
Given: numbers x1,...,xn, k, output k’th smallest 
number. 

Algorithm: Sel(numbers,k)



Given: numbers x1,...,xn, k, output k’th smallest 
number. 

Sort the numbers!   O(n log n) time. 

Can we do better?

Algorithm: Sel(numbers,k)



n/3

1. Partition numbers into sets of size 3

Given: x1,...,xn, k, output k’th smallest number. 
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1. Partition numbers into sets of size 3
2. Sort each set
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3. w = Sel(              ,n/6)

1. Partition numbers into sets of size 3

w

2. Sort each set
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SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 3

w

2. Sort each set
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3. w = Sel(              ,n/6)
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4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 3

w

2. Sort each set
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3. w = Sel(              ,n/6)
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if k ≤ |SL(w)|, output Sel(SL(w), k)
else if k ≤ |SL(w)| + |SE(w)|, output w
else output Sel(SG(w), k - |SL(w)|-|SG(w)|)

}
 > w

} }
 = w  < w
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w = Sel(              ,n/6)
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if k ≤ |SL(w)|, output Sel(SL(w), k)
else if k ≤ |SL(w)| + |SE(w)|, output w
else output Sel(SG(w), k - |SL(w)|-|SG(w)|)

}
> w

} }
 = w  < w

|SL(w)|+|SE(w)|, at least 2(n/6) = n/3
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w = Sel(              ,n/6)
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3. w = median of 

4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 3

w

2. Sort each set

|SL(w)|+|SE(w)|, |SG(w)|+|SE(w)|, at least 2(n/6) = n/3

T(n) = T(n/3) + T(2n/3) + O(n)
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3. w = median of 

4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 3

w

2. Sort each set (only in our heads)

|SL(w)|+|SE(w)|, |SG(w)|+|SE(w)|, at least 2(n/6) = n/3

T(n) = T(n/3) + T(2n/3) + O(n) 
so 

T(n) = O(nlogn) 
(what’s the point???)
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Recurrences

T(n) = T(γn) + T(βn) + n

n
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3. w = median of 

4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 5
2. Sort each set
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3. w = median of 

4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 5
2. Sort each set
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|SL(w)|+|SE(w)| is at least
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3. w = median of 

4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 5
2. Sort each set

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

≥
≥

w

|SL(w)|+|SE(w)|, |SG(w)|+|SE(w)|, at least 3n/10
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3. w = median of 

4. if k ≤ |SL(w)|, output Sel(SL(w), k) 
        else if k ≤ |SL(w)| + |SE(w)|, output w 
        else output Sel(SG(w), k - |SL(w)|-|SE(w)|)

SL(w) = {xi | xi < w}
SE(w) = {xi | xi = w}
SG(w) = {xi | xi > w}

Can be computed in  
linear time}

1. Partition numbers into sets of size 5
2. Sort each set
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|SL(w)|+|SE(w)|, |SE(w)|+|SE(w)|, at least 3n/10

T(n) = T(n/5) + T(7n/10) + O(n) 
so 

T(n) = O(n) 
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