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The concept of NP-completeness makes sense because we do
know of examples of NP-complete problems.

Circuit-Sat

Definition 1. CircuitSat : {0, 1}∗ → {0, 1} is the function that views its
input as a circuit C and outputs 1 iff ∃x such that C(x) = 1.

I have claimed in class that circuits can simulate Turing Machines.
Here is what you can actually prove in this regard:

Theorem 2. If a function f : {0, 1}∗ → {0, 1} can be computed in
time t(n) by a Turing machine, then for every n there is a circuit of size
O (t(n) log t(n)) that computes f restricted to the inputs of size n.

Although we did not prove this theorem in class, we sketched
how you could find a circuit of size O(t(n)2) that computes f . The
idea was to add a layer of gates that maintains the entire state of the
Turing machine—contents of all tapes, pointers, and the line of code
being executed. Then we add a new layer that computes this con-
figuration after one execution step of the Turing machine, using the
earlier configuration as input. A single configuration can be written
down using O(t(n)) gates since we only need to write down the val-
ues of the tapes up to O(t(n)) coordinates. The new configuration
can be computed from the old one with O(t(n)) gates as well. After
repeating this O(t(n)) times, we obtain the final configuration of the
Turing machine, which must include the value of f (x).

Theorem 3. CircuitSat is NP-complete.

Proof It is clear that CircuitSat is in NP. Next we show that for
every f ∈ NP, f ≤P CircuitSat. Let V be a verifier for f . Then to
compute f (x), the reduction will build the circuit Cx(w) that com-
putes V(x, w), where here w are the input variables to the circuit
and x is the input. Since f (x) = 1 if and only if there exists w such
that Cx(w) = 1, we can determine the value of f by computing
CircuitSat(Cx).
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3SAT

A boolean formula is an expression of the form

(x1 ∧ ¬x2) ∨ (x7 ∧ ¬(x6 ∨ ¬x2)).

Formally: it is a circuit where the only allowed gates are ∨,∧,¬,
and every gate has fan-out at most 1. Input gates are allowed to
repeat. As usual, size of the gates is number of gates, and the fan-in
is allowed to be at most 2. The formula is said to be in conjunctive
normal form (CNF) if it is an AND of OR’s. Similarly, it is said to
be in disjunctive normal form (DNF) if it is an OR of ANDS. For
example

(x1 ∨ ¬x2) ∧ (¬x7 ∨ x9 ∨ ¬x1)

is a CNF.
We have the following lemma:

Lemma 4. Every function f : {0, 1}` → {0, 1} can be computed by a CNF
(resp. DNF) of size `2`.

Proof For each input z such that f (z) = 0, we add the literal xi to
the clause if zi = 0 and ¬zi otherwise. So for example, if f (0, 1, 0) =
0, we add the clause (x1 ∨ ¬x2 ∨ x3). Then note that each clause is 0
on exactly one input, and all inputs x for which f (x) = 0 make some
clause 0. Every other input evaluates to 1. So, the CNF computes f .
The resulting formula is of size `2`. The case of DNF’s is symmetric.

We define SAT : {0, 1}∗ → {0, 1} to be the function that takes as
input a boolean formula F, and outputs 1 if and only if there is a an
x such that F(x) = 1. A 3-CNF formula is a CNF where every clause
has at most 3 variables. For example:

(x1 ∨ ¬x2 ∨ x3) ∧ (x3 ∨ x4 ∨ ¬x1) ∧ · · · .

3SAT : {0, 1}∗ → {0, 1} is the function that takes as input 3-CNF and
outputs 1 if and only if the formula is satisfiable. Next we show that
even this function is NP-complete Is the same true for 2SAT? We do

not know. There are polynomial time
algorithms for 2SAT, so if you found
a reduction to 2SAT, you would prove
P = NP. The algorithm works by
viewing every clause (x ∨ y) as an
implication ¬x ⇒ y as well as the
implication ¬y ⇒ x. This defines a
directed graph where all the vertices
correspond to variables and their
negations, and the edges correspond
to implications. You can show that the
formula is satisfiable if and only if there
is no path that leads from a variable to
its negation.

Theorem 5. 3SAT is NP-complete.

Proof 3SAT ∈ NP is easy enough to check. The witness is a sat-
isfying assignment to the formula. The verifier simply evaluates the
formula on the given witness, and outputs the results of the evalua-
tion.

