a constant C' such that, with probability larger than

1— (15,;%7 the shortest paths between all the pairs of nodes are uniformly bounded
by

; R(p)

@< (1+ T)dij +O(R) (4.11)

for R > Ry, where R(f) is defined as in (4.9) and Ry as in (4.6). Especially, Lemma
4.2.3 follows if we set 7 = 0.

We start by applying the bin-covering technique to the random geometric points
in [0,1]? in a similar way as in [71]. We cover the space [0, 1]¢ with a set of non-
overlapping hypercubes whose edge lengths are 6. Thus there are total [1/§]¢ bins,
each of volume §¢. In formula, bin (i1, ...,44) is the hypercube [(i; — 1)d,4,6) X - -+ x
[(iq—1)6,i40), for i, € {1,...,[1/6]} and k € {1,...,d}. When n nodes are deployed
in [0,1]¢ uniformly at random, we say a bin is empty if there is no node inside the
bin. We want to ensure that, with high probability, there are no empty bins.

For a given ¢, define a parameter

B=(6n/logn) —1.

Since a bin is empty with probability (1 — §%)", we apply union bound over all the
[1/6]¢ bins to get,

174
P(no bins are empty) > 1 — [ﬂ (1—aoH"

Cn (1+ 3)lognyn

21- m(l ) (4.12)
Cn?

2T Ay oen 1

where in (4.12) we used the fact that there exists a constant C' such that [1/§]¢ <
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C/é% and in (4.13) we used (1 — 1/n)™ < e~!, which is true for any positive n.
Assuming that no bins are empty with high probability, we first show that the

length of the shortest path is bounded by a function F'(d, ;) that only depends on the

distance between the two nodes. Let ciw denote the shortest path between nodes 7

and j and d;; denote the Euclidean distance. Define a function F': Rt — R* as

R ify<R,
Fly) = .
(k+ 1R ifye Ly for ke {1,2,...},

where L, denotes the interval (R + (k — 1)(R — 2v/dd)d, R + k(R — 2V/dJ)).
We will show, by induction, that for all pairs (i, j),

d;; < F(ds;) . (4.14)

First, in the case when d; ; < R, by definition of range-free model, nodes i and j are

connected by an edge in the graph G, whence c?” = R.

Next, assume that the bound in (4.14) is true for all pairs (I,m) with d;,, <
R+ (k—1)(r —2v/d)s. We consider two nodes i and j at distance d; ; € L. Consider
a line segment /; ; in a d-dimensional space with one end at x; and the other at z;,
where z; and z; denote the positions of nodes ¢ and j respectively. Let p be the point
in the line /; ; which is at distance r — Vdé from z;. Then, we focus on the bin that
contains p. By the assumption that no bin is empty, we know that we can always find
at least one node in the bin. Let k£ denote any one of those nodes in the bin. Then

we use following inequality which is true for all nodes (i, k, 7).
Czi,j < Az‘,k + CZk,j :

Each of these two terms can be bounded using the triangular inequality. To bound
the first term, note that two nodes in the same bin are at most distance v/dé apart.
Since p and zj are in the same bin and p is at distance R — v/dd from node z;
by construction, we know that d; < |lz; — p|| + ||p — x| < R, whence d;;, = R.
Analogously for the second term, dy.; < ||lz; —p|| +||p —xx]| < R+ (k—1)(R—2V4d)s,
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Figure 4.3: Comparison of upper and lower bounds of shortest paths {a@j} with
respect to the correct distance {d; ;} computed for n = 6000 sensors in 2-dimensional
square [0, 1]? under connectivity based model.

which implies that dj,; < F(dy;) = kR. Hence, we proved that if (4.14) is true for
pairs (i, 7) such that d;; < R+ (k—1)(R —2v/d)d, then d;; < (k+1)R for pairs (i, §)
such that d; ; € L£;. By induction, this proves that the bound in (4.14) is true for all
pairs (1, j), provided that the graph is connected.

