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Appendix

A Review of RL Setups

We provide an extended review of different formulations of RL for interested readers. First, let us recall the
problem setup. Let S and A be state and action spaces, and let w(a|s) denote a policy. For v € [0,1), we are
interested in solving a y-discounted infinite-horizon RL problem:

max V7 (p), st VT(p) = (1 = 1) EsgmpBenpr(so) 220 V7 (51, 1)) (25)

where V™ (p) is the discounted average return, r : S x A — [0,1] is the reward function, p™(sg) denotes the
distribution of trajectory £ = so, ag, s1,... generated by running 7 from state sg in a Markov decision process
(MDP), and p is a fixed but unknown initial state distribution.

A.1 Coordinate-wise Formulations

RL in terms of stationary state distribution Let df(s) denote the state distribution at time ¢ given by
running 7 starting from p. We define its y-weighted mixture as

d™(s) = (1—7) 2o 7'df (s) (26)

We can view d™ in (26) as a form of stationary state distribution of 7, because it is a valid probability distribution
of state and satisfies the stationarity property below,

d™(s") = (1 =7)p(s') + VBswarBarn|s[P(s']s, a)] (2)

where P(s'|s,a) is the transition probability of the MDP. The definition in (26) generalizes the concept of
stationary distribution of MDP; as v — 1, d™ is known as the limiting average state distribution, which is the
same as the stationary distribution of the MDP under 7, if one exists. Moreover, with the property in (2), d™
summarizes the Markov structure of RL, and allows us to write (25) simply as

m;?x Vﬂ(p), s.t. Vﬁ(p) = ]Eswd”EaNTr\s [T(S7 a)} (27)

after commuting the order of expectation and summation. That is, an RL problem aims to maximize the expected
reward under the stationary state-action distribution generated by the policy .

RL in terms of value function We can also write (25) in terms of value function. Recall
V7(s) = (1 = 1) E¢mpr(so)ls0=s [2ormo VT (¢; ar)] (1)
is the value function of 7. By definition, V™ (like d™) satisfies a stationarity property
V7(8) = Eannls [(1 = 2)r(s,0) + 1Egpisa V()] ()

which can be viewed as a dual equivalent of (2). Because r is in [0,1], (5) implies V7™ lies in [0, 1].

The value function V* (a shorthand of V;+) of the optimal policy 7* of the RL problem satisfies the so-called
Bellman equation [24]: V*(s) = max,ca(1 — 7)r(s,a) + YEyps,o [V*(s')], where the optimal policy 7* can be
recovered as the arg max. Equivalently, by the definition of max, the Bellman equation amounts to finding the
smallest V' such that V(s) > (1 —y)r(s,a) + YEypjs,a [V(s')], Vs € S,a € A. In other words, the RL problem
in (25) can be written as

MinEey[V(s)] st V(s) 2 (1=)r(s,0) + 1Eyopiea V()] Vs€SaeA (28)

A.2 Linear Programming Formulations

We now connect the above two alternate expressions through the classical LP setup of RL [1, 2].
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LP in terms of value function The classic LP formulation® is simply a restatement of (28):

min p'v st. (1—=4)r++Pv<Ev (4)
v

where p € RI°l, v € RIS, and r € RISII4l are the vector forms of p, V, r, respectively, P € RISIMIXIS| i5 the
transition probability”, and E = I® 1 € RISIAXISI (we use |- | to denote the cardinality of a set, ® the Kronecker
product, I € RISI*ISI is the identity, and 1 € Rl a vector of ones). It is easy to verify that for all p > 0, the
solution to (4) is the same and equal to v* (the vector form of V*).

LP in terms of stationary state-action distribution Define the Lagrangian function
Lv,f) =p'v+fT((1=~)r+~Pv —Ev) (29)

where f > 0 € RISIMI is the Lagrangian multiplier. By Lagrangian duality, the dual problem of (4) is given as
maxe>o miny £(v, f). Or after substituting the optimality condition of v and define p := (1 — ¥)f, we can write
the dual problem as another LP problem

max r'p st 1—-y)p+ P u=E"p (3)
n>

Note that this problem like (4) is normalized: we have ||u||1 = 1 because ||p|l1 = 1, and
el =1TETp=(1-1"p+11"PTu= (1= )lpls +7llel

where we use the facts that g > 0 and P is a stochastic transition matrix. This means that p is a valid state-action
distribution, from which we see that the equality constraint in (3) is simply a vector form (2). Therefore, (3) is
the same as (27) if we define the policy 7 as the conditional distribution based on .

