A  Proofs

A.1 Proof of (12)

Consider the subspace parametrization for the density ¢(f) = N (f|, ) of f € H with
i=VgKm
S =T+ Vg(KJSK - K Uk

Decompose f = f|| + f., where f = \I/XK)T(lf;( and f satisfies N f1 = f1, with respect to the
null-space projection Ny = I — Pg, where Pg = I — ‘IIXK)T(l\I'§ Further, consider b satisfying
f} = & x b, which implies <I>§P)~(<I>Xb = Kxb=0. Thatis, b = Nb, where N is the null space of
Kx. By construction, since
fx =Ky 3K fx =05 (I - Ug KWL f
=% fL =X N D Nb
= (Kx — Kx)Nb

it follows that

1 1 TS .
~loga(f) = 5 log[S] + 5 (f — TS i) + const.
_ 1 ‘S| 1 T 5 —1 o—1 T e
—2log|KX‘+2(f p)(I—vg (KX S )\IIX)(f ft) + const.
llog 51 1(f )T (Ng + 0o STYWL)(f — i) + const.
2 K5 2 A
11 51 1fTN fi+= (f — )T KL S 0L W KV (f¢ — 1) + const.
2 |KX‘ 14YXx 2 X XX XX x X
1 El T _ Lo o \Ta1p -
= —log + b N(Kx — Kx)Nb+ = (fg —m)"S™'(fz — 1) + const.
2 |KX\ 2
1 El _ - _
= 510g K <] + §<fX - KX,XKleX)T(KX - Kx)*(fx _KX,XKXIfX)
1 -
+ §(f5< —m)TS™(fz — 1) + const.
1 1
— g logp(fxlfi) — logalfg) + const.
207 K gl [Kx — Kx| *

where we used the identities
S =1]|(5 = Kg) ' + KIS — K|
= |[(Kg — KzS'Kg) 'S — Kl
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and
—1
S ~1/& -1
57 = (T4 W K8 - Kg)K ok
~ —1
= (I - UzK' ((s —Kg) ' KXl) K'Y
= (1= WK (Kg — Kg(Kg + 8 - Kg) 7 Kg ) KZ'0%)
—1-wg (K- §71) vk
Thus
a(F) = p(fx|F2)alf2) Kg /2| Kx — Kx|'/?

A.2 Proof of the equivalence between (7) and (13)

Using (12), we can rewrite (13) as

p(ylf)p(f)

/ o) "L Dy
_ Nl F V2 R — B2 10g PUDIPUEX] fR)P(F2) [ K 5|21 K x — Kx['?

/p(fx\fX)Q(fxﬂ X\ |Kx x| og p(fX|fj()Q(fj()|Kj(|1/2|KX _KX|1/2 f
= /p(fx\f;z)q(ff()log p(yp{}i(ﬁ;jf(ﬁi()f)})K;zll/QdeKX — Kx|'?df1
_ o pllfx)p(fx) )
- / alix. fx)los U T
since

fHTfu = ng}(lf;z

and

FTfL=bNOYNgdxNb = (fx — Ky s K ) (Kx — Kx)"(fx = Kx 3 KZ'fx)
A.3 Solution to subproblem (16)

Consider the objective function

Py )N p(f) " qe(f)
/q(f) log ) df

The modified likelihood term is
2
o
log p(ye| /)N =log N (el f, ﬂ) + const.

Suppose g Elas mean /i; and prf:cision 7!, where ¥ is subspace parametrized S =140 A \Il§
with A, = S; ! — K)T(l. Then ;' =T — U4 (A1 + K4) W ¢, and the natural parameters in the
modified prior p(f)q:(f)* =" o< N(f| /i, %¢) can be written as
Sy e = 7S A (U= 9) Sy e = (1= 70) 37 e
S =S T (=) =T = (L= )W (A7 + Kg) 7' g

In implementation, it means p(f) " q.(f)* ™" o p(fx|fz)a(f5 |, S), where 72, S can be identified
as below:

S =T (1—7)0g (K)T(l - S’;l) vt
— -y, (K; SK (1)K~ (1 - ) Ngl) vl
. (K; (1 =)+ %K)f(l)) vl

—1 o—1 T
—1-wg (K- 87 vk
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where we define . -
S;ti=(1—4)S7t + ’ytK)T(l

That is, subspace parametrization can be expressed with S

& —1 R —170T
S, =1-UgK} (KX - St) gl 24

For the mean,

where mt = (1 — ’Yt)gtgt_l’ﬁ’lt
Thus, the subproblem is a also variational sparse GPR written in the same inducing functions, but
with likelihood with modified variance )
9 o
0% = ——
Ny

and prior with modified mean and covariance
my (1 — ’Yt)s’tgglmt

St (1=) S+ K !

B Auxiliary Experimental Results
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Figure 2: Online learning results of kin40k. nMSE evaluated on the held out test set; V,,, = 2048.
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and the solid lines denote the results with N,;, = 512 and N,,, = 2048, respectively.
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Figure 4: Online learning results of KUKA 1. nMSE evaluated on the held out test set; IV,,, = 2048
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Figure 5: Online learning results of KUKA2. nMSE evaluated on the held out test set; IV,,, = 2048
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