Since we have already shown that CKT− SAT is NP-hard, it will
be enough to show that CKT− SAT ≤P SAT.
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Given a circuit, we shall output a CNF formula that is satisfiable if
and only if the circuit accepts some input. Introduce a new variable
yg for each internal gate g of the circuit. If the internal gate g has
inputs h, q, let Fg be the CNF formula on variables yg, yh, yq that is 1
if and only if yg = g(yq, yh). By Lemma 4, this formula is a 3-CNF of
constant size. If the output gate is v, the final formula is

yv ∧
∧
g

Fg,

which is satisfied if and only if the circuit has a satisfying assign-
ment.

Every clause of this formula has at most 3 variables. To make sure
it has exactly 3 variables, we replace each clause with less than 3 vari-
ables with a 3-CNF that by adding dummy variables. For example,
we can replace yv by a 3-CNF on the variables yv, z1, z2 that computes
the same function as yv:

(yv ∨ z1 ∨ z2) ∧ (yv ∨ ¬z1 ∨ z2) ∧ (yv ∨ ¬z1 ∨ ¬z2) ∧ (yv ∨ z1 ∨ ¬z2).

We now consider several interesting graph problems and show
that they are NP-complete.

3 Coloring

We say that an undirected graph is 3 colorable if one can color every
vertex with one of 3 colors so that every edge gets two colors.

3COL(G) =

1 if G is 3 colorable

0 otherwise.

Although there is an easy polynomial time algorithm for 2-coloring
a graph (greedily color the first vertex blue, all its neighbors red, all
their neighbors blue and so on), we know of no such algorithm for
3-coloring a a graph.

Theorem 6. 3COL is NP-complete.

Sketch of Proof The coloring serves as a witness that can be veri-
fied in polynomial time, so 3COL ∈ NP. Next we show how to reduce
3SAT to 3COL in polynomial time.

We would like to construct the graph in a way that allows every
coloring to be decoded to an assignment to the variables. To this end,
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x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

xn
<latexit sha1_base64="Rd8/+B65EjBItZgzm/BuI4Pwlc4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qpfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2gmjd0=</latexit><latexit sha1_base64="Rd8/+B65EjBItZgzm/BuI4Pwlc4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qpfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2gmjd0=</latexit><latexit sha1_base64="Rd8/+B65EjBItZgzm/BuI4Pwlc4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qpfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2gmjd0=</latexit><latexit sha1_base64="Rd8/+B65EjBItZgzm/BuI4Pwlc4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+qpfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2gmjd0=</latexit>

xn
<latexit sha1_base64="y0YHIRbU9axQ7kHyLTMmzWy87MY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03QgBtWaW3dnQMvEK0gNCjQH1a/+UJIkosIQjrXueW5s/Awrwwin00o/0TTGZIJHtGepwBHVfja7eopOrDJEoVT2CYNm6u9EhiOt0yiwkxE2Y73o5eJ/Xi8x4aWfMREnhgoyXxQmHBmJ8grQkClKDE8twUQxeysiY6wwMbaoii3BW/zyMmmf1T3Lb89rjauijjIcwTGcggcX0IAbaEILCCh4hld4cx6dF+fd+ZiPlpwicwh/4Hz+AEsDkwM=</latexit><latexit sha1_base64="y0YHIRbU9axQ7kHyLTMmzWy87MY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03QgBtWaW3dnQMvEK0gNCjQH1a/+UJIkosIQjrXueW5s/Awrwwin00o/0TTGZIJHtGepwBHVfja7eopOrDJEoVT2CYNm6u9EhiOt0yiwkxE2Y73o5eJ/Xi8x4aWfMREnhgoyXxQmHBmJ8grQkClKDE8twUQxeysiY6wwMbaoii3BW/zyMmmf1T3Lb89rjauijjIcwTGcggcX0IAbaEILCCh4hld4cx6dF+fd+ZiPlpwicwh/4Hz+AEsDkwM=</latexit><latexit sha1_base64="y0YHIRbU9axQ7kHyLTMmzWy87MY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03QgBtWaW3dnQMvEK0gNCjQH1a/+UJIkosIQjrXueW5s/Awrwwin00o/0TTGZIJHtGepwBHVfja7eopOrDJEoVT2CYNm6u9EhiOt0yiwkxE2Y73o5eJ/Xi8x4aWfMREnhgoyXxQmHBmJ8grQkClKDE8twUQxeysiY6wwMbaoii3BW/zyMmmf1T3Lb89rjauijjIcwTGcggcX0IAbaEILCCh4hld4cx6dF+fd+ZiPlpwicwh/4Hz+AEsDkwM=</latexit><latexit sha1_base64="y0YHIRbU9axQ7kHyLTMmzWy87MY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03QgBtWaW3dnQMvEK0gNCjQH1a/+UJIkosIQjrXueW5s/Awrwwin00o/0TTGZIJHtGepwBHVfja7eopOrDJEoVT2CYNm6u9EhiOt0yiwkxE2Y73o5eJ/Xi8x4aWfMREnhgoyXxQmHBmJ8grQkClKDE8twUQxeysiY6wwMbaoii3BW/zyMmmf1T3Lb89rjauijjIcwTGcggcX0IAbaEILCCh4hld4cx6dF+fd+ZiPlpwicwh/4Hz+AEsDkwM=</latexit>