B Missing Proofs of Section 3

B.1 Proof of Lemma 1

Lemma 1. For any x = (v, ), if 2’ € X satisfies (2) and (5) (i.e. v/ and p' are the value function and
state-action distribution of policy ), Tep(z;2') = —p " ayr.

Proof. First note that F'(z,z) = 0. Then as 2’ satisfies stationarity, we can use Lemma 2 below and write

Tep(z;2') = F(z,2) — F(z,2)

= —F(z,2)

= —(PTV/ - PTV) - MTav' + M/Tav (. Definition of F' in (15))
=—pa, —pay + ' ay (- Lemma 2)
=—p'ay

B.2 Proof of Lemma 2

Lemma 2. Let v™ and u™ denote the value and state-action distribution of some policy w. Then for any function
v/, it holds that p' (v™ — V') = (u™) Tays. In particular, it implies V™ (p) — V™ (p) = (u™) Ta ..

Proof. This is the well-known performance difference lemma. The proof is based on the stationary properties in
(2) and (5), which can be stated in vector form as

(W) TEVT = (") (1 =y)r+9Pv")  and  (1—y)p++P ' p" =E'p"

6Qur setup in (4) differs from the classic one in the (1 — ) factor in the constraint to normalize the problem.
"We arrange the coordinates in a way such that along the |S||.4| indices are contiguous in actions.
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The proof is a simple application of these two properties.

1
PV V) = - (BT P T V)

1—
1
= W) (B P)V" — (B P)V)
1
= 75 (W) (= 2)r = (B —7P)V) = (u7) "av
where we use the stationarity property of ™ in the first equality and that v™ in the third equality. O

B.3 Proof of Proposition 2

Proposition 2. For any x = (v,u) € X, if E"pp > (1 — 4)p, rep(x;2%) > (1 — ) ming p(s)[|v* — v7# |-

Proof. This proof mainly follows the steps in [5] but written in our notation. First Lemma 1 shows r¢,(z;2*) =
—pay~. We then lower bound —p " ay- by reversing the proof of the performance difference lemma (Lemma 2).

1
play = g—p (L=2)r = (B—1P)v7) (.- Definition of ay-)
1
=1 7uT((E —yP)v™ — (E — 7P)v*) (- Stationarity of v™)
1
1o »y“T(E —P)(vT —v*)
1 T s *
= 1_7d (I—’}/PW“)(V B —v")

where we define d := E" p and P, as the state-transition of running policy 7.

We wish to further upper bound this quantity. To proceed, we appeal to the Bellman equation of the optimal
value function v* and the stationarity of v™:

v > (1 —=y)rg, +7Pg, V" and v = (1—=7)rg, +7Pg, v,

which together imply that (I — P, )(v™ —v*) < 0. We will also use the stationarity of d™ (the average state
distribution of 7,): d™ = (1 —v)p + 'yP:ud”#.

Since d > (1 — )p in the assumption, we can then write

1
NTav* = md—r(l - A/Pw“)(vﬂ“ - V*)

<p'(I—7Pg,) (v —v*)
< —min p(s) [ (1~ P, )(v™ — V")l
< —minp(s)(1 =) [[v™ = Voo
Finally, flipping the sign of the inequality concludes the proof. O

B.4 Proof of Proposition 3

Proposition 3. There is a class of MDPs such that, for some x € X, Proposition 2 is an equality.

Proof. We show this equality holds for a class of MDPs. For simplicity, let us first consider an MDP with
three states 1, 2, 3 and for each state there are three actions (left, right, stay). They correspond to intuitive,
deterministic transition dynamics

P(max{s — 1,1}|s,left) =1, P(min{s + 1,3}|s,right) =1, P(s|s,stay) = 1.
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We set the reward as r(s,right) = 1 for s = 1,2, 3 and zero otherwise. It is easy to see that the optimal policy is
7*(right|s) = 1, which has value function v* = [1,1,1]T.