1/d
Let 1 = (R/2Vd) (n/((l + () log n)) . Then, the function F(y) can be easily
upper bounded by an affine function F,(y) = (1 +1/(u — 1))y + R. Hence we have
the following bound on the length of the shortest path between two nodes i and j.

- 1

dij < |1+ 1/d
R (__n -1
o ()

dij+R. (4.15)

Figure 4.3 illustrates the comparison of the upper bounds F'(d, ;) and F,(d, ;), and
the trivial lower bound CZ” > d; ; in a simulation with parameters d = 2, n = 6000
and R = y/641logn/n. The simulation data shows the distribution of shortest paths
between all pairs of nodes with respect to the actual pairwise distances, which confirms
that shortest paths lie between the analytical upper and lower bounds. While the

gap between the upper and lower bound is seemingly large, in the regime where
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R = a\/m with a constant «, the vertical gap R vanishes as n goes to infinity
and the slope of the affine upper bound can be made arbitrarily small by increasing
the radio range R or equivalently taking a large enough «. The bound on the squared
shortest paths d ; can be derived from the bound on the shortest paths in (4.15) after

some calculus.

2
2 o< [P g
2
u 1
= )2df]+R2+2u odij R (4.17)
24 — 2
= (1+ 25— )d2 + O(R 4.18
(1+ = )) (R) (4.18)
4
< =) d?, ) )
< <1+M>dm+O(R) (4.19)

where in (4.18) we used the fact that (u/(pn—1))d;; = O(1), which follows from
the assumptions (R/4vd)? > (1 + B)logn/n and d = O(1). In (4.19), we used the
inequality (2u — 1)/(u — 1)? < 4/p, which is true for g > 2 + /3. Substituting  in
the formula, this finishes the proof of the desired bound in (4.11). O

Proof of Corollary 4.2.2

Proof. Let the SVD of LX be LX = UXVT, where UTU = 1;, VVT = VTV =1,
and I, denotes the d x d identity matrix. Let (X,Y) = Tr(X*Y') denote the standard
scalar product. Then, for § = XTLUX1VT,

ILX — LXS|p = sup (B, LX —LXS)

BeR"*d ||B||p<1

- sup (B, (LXVSUT — LXXTL)US'VT)

BeR™*4,||B||p<1

= sup  (BVS W', LXX"L - LXX"L)

BeRnxd,|Bl|p<1
< sup  |BVSTWUT|p|LXXTL — LXXTL||p .

BeR"xd ||B||p<1
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On the other hand, |[BVE~'UT|2 = Tr(BVE2VTB) < X2 || B||%, where Y, is
the smallest singular value of LX.

To show that ¥, > 1/n/6, we use concentration of measure on the singular
values of LXXTL for uniformly placed nodes. Note that E[LXXTL] = (n/12)1,,
and singular values are Lipschitz functions of the entries. Using concentration of
measure result for Lipschitz functions on bounded independent random variables, it
follows that with high probability the smallest singular value of LX is larger than

\/n/6. This finishes the proof of the corollary. U

4.3 Decentralized algorithm

In a decentralized approach to positioning, we assume that only local information
and local communication is available. Each node is aware of only who its neighbors
are within its radio range. Further, each node is allowed to communicate only with
its neighbors. Then, each node shares messages with its neighbors to estimate its
position. In this section, we provide a performance bound for a popular decentralized

positioning algorithm known as Hop-TERRAIN [87].

4.3.1 Model

The model we assume in this decentralized setting is identical to the centralized
setting, except for the addition of anchor nodes. As before, we assume that we have
no fine control over the placement of the nodes which we call here the unknown
nodes (e.g., the nodes are dropped from an airplane). Formally, n unknown nodes are
distributed uniformly at random in the d-dimensional hypercube [0, 1]¢. Additionally,
we assume that there are m special nodes, which we call anchors, which are equipped
with the capability to find their own positions in some global coordinate (e.g., the
anchors are equipped with a global positioning device). The anchors are assumed to
be distributed uniformly at random in [0, 1]¢ as well. If we have some control over
the positions of the anchors, we show that we get similar error bound with smaller

number of anchors (m = d + 1) compared to when the anchors are randomly placed.
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Figure 4.4: Example of a random geometric graph with radio range R. Anchors are
denoted by solid circles (red). A node is connected to all other nodes that are within
distance R.