x2
<latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit><latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit><latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit><latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit>

x1
<latexit sha1_base64="j/5yw02JzapmTn0mfq9yFjO0WMY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03TgDao1t+7OgJaJV5AaFGgOql/9oSRJRIUhHGvd89zY+BlWhhFOp5V+ommMyQSPaM9SgSOq/Wx29RSdWGWIQqnsEwbN1N+JDEdap1FgJyNsxnrRy8X/vF5iwks/YyJODBVkvihMODIS5RWgIVOUGJ5agoli9lZExlhhYmxRFVuCt/jlZdI+q3uW357XGldFHWU4gmM4BQ8uoAE30IQWEFDwDK/w5jw6L8678zEfLTlF5hD+wPn8Ae6AksY=</latexit><latexit sha1_base64="j/5yw02JzapmTn0mfq9yFjO0WMY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03TgDao1t+7OgJaJV5AaFGgOql/9oSRJRIUhHGvd89zY+BlWhhFOp5V+ommMyQSPaM9SgSOq/Wx29RSdWGWIQqnsEwbN1N+JDEdap1FgJyNsxnrRy8X/vF5iwks/YyJODBVkvihMODIS5RWgIVOUGJ5agoli9lZExlhhYmxRFVuCt/jlZdI+q3uW357XGldFHWU4gmM4BQ8uoAE30IQWEFDwDK/w5jw6L8678zEfLTlF5hD+wPn8Ae6AksY=</latexit><latexit sha1_base64="j/5yw02JzapmTn0mfq9yFjO0WMY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03TgDao1t+7OgJaJV5AaFGgOql/9oSRJRIUhHGvd89zY+BlWhhFOp5V+ommMyQSPaM9SgSOq/Wx29RSdWGWIQqnsEwbN1N+JDEdap1FgJyNsxnrRy8X/vF5iwks/YyJODBVkvihMODIS5RWgIVOUGJ5agoli9lZExlhhYmxRFVuCt/jlZdI+q3uW357XGldFHWU4gmM4BQ8uoAE30IQWEFDwDK/w5jw6L8678zEfLTlF5hD+wPn8Ae6AksY=</latexit><latexit sha1_base64="j/5yw02JzapmTn0mfq9yFjO0WMY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYkow5D/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7k8bUj/BIsJARbKx035fWzLPZ03TgDao1t+7OgJaJV5AaFGgOql/9oSRJRIUhHGvd89zY+BlWhhFOp5V+ommMyQSPaM9SgSOq/Wx29RSdWGWIQqnsEwbN1N+JDEdap1FgJyNsxnrRy8X/vF5iwks/YyJODBVkvihMODIS5RWgIVOUGJ5agoli9lZExlhhYmxRFVuCt/jlZdI+q3uW357XGldFHWU4gmM4BQ8uoAE30IQWEFDwDK/w5jw6L8678zEfLTlF5hD+wPn8Ae6AksY=</latexit>

…….…….

Figure 1: Ensuring that a coloring
corresponds to a truth assignment

we shall have three vertices named T, F, B and 2n vertices named
x1, x1, x2, x2, . . . , xn, xn that correspond to the variables and their
negations. We shall connect every pair of T, F, B so that these three
must be given a distinct color. We also connect each xi and xi to B, so
xi and xi must be given the same as color as T or F. In addition, con-
nect each xi and xi to ensure that they are assigned the same color.
(See Figure 1). Thus any coloring corresponds to an assignment of
truth values to the variables.