Now consider z = (v, ) € X. To define p, let u(s,a) = d(s)mu(als). We set
mu(right|l) =1, m,(stay|2) =1, mu(right|3) =1
That is, 7, is equal to 7 except when s = 2. One can verify the value function of this policy is v = [(1—7),0,1]T.

As far as d is concerned (d = ET ), suppose the initial distribution is uniform, i.e. p = [1/3,1/3,1/3]T, we
choose d as d = (1 —~)p++[1,0,0] ", which satisfies the assumption in Proposition 2. Therefore, we have u € M’
and we will let v be some arbitrary point in V.

Now we show for this choice z = (v, ) € V x M’, the equality in Proposition 2 holds. By Lemma 1, we know
Tep(w;2’) = —p ' ay-. Recall the advantage is defined as ay« = r + ﬁ(fyP —E)v*. Let Ay« (s,a) denote the
functional form of ay~ and define the expected advantage:

Ay (s,mu) = Earr, [Av=(s,a)].
We can verify it has the following values:

Av*(l,ﬂ'u) = O, Av* (277'['”) = —17 Av* (3,7'('”) = 0

Thus, the above construction yields

)
3
One can easily generalize this 3-state MDP to an |S|-state MDP where states are partitioned into three groups. O

rep(z; ") = —pay. =

= (1= 7) minp(s)v* — v

C Missing Proofs of Section 4

C.1 Proof of Proposition 4

Proposition 4. For x = (v,u) € X, define y} == (v, u*) € X. It holds rep(x; ys) = V*(p) — V™= (p).

Proof. First we generalize Lemma 1.

Lemma 3. Let x = (v, ) be arbitrary. Consider & = (v/ +u’,u'), where v/ and g/ are the value function and
state-action distribution of policy mpr, and W' is arbitrary. It holds that re,(z;3') = —p'ay — b;[u’.

To proceed, we write g5 = (v*+(v™ —v*), u*) and use Lemma 3, which gives 7y, (; ;) = —p ' ay-—b, (v —v*).
To relate this equality to the policy performance gap, we also need the following equality.

Lemma 4. For p € M, it holds that —p " ay- = V*(p) — V™ (p) + b, (v — v*).
Together they imply the desired equality re,(z;y%) = V*(p) — V™= (p). O

C.1.1 Proof of Lemma 3

Lemma 3. Let x = (v, u) be arbitrary. Consider &’ = (v +u’, i'), where v/ and p’ are the value function and
state-action distribution of policy w,s, and W' is arbitrary. It holds that rep(z;3') = —p ' ay — b;u’.

Proof. Let 2’ = (v/, /). As shorthand, define f' :== v/ +u’, and L := ﬁ(fyP —E) (i.e. we can write ar = r+Lf).
Because 7., (z;7') = —F(z,2') = —(p'v/ + p'ay —p'v — p/Tay), we can write
rep(1;3)=—p' £ —plapg +p'v+pa,
=(-p'vV-play+p'v+pla,)—p'u —p'Lu
=rep(z;2’) —pTu’ — p' Lu’
=rep(za’) — qu'

Finally, by Lemma 1, we have also 7., (z;2") = —p"ays and therefore the final equality. O
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C.1.2 Proof of Lemma 4

Lemma 4. For p € M, it holds that —p"ay- = V*(p) — V™ (p) + b, (v — v*).

Proof. Following the setup in Lemma 3, we prove the statement by the rearrangement below:

Tav/ — I,I,Tav/

—play = —(p™) Tay + (u™)
= VT () = V(o) + (™ — ) ey
= (V") - V@) + (w7 = )T (w7 - )L

where the second equality is due to the performance difference lemma, i.e. Lemma 2, and the last equality uses the
definition a,» = r 4+ Lv’. For the second term above, let r,, and P, denote the expected reward and transition
under 7,,. Because p € M, we can rewrite it as

T T T, T T
(W™ —p) r=(E p™ -—E p)rg,

=((1=7)p+P " pu™ —E p)rs,

= (1 =y)brr, +y(u™ — p) Pry,

=(1- ’y)bl (I‘Tr“ + P, T, + 72P3rur”u + .. )

 h T

=b,v
where the second equality uses the stationarity of u™ given by (2). For the third term, it can be written

uﬂ',_,, _ IJ/ TLv/ _ _p _ LTIJ« Tv/ — _bTV/
®

where the first equality uses stationarity, i.e. by~ = p + LT p™ = 0. Finally combining the three steps, we have