Let V, = {1,...,m} denote the set of m vertices corresponding to the anchors
and V, = {m + 1,...,m 4+ n} the set of n vertices corresponding to the unknown
nodes. We consider the random geometric graph model G(m + n,r) = (V, E, P)
where V =V, UV,, E CV xV is a set of undirected edges that connect pairs of
nodes which are close to each other, and P : E — R* is a non-negative real-valued
function. The weight function P corresponds to the proximity measurements. Let
r, € R? denote the position of anchor a for a € {1,--- ,m} and x; € R? denote the
position of unknown node i for i € {m + 1,--- ;m + n}. We assume that only the
anchors have a priori information about their own positions. Again, we assume the
disk model where nodes ¢ and j are connected if they are within a radio range R.
More formally,

(t,j) € E,ifand only if d; ; < R .

Figure 4.4 shows an example of the random nodes and anchors with radio range R.

We assume the range-free model where we only have the connectivity information.

The proximity measurements tell us which nodes are within the radio range R, but



4.3. DECENTRALIZED ALGORITHM 119

we have no information on how close they are. Formally,

* otherwise,

Pm:{ R if (4,§) € E,

where a * denotes that d; ; > R. We refer to Section 4.2.1 for the definitions and

comparison of the range-free model and the range-based model.

4.3.2 Algorithm

Based on the robust positioning algorithm introduced in [87], the decentralized sensor

localization algorithm we consider in this section consists of two steps :

Hop-TERRAIN [87]

1:  Each unknown node ¢ computes the shortest paths
{d;q : a €V,} between itself and the anchors;

2:  Each unknown node ¢ derives an estimated position Z; using multilateration.

According to the three phase classification presented in Table 4.1, this is closely
related to the first two phases of the robust positioning algorithm. The robust posi-
tioning algorithm uses a slightly different method for computing the shortest paths,
which is compared in detail later in this section. Throughout this section, we refer to
the above algorithm as HOP-TERRAIN, which is the first two steps of the robust
positioning algorithm in [87].

Decentralized shortest paths. The goal of the first step is for each of the
unknown nodes to estimate the distances between itself and the anchors. These
approximate distances will be used in the next multilateration step to derive estimated
positions. The shortest path between an unknown node ¢ and an anchor a in the graph
G provides an estimate for the Euclidean distance d; , = ||x; —x,||, and for a carefully
chosen radio range R this shortest path estimation is close to the actual distance as

shown in Lemma 4.2.3.
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Formally, the shortest path between an unknown node ¢ and an anchor a in the
graph G = (V| E, P) is defined as a path between two nodes such that the sum of
the proximity measures of its constituent edges is minimized. We denote by cfi,a the
computed shortest path and this provides the initial estimate for the distance between
the node 7 and the anchor a. When only the connectivity information is available and
the corresponding graph G = (V, E, P) is defined as in the range-free model, the
shortest path cim is equivalent to the minimum number of hops between a node 7 and

an anchor a multiplied by the radio range R.

In order to find the minimum number of hops from an unknown node ¢ € V,, to an
anchor a € V, in a distributed way, we use a method similar to DV-1oP[77]. Each
unknown node maintains a table {z,, h,} which is initially empty, where z, € R?
refers to the position of the anchor a and h, to the number of hops from the unknown
node to the anchor a. First, each of the anchors initiate a broadcast containing its
known location and a hop count of 1. All of the one-hop neighbors surrounding the
anchor, on receiving this broadcast, record the anchor’s position and a hop count
of 1, and then broadcast the anchor’s known position and a hop count of 2. From
then on, whenever a node receives a broadcast, it does one of the two things. If
the broadcast refers to an anchor that is already in the record and the hop count
is larger than or equal to what is recorded, then the node does nothing. Otherwise,
if the broadcast refers to an anchor that is new or has a hop count that is smaller,
the node updates its table with this new information on its memory and broadcast
the new information after incrementing the hop count by one. When every node has
computed the hop count to all the anchors, the number of hops is multiplied by the
radio range R to estimate the distances between the node and the anchors. Note that
to start multilateration, not all the hop counts to all the anchors are necessary. A
node can start triangulation as soon as it has estimated distances to d + 1 anchors.