B

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit><latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit><latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit><latexit sha1_base64="ujcDf6q2wAstfEtgtGEAoXawSIg=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqswUoS6LblxWsA9ox5JJM21oJhmSjFqG/ocbF4q49V/c+Tdm2llo64HA4Zx7uDcniDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqm6AdaUM0FbhhlOu7GiOAo47QST68zvPFClmRR3ZhpTP8IjwUJGsLHSfV9aM8umT7NBbVCuuFV3DrRKvJxUIEdzUP7qDyVJIioM4VjrnufGxk+xMoxwOiv1E01jTCZ4RHuWChxR7afzq2fozCpDFEplnzBorv5OpDjSehoFdjLCZqyXvUz8z+slJrz0UybixFBBFovChCMjUVYBGjJFieFTSzBRzN6KyBgrTIwtqmRL8Ja/vEratapn+e1FpXGV11GEEziFc/CgDg24gSa0gICCZ3iFN+fReXHenY/FaMHJM8fwB87nD/AEksc=</latexit>

x3
<latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit>

T F

Cj = x1 _ x2 _ x3
<latexit sha1_base64="PkbQ/yAfYpHwatMSfwhNg3z3xws=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWaqoBuh2I3LCvYB7TBk0ts2NvMgyZSWoX/gxl9x40IRt27d+Tdm2llo64HA4Zxzk9zjRZxJZVnfRm5ldW19I79Z2Nre2d0z9w8aMowFhToNeShaHpHAWQB1xRSHViSA+B6Hpjespn5zBEKyMLhXkwgcn/QD1mOUKC255mnVfcDXeOzauDMCwJ1Qp9PLkvHULc+1sXvumkWrZM2Al4mdkSLKUHPNr043pLEPgaKcSNm2rUg5CRGKUQ7TQieWEBE6JH1oaxoQH6STzPaZ4hOtdHEvFPoECs/U3xMJ8aWc+J5O+kQN5KKXiv957Vj1rpyEBVGsIKDzh3oxxyrEaTm4ywRQxSeaECqY/iumAyIIVbrCgi7BXlx5mTTKJVvzu4ti5SarI4+O0DE6Qza6RBV0i2qojih6RM/oFb0ZT8aL8W58zKM5I5s5RH9gfP4AwsWbOw==</latexit><latexit sha1_base64="PkbQ/yAfYpHwatMSfwhNg3z3xws=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWaqoBuh2I3LCvYB7TBk0ts2NvMgyZSWoX/gxl9x40IRt27d+Tdm2llo64HA4Zxzk9zjRZxJZVnfRm5ldW19I79Z2Nre2d0z9w8aMowFhToNeShaHpHAWQB1xRSHViSA+B6Hpjespn5zBEKyMLhXkwgcn/QD1mOUKC255mnVfcDXeOzauDMCwJ1Qp9PLkvHULc+1sXvumkWrZM2Al4mdkSLKUHPNr043pLEPgaKcSNm2rUg5CRGKUQ7TQieWEBE6JH1oaxoQH6STzPaZ4hOtdHEvFPoECs/U3xMJ8aWc+J5O+kQN5KKXiv957Vj1rpyEBVGsIKDzh3oxxyrEaTm4ywRQxSeaECqY/iumAyIIVbrCgi7BXlx5mTTKJVvzu4ti5SarI4+O0DE6Qza6RBV0i2qojih6RM/oFb0ZT8aL8W58zKM5I5s5RH9gfP4AwsWbOw==</latexit><latexit sha1_base64="PkbQ/yAfYpHwatMSfwhNg3z3xws=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWaqoBuh2I3LCvYB7TBk0ts2NvMgyZSWoX/gxl9x40IRt27d+Tdm2llo64HA4Zxzk9zjRZxJZVnfRm5ldW19I79Z2Nre2d0z9w8aMowFhToNeShaHpHAWQB1xRSHViSA+B6Hpjespn5zBEKyMLhXkwgcn/QD1mOUKC255mnVfcDXeOzauDMCwJ1Qp9PLkvHULc+1sXvumkWrZM2Al4mdkSLKUHPNr043pLEPgaKcSNm2rUg5CRGKUQ7TQieWEBE6JH1oaxoQH6STzPaZ4hOtdHEvFPoECs/U3xMJ8aWc+J5O+kQN5KKXiv957Vj1rpyEBVGsIKDzh3oxxyrEaTm4ywRQxSeaECqY/iumAyIIVbrCgi7BXlx5mTTKJVvzu4ti5SarI4+O0DE6Qza6RBV0i2qojih6RM/oFb0ZT8aL8W58zKM5I5s5RH9gfP4AwsWbOw==</latexit><latexit sha1_base64="PkbQ/yAfYpHwatMSfwhNg3z3xws=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWaqoBuh2I3LCvYB7TBk0ts2NvMgyZSWoX/gxl9x40IRt27d+Tdm2llo64HA4Zxzk9zjRZxJZVnfRm5ldW19I79Z2Nre2d0z9w8aMowFhToNeShaHpHAWQB1xRSHViSA+B6Hpjespn5zBEKyMLhXkwgcn/QD1mOUKC255mnVfcDXeOzauDMCwJ1Qp9PLkvHULc+1sXvumkWrZM2Al4mdkSLKUHPNr043pLEPgaKcSNm2rUg5CRGKUQ7TQieWEBE6JH1oaxoQH6STzPaZ4hOtdHEvFPoECs/U3xMJ8aWc+J5O+kQN5KKXiv957Vj1rpyEBVGsIKDzh3oxxyrEaTm4ywRQxSeaECqY/iumAyIIVbrCgi7BXlx5mTTKJVvzu4ti5SarI4+O0DE6Qza6RBV0i2qojih6RM/oFb0ZT8aL8W58zKM5I5s5RH9gfP4AwsWbOw==</latexit>