—pn'ay = v (p) = V™(p) + b (v —v')

C.2 Proof of Corollary 1

Corollary 1. Let Xy = {x, € Xy}_, be any sequence. Let 7tn be the policy given either by the average or the
best decision in Xpn. It holds that

i Regr ©
VAN (p) > V*(p) — %N() —coN
where €o,N = Ming,cx, Tep(EN;YN) — Tep(EN; To) measures the expressiveness of Xg, and Regrety(©) =
N . N
Yot n(@n) — mingexg Y, q ().
Proof. This can be proved by a simple rearrangement

* # N * . Regret A (©
Vi(p) = V™ (p) = rep(@n;yN) = €08 + max rep(En;x0) < €0,n + Regrety(6)
zgEXp N

where the first equality is Proposition 4 and the last inequality is due to the skew-symmetry of F', similar to the
proof of Theorem 1. O

C.3 Proof of Proposition 5

Proposition 5. Let & = (Vn, fin). Under the setup in Corollary 1, regardless of the parameterization, it is
true that eg,n s no larger than

i o= w7l
(vg,me)EXo 1—x

1 .
< min 7( — ul +2|lve = vV oo).
oomin (=l 2l =

+ min |bay lwlve = v [lo1/w
wiw>1

where the norms are defined as ||x||1,w = D, wi|z;| and [[X||o,1/w = max; w; ).
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Proof. For shorthand, let us set « = (v,p) = &x and write also m,, = 7y as the associated policy. Let
yr = (v™, pu*) and similarly let zg = (vg, ptg) € Xo. With rep(z;2") = —F(z,2’) and (15), we can write

Tep(T395) — Tep(w; 19) = (—pTV”” —playmw +p'v+ M*Tav) —(-p'vo—p'ay, +p v+ pgay)

=p' (vo—v™)+ (1" —po) ay + p' (ay, —aymu)

=b, (v —v™) + (1" — po) "ay
Next we quantize the size of a, and b,.
Lemma 5. For (v,u) € X, ||lay|o < ﬁ and ||byll1 < %

Proof of Lemma 5. Let A denote the set of distributions

1 1 1

viloo = 1- Pv—Ev|, < — — b < —

[av || 177\\( 7)r +vPv — Ev| _177&{7%?331“@ |_177
byl : I(1=7p+7P p—E"pf; < L ma | Il < :
= |I(1- — - x _ -
wll1 1—~ VP TEp Hl_l—fyq,q’eA a—-q 1_1—’7

Therefore, we have preliminary upper bounds:

* 1 *
) "ay < Jlav]leolle” = polli < m\\u —palla

.
b, (ve = v™) < bullifve = v < 7— 5

(B" — 1o

Vo — v |l

However, the second inequality above can be very conservative, especially when b,, ~ 0 which can be likely
when it is close to the end of policy optimization. To this end, we introduce a free vector w > 1. Define norms

[1Vloo,1/w = max; |Z)"_| and [|6]|1,w = >_; w;|d;|. Then we can instead have an upper bound

b (vo = v™) < min bl l[Vo = V™ loo 1w

Notice that when w = 1 the above inequality reduces to b, (vg —v™) < [[by|1[[ve — v/, Which as we showed
has an upper bound %Hv.g — V™| 0.

Combining the above upper bounds, we have an upper bound on €g y:
1 .
co.N = Tep(®iYz) = Tep(2320) < 7o — p7ll1 + min [bplliwlve —v™[loc,1/w
-y wiw>1

1 * T
Fp— (o — ™1+ 2[ve — v |los) -

IN

Since it holds for any 6 € ©, we can minimize the right-hand side over all possible choices. O

D Proof of Sample Complexity of Mirror Descent

Theorem 2. With probability 1 — §, Algorithm 1 learns an e-optimal policy with 0) (%) samples.