There is an obvious trade-off between number of communications and performance.

The above step of computing the minimum number of hops is the same decen-
tralized algorithm as described in DV-HOP. However, the main difference is that
instead of multiplying the number of hops by a fixed radio range R, in DV-HOP, the

number of hops is multiplied by an average hop distance. The average hop distance
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Figure 4.5: Multilateration with exact distance measurements (left) and with approx-
imate distance measurements (right). Three solid circles denote the anchors (red) and
the white circle denotes the unknown node we want to locate. The intersection of the
lines (blue) corresponds to the solution of multilateration.

is computed from the known pairwise distances between anchors and the number of
hops between the anchors. While numerical simulations show that the average hop
distance provides a better estimate, the difference between the computed average hop

distance and the radio range R becomes negligible as n grows large.

As explained in Section 4.2.3 the graph is connected with high probability if
CyRY > (logn + ¢,)/n where C; < 7 is a constant that depends on d. Hence,
we focus in the regime where the average number of connected neighbors is slowly
increasing with n, namely, R = a(logn/n)Y for some large enough constant a. As
shown in Lemma 4.2.3, the key observation of the shortest paths step is that the
estimation is guaranteed to be arbitrarily close to the correct distance for a properly

chosen radio range R = a(logn/n)"/? and large enough n.

Multilateration. In the second step, each unknown node ¢ € V,, uses a set of
estimated distances {cfza :a € V,} together with the known positions of the anchors
to estimate its position. The resulting estimation is denoted by ;. For each node,
this step consists of solving a single instance of a least squares problem (Az = b) and

this process is known as Multilateration [88, 61].
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Let us consider a single unknown node 7. The position vector x; and the anchor

positions {z, : a € [m]} satisfy the following series of equations:

oy —zl” = diy,

|l —@il® = di

If the exact distances are known, we can simply find the intersection of m circles
centered at the anchors with radius d; ,. This is illustrated in Figure 4.5. There is a
simpler way to find the intersection by linearizing the equations. This set of quadratic

equations can be linearized by subtracting each line from the next line.

@a)|® = ||l |]® + 2(21 — @2) s = dfy — 7y |

\|95m\|2 - me—lH2 + 2(Tm-1 — xm)Txi = dzz,m - d?,m—l .

By reordering the terms, we get a series of linear equations for node ¢ in the form
Az; = b for A e Rm=Dxd and b ¢ Rm~1 defined as

2($1 — I'Q)T

2(xpy1 — :Em)T

||951||2 - ||$2||2 + d?g - dzz,l

_||Im71||2 - Hq;mH2 + dzz,m o d?,mfl

Again, if we have all the exact distance measurements and assuming A is full rank, we
can solve the above system of linear equations using the least squares method to find

the correct position of the unknown node 7. Figure 4.5 illustrates that the intersection
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of the lines, which correspond to each of the linear equations, is equivalent to finding
the intersection of the circles.

Note that the matrix A does not depend on the particular unknown node 7 and all
the entries are known exactly to all the nodes after the decentralized shortest paths
step. However, the vector b(()i) is not available at node %, since d;,’s are not known.
Hence we use an estimation ), which is defined from bg) by replacing d;, by ciw
everywhere. Then, we can find find the optimal estimation Z; that minimizes the

mean squared error by using a standard least squares method.
i = (ATA)71ATHO (4.20)

Note that the inverse is well defined when A has full-rank, which happens with high
probability if m > d+1 anchors are placed uniformly at random. Figure 4.5 illustrates
how the estimation changes when we have inaccurate distance measurements.

For bounded d = O(1), a single least squares has complexity O(m), and applying
it n times results in the overall complexity of O(nm). No communication between

the nodes is necessary for this step.

