Fast Fourier
Transform



The problem:

Given: two polynomials

pX)=py+p X+ ...+pX" gqX)=qgy+ ¢ X+ ... + g, X"

Compute:

r(X) = pX) - qg(X)
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Aside: If we can do this, we can multiply integers (in almost the same time)!

12345 x 54321 = r(10) = p(10) X g(10),

where

pX)=5+4X+3X2+2X>+X* X)) =1+2X+3X>+4X> +5X*
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Key step

Given:

pX)=py+pX+..+pX"

Compute:

p(1), p(w), p(@?), ..., p(@™)

Observe: Tt 1 1 11 . I
lljo 1 o o .. o 50 p(w)
1 1
Velo =11 o0 o ... 0" . | = [p(w?
Pn S : : Pn 5
- 1 0" " ... " p(o")

where V; ; = o DU=D

We use divide and conquer to do this in time O(n log n)



What is w?

Without loss of generality, assume that n + 1 = 2.

o = o2mil(n+1)

primitive n + 1st root of unity.

Properties:
2 .3

1. The numbers 1,w, ®~, ®”, ..., ®" are all the n + 1’st roots of unity
(meaning x"*! =1, forx = 1w, ..., ®").

2.V V=mn+1)-1

3. The numbers 1,02, o*, ®°, ..., ®*"*D are all (n + 1)/2’th roots of
unity.
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Key step

Given:
pX)=py+pX+...+pX" L
Po
Compute: P1
I p(D). p(@). p(@?), ....p(@" = V- |,

Divide and Conquer:

1. Write p(X) = pe(X2) + X pO(XZ), where Running time
PLX?) = po+ poX* + pyX* + ... and T(n) < 2T(n/2) + O(n)
p, (X = p; +p X2+ p X+ . so running time is

2. Recursively evaluate pe(l),pe(a)z), ...,pe(a)zn) and O(nlogn)

p,(1), p(@?), ..., p(@™).

3. Combine the results to compute p(1), p(w), ..., p(@w").



Final step

Given:

r(l), r(w), ..., r(w")

Compute:
ro+rnX+...+rX"

Observation:

0 7y | _r(l)_
r 1 r 1
= veve | = V. r(.a))
n+1 n+1 :
_I"n_ _I"n_ r(a)n)

So, we just use the same divide and conquer algorithm to compute
)"

r(w)

@)
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