The proof is a combination of the basic property of mirror descent (Lemma 9) and the martingale concentration.
Define K = |S||A| and k = ﬁ as shorthands. We first slightly modify the per-round loss used to compute the

gradient. Recall I,(z) =p v + /,Lzav —p'v, — uTav" and let us consider instead a loss function

hn(x) = bZnV + /LT(K‘,]_ —ay,)
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which shifts {,, by a constant in each round. (Note for all the decisions (v, u,) produced by Algorithm 1 p,,
always satisfies ||, ||1 = 1). One can verify that I, (z) — I, (2") = hp(x) — hy(2), for all z, 2" € X, when p, p’ in
x and 2’ satisfy ||p|l1 = ||p¢||1 (which holds for Algorithm 1). As the definition of regret is relative, we may work
with h,, in online learning and use it to define the feedback.

The reason for using h,, instead of {,, is to make V ,h,((v, 1)) (and its unbiased approximation) a positive vector
(because k > |lay|| for any v € V), so that the regret bound can have a better dependency on the dimension for
learning g that lives in the simplex M. This is a common trick used in the online learning, e.g. in EXP3.

To run mirror descent, we set the first-order feedback g, received by the learner as an unbiased estimate of
Vhn(zy,). For round n, we construct g, based on two calls of the generative model:

Gn = 8nv| _ I?n + ﬁ(vf’n - En)T[Ln
K(

En,u Klp — 1y — ﬁ(’ylsn - En)vn)

For gy, ,,, we sample p, then sample pu,, to get a state-action pair, and finally query the transition dynamics P
at the state-action pair sampled from p,. (P, P,,, and fi, denote the single-sample empirical approximation
of these probabilities.) For g, ,, we first sample uniformly a state-action pair (which explains the factor K),
and then query the reward r and the transition dynamics P. (in, Ty, f’n, and E,, denote the single-sample
empirical estimates.) To emphasize, we use ~and " to distinguish the empirical quantities obtained by these
two independent queries. By construction, we have g, , > 0. It is clear that this direction g,, is unbiased, i.e.
E[gn] = Vh,(x,). Moreover, it is extremely sparse and can be computed using O(1) sample, computational, and
memory complexities.

Let yy = (v~ p*). We bound the regret by the following rearrangement.

N N
Regrety (yx) = Y ln(zn) = Y In(yi)
= Z b () — Z hn(yn)

i\/ N N
= (Z(th(zn) - gn)Txn> + (Z 9; (zn — y?v)) + <Z(9n - th(zn))Ty}kV>

n=1 n=1

N N
(Vhn(zn) — gn)Txn> + (glea%z:lgl(xn - x)) + <Z(9n - th(mn))Ty?‘V> ) (30)

n=1

where the third equality comes from h, being linear. We recognize the first term is a martingale My =
ZnNzl(th(xn) — gn) "2, because x,, does not depend on g,,. Therefore, we can appeal to standard martingale
concentration property. For the second term, it can be upper bounded by standard regret analysis of mirror
descent, by treating g, # as the per-round loss. For the third term, because Y& = (VP pu*) depends on {g,}_,,
it is not a martingale. Nonetheless, we will be able to handle it through a union bound. Below, we give details
for bounding these three terms.

D.1 The First Term: Martingale Concentration

For the first term, Zgzl(th(xn) — gn) "7, we use a martingale concentration property. Specifically, we adopt
a Bernstein-type inequality [38, Theorem 3.15]:

Lemma 6. [38, Theorem 3.15] Let My, ..., My be a martingale and let Fy C Fy C --- C F,, be the filtration
such that M, = Eg, [M,,+1]. Suppose there are b,o < oo such that for all n, given F,_1, M, — Mp_1 <b, and
Vi, [Mp — My_1] < o? almost surely. Then for any € > 0,

_e2
P(My —My>e)<e .
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Lemma 6 implies, with probability at least 1 — 9,

where o(1) means convergence to 0 as N — oo.
To apply Lemma 6, we need to provide bounds on the properties of the martingale difference:
Mn - Mnfl = (th(xn) - gn)Txn
= (kl—ay, — gn,u)Tﬂ'n + (bun - gn,v)TVn-

For the first term (k1 — ay,, — gn.,) | fn, We use the lemma below:

Lemma 7. Let p € M be arbitrary, chosen independently from the randomness of gy, when F,_1 is given.

Then it holds |(k1 — ay, — nu) ' pf < 2(%-71() and Vi, [(k1 —ay, — gnu) "'p] < (147};2.