4.3.3 Main result

The main result of this section establishes an error bound for the Hop-TERRAIN
algorithm described in the previous section. In particular, we show that although
we only have the connectivity information, as in the range-free model, an arbitrarily
small error can be achieved for a radio range R = a(logn/n)Y/? with a large enough

constant «. Define

1

d

Ry = 16 d* (—log") , (4.21)
n

Theorem 4.3.1. Assume n sensors and m anchors are distributed uniformly at ran-
dom in the [0,1]¢ hypercube for a bounded dimension d = O(1). For a given radio
range R > Ry and the number of anchors m = Q(logn), the following is true with
high probability. For all unknown nodes i € V,, the Fuclidean distance between the
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estimate T; given by HOP-TERRAIN and the correct position x; is bounded by

R
|zi — 4] < El +O(R),

where Ry is defined in (4.21).

A proof is provided in Section 4.3.4. In the regime where R = o(1), the error
is dominated by the first term, which is inversely proportional to the radio range
R. As described in the previous section, we are interested in the regime where R =
a(logn/n)'/? for some constant «. Given a small positive constant &, the above
theorem implies that HOP-TERRAIN is guaranteed to give estimations with error

less than ¢ for all the nodes, given a large enough constant o and large enough n.

When the positions of the anchors are chosen randomly, it is possible that, in
the multilateration step, we get an ill-conditioned matrix A” A, resulting in an large
estimation error. This happens, for instance, if any three anchors fall close to a
line. To prevent this we require Q(logn) anchors in Theorem 4.3.1. However, it
is reasonable to assume that the system designer has some control over where the
anchors are placed. The next result shows that when the positions of anchors are
properly chosen, only d + 1 anchors suffice to get a similar error bound. Note that
this is the minimum number of anchors necessary for global positioning. For the sake
of simplicity, we assume that one anchor is placed at the origin and d anchors are
placed at positions corresponding to d-dimensional standard basis vectors. Namely,
the position of the d+ 1 anchors are {[0,...,0], [1,0,...,0], [0,1,0,...,0], [0,...,0,1]

}. An example in two dimensions is shown in Figure 4.6.

Theorem 4.3.2. Assume that n sensors are distributed uniformly at random in the
0,1]¢ hypercube for a bounded dimension d = O(1). Also, assume that there are
d + 1 anchors, one of which is placed at the origin and the d remaining anchors are
placed at the standard basis in d dimensions. For a given radio range R > Ry, the
following is true with high probability. For all unknown nodes i € V,, the Euclidean
distance between the estimate T; given by HOP-TERRAIN and the correct position
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Figure 4.6: Three anchors (solid circles) in fixed positions in a standard unit square.

x; 18 bounded by

where Ry is defined in (4.21).

The proof of this theorem closely follows that of Theorem 4.3.1, and is provided in
Section 4.3.4. However, there is nothing particular about the positions of the anchors
in the standard basis. Any d+ 1 anchors in general positions will give a similar error
bound. Only the constant factor in the bound depends on the anchor positions.

When R = aflog n/n)l/ 4 for some positive parameter «, the error bound gives
| — @] < C1/a + Cyar/logn/n for some numerical constants C; and Cy. The
first term is inversely proportional to a and is independent of n, where as the second
term is linearly dependent on « and vanishes as n grows large. This is illustrated
in Figure 4.7, which shows results of numerical simulations with n sensors randomly
distributed in the 2-dimensional unit square. Each point in the figure shows the root
mean squared error, {(1/n) Y1, ||a; — #4]|*}'/2, averaged over 100 random instances.

In the first figure, where we have only the connectivity information, we can see the
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Figure 4.7: Average error between the correct position {z;} and estimation {z;} using
Hopr-TERRAIN is plotted as a function of «, for R = a+/logn/n. n sensors are
randomly placed in the unit square under range-free model (left) and range-based
model (right).

two contributions: the linear term which depends on n and the 1/« term which is less
sensitive to n. In the second figure, where we have the exact distance measurements
without noise, we can see that the linear term almost vanishes even for n = 5000,

and the overall error is much smaller.