Figure 2: Ensuring that the assignment
satisfies each clause

My initial drawing in class had an
error!Next we need to encode each clause of the formula. The idea here

is generate a part of the graph that can be colored if and only if the
clause is satisfied by the assignment to the corresponding variables.
This is shown in Figure 2. We connect the gadget shown there to the
variables that correspond to the clause we are interested in. If any
one of the variables is set to T, then one can color the corresponding
vertex in the top row F. This allows us to color the bottom row.

On the other hand, if all variables in the clause are false, then the
top row must be colored B, and the bottom row cannot be colored
correctly.
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Independent Set

Given an undirected graph G, an independent set in the graph is a set
of vertices such that no edge is contained in the set. The goal is find
an independent set of maximum size in the graph. We can encode
this problem using the following boolean function:

ISET(G, k) =

1 if G has an independent set of size k,

0 otherwise.

If you can compute ISET in polynomial time, then you can find the
largest independent set in polynomial time (how?). If on the other
hand you can find the largest independent set, then you can also
compute ISET. Here we prove:

Theorem 7. ISET is NP-complete.

Proof ISET is in NP, since the independent set of largest size is
itself a witness which can be verified in polynomial time. Thus it
only remains to show that ISET is NP-hard. To do this, we show how
to reduce 3SAT to ISET in polynomial time.

Given a 3SAT instance with m clauses and n variables, we con-
struct a graph with 3m variables. Each clause Ci corresponds to 3 ver-
tices, which are all connected to each other. Thus the graph contains
m disjoint triangles. In each triangle, we label each of the three ver-
tices with the three literals that occur in the clause. Thus the clause
(a ∨ ¬b ∨ c) leads to the three vertices being labeled a,¬b, c. Finally,
for every variable a, we connect every vertex labeled a to every vertex
labeled ¬a using an edge.

b

a

¬c c

¬d

e ¬a

¬f

¬b d

b

¬e a

e

f

Figure 3: An example of the input to
ISET produced when the input formula
is (a ∨ b ∨ ¬c) ∧ (¬d ∨ c ∨ e) ∧ (¬ f ∨
¬a ∨ ¬b) ∧ (b ∨ d ∨ ¬e) ∧ (e ∨ a ∨ f ).

We claim that the above graph has an independent set of size m
if and only if the given 3 CNF is satisfiable. Indeed, suppose the 3
CNF is satisfiable using the assignment to the variables x. Then x
must satisfy every clause, so in each clause, some literal must be
true. Pick a single vertex from each of the triangles in such a way
that we always pick a true vertex. By the construction, every edge
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must connect a true vertex to a false vertex, so the resulting set is
independent. There cannot be a larger independent set in the graph,
since every triangle can contain only one vertex.

Conversely, if the graph has an independent set of size m, then
there must be exactly one vertex in every triangle of the construction,
or else one of the triangle edges would be included in the set. Now
pick the assignment to the variables in such a way that all the vertices
of the independent set are labeled with true. There is always a way
to do this, since by construction every time we try to set a variable
in this process, it has not already been set to a different value by the
construction of the graph and the property that the set is indepen-
dent.

Thus the reduction is to read the input formula and construct the
above graph in polynomial time.
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