Proof. By triangular inequality,

|(k1 —ay, — gn,u)T“‘ <[(k1 - avn)Tul + |g;,uﬂ‘|-

For the deterministic part, using Lemma 5 and Hdélder’s inequality,

2
(81 —ay,) " p| < K+ lav, [lollulh < T
For the stochastic part, let 4,, be index of the sampled state-action pair and j, be the index of the transited state
sampled at the pair given by i,,. With abuse of notation, we will use i,, to index both § x A and §. With this
notation, we may derive

(YPn — Ep)vy)|

g, 1l = |Kp' (K1, — £y

-1

— K,U/in|:‘$ i, — ’yvndin — ,Un7i‘n,
-

o 2K, _ 2K

Tl=y Ty

where we use the facts that 7, vp j,., Uni, € [0,1] and p;, < 1.

For Vi, [(k1 —ay, — 8nu) ' ], we can write it as

V|Fn,—1 [(/{1 —ay, — gn»#)—r”] = Van—l [g'r—lz—,/_tl'l’]
< E]Fn_1[|gr—7,r,ul‘l’n|2]

2
1 Nn,jn — Un,e
:Z?E‘jnlin [K2N?n (lﬁ_"”in _ W) ‘|

im I=n

4K ,
=T 2.,

2
4K 4K
= (Z“> =

< -2 O

where in the second inequality we use the fact that |k — r; — T2min—tmin| < T

1—v

For the second term (b, — gn.v) ' Vi, We use the following lemma.

Lemma 8. Let v € V be arbitrary, chosen independently from the randomness of gy, when F,,_1 is given.. Then

it holds that |(by, — gmv)Tv\ < 1f7 and Vg, [(by, — gn,U)Tv] < ﬁ.
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Proof. We appeal to Lemma 5, which shows |[b,,. |1, [|gn,/1 < %7 and derive
4

by, = o) VI < (b, [l + gnoll) V]l < e
Similarly, for the variance, we can write

Vir, (B, — 800) ™V = Vir,_ 600 < Bin L [(81,9)7] € s =
Thus, with helps from the two lemmas above, we are able to show
My = My (51 =, = ) i+ (b, — 1) v < T
as well as (because gy, , and g, ; are computed using independent samples)
Vi, M = Maca] < B 1061, ) ]+ B 10, — ) vl <

Now, since My = 0, by martingale concentration in Lemma 6, we have

P (Z(thun) —gu) a0 > ) < exp <M+>>

n=1 3No?

with b = % and 0% = ‘tglj)?. This implies that, with probability at least 1 — ¢, it holds

NKlog(})
1=y

N
D (Vhn(z) = gn) "wn < \/NMQ +0(1)) log (;) =0

D.2 Static Regret of Mirror Descent

Next we move onto deriving the regret bound of mirror descent with respect to the online loss sequence:

N

.

max Z I (Tn — )
n=1

This part is quite standard; nonetheless, we provide complete derivations below.

We first recall a basic property of mirror descent

Lemma 9. Let X be a convex set. Suppose R is 1-strongly convex with respect to some norm || -||. Let g be an
arbitrary vector and define, for v € X,

y = argmin (g,2') + Br(2'||z)
r'eX

Then for all z € X,

(9,9 — 2) < Br(zllz) — Br(z|ly) — Br(yllx) (31)
Proof. Recall the definition Bgr(2'||z) = R(z') — R(x) — (VR(z),2" — z). The optimality of the proximal map
can be written as

(9+ VR(y) — VR(z),y — 2) <0, Vz e X.

By rearranging the terms, we can rewrite the above inequality in terms of Bregman divergences as follows and
derive the first inequality (31):

(9,y —2) <(VR(z) = VR(y),y — 2)
= Br(z||r) — Br(zlly) + (VR(z) — VR(y),y) — (VR(z),z) + (VR(y),y) + R(z) — R(y)
= Br(z||z) — Br(z|ly) + (VR(2),y — z) + R(z) — R(y)
= Br(z||z) — Br(z|ly) — Br(y||z),

which concludes the lemma. O
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Let 2’ € X be arbitrary. Applying this lemma to the nth iteration of mirror descent in (21), we get
1
(Gns Tnp1 — ') < p (Br(2'||zn) — Br(2'||2ny1) — Br(Zni1l|7n))

By a telescoping sum, we then have
1 N 1
Z 9n