A network of n = 200 nodes randomly placed in the unit square is shown in
Figure 4.8. Three anchors in fixed positions are displayed by solid circles (blue).
In this experiment the distance measurements are from the range-based model with
multiplicative noise, where P,; = [(1 + N;;)d; ]+ for ii.d. Gaussian N;; with zero
mean and variance 0.1. The noisy distance measurement is revealed only between the
nodes within radio range R = \/W. On the right, the estimated positions
using HOP-TERRAIN is shown. The circles represent the correct positions and the
solid lines represent the differences between the estimates and the correct positions.

The average error in this example is 0.075.
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Figure 4.8: 200 nodes randomly placed in the unit square and three anchors (solid
circles) in fixed positions. The radio range is R = /0.8 -logn/n. The estimation
using HOP-TERRAIN is shown on the right. Each line segment shows how the
estimtion differs from the original position (white circles).

4.3.4 Proof
Proof of Theorems 4.3.1 and 4.3.2

For an unknown node 4, the estimate #; is given in (4.20).

lzi — ;]| = [[(ATA)LATHS) — (AT A)"LATHO)||
< [IATA) AT l65) — 6|

First, to bound ||béi) —b@||, we use the following key result on the shortest paths. By
Lemma 4.2.3, for all © and j, with high probability,

4, < (1 - %)dﬁ,j +O(R) .
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where Ry is defined in (4.9). Since d?; < d for all i and j, we have

1/2

108 =60 = (D (@ —di, — diy+ di)?)

Next, to bound ||(AT A)~LAT||,, we use the following lemma, and this finishes the
proofs of Theorems 4.3.1 and 4.3.2.

Lemma 4.3.3. Under the hypotheses of Theorem 4.5.1, with high probability,

2
\/m—l'

I(ATA) AT, <

Under the hypotheses of Theorem 4.3.2,

S8

(A7) AT, <

Proof of Lemma 4.3.3

Proof. By using the singular value decomposition of a full-rank and tall (m — 1) x d
matrix A, we know that it can be written as A = UXVT where U is an orthogonal

matrix, V is a unitary matrix and X is a diagonal matrix. Then,
(ATA)'A=Ux"'VvT.

Hence,
1

Omin (A) ,

where 0,,;,(A) is the smallest singular value of A. This means that in order to upper

1(ATA)7 Al = (4.22)

bound ||(AT A)~1Al], we need to lower bound the smallest singular value of A.
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Deterministic Model. By putting the sensors in the mentioned positions, the

d x d matrix A will be Toeplitz and have the following form.

1 -1 0
0o 1 -1
A=2
1 -1
We can easily find the inverse of matrix A.
(111 1]
0 1 1 1
A=l
2
1 1

Since omin(A) = Tmax(A™1) ™1 we need to calculate the largest singular value of

d d-1d-2 - 1
d-1 d-1d-2 - 1

141(AQT::3
2 2 2 1
|1 11 1]

By the Gershgorin circle theorem [51], we know that opax (Afl (Afl)T> <d?/4 Tt
follows that

SH

[(ATA) A, < >

Random Model. Let B = AT A. The diagonal entries of B are

bii=4) (wh; = Trp1)? (4.23)
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for 1 < i < d and the off-diagonal entries are denoted by

bij =4 (Thi— Thy1i)(Thy — Thrry), (4.24)

for 1 <1 # j < d where xy; is the i-th element of vector x;. Using the Gershgorin

circle theorem [51] we can find a lower bound on the minimum eigenvalue of B.
Amin(B) > min(b;; — R;),

where R; = ., |b;;|. We can show that, with high probability, b;; > (2/3)(m —
1) —4m/% € and |b; ;| < 16m'/2*< for any positive constant . We refer to [54] for the
proof of this claim. Then for large enough m, we have Ay, (B) > (1/4)(m — 1). This
implies that ||(ATA)1All, <2/vm —1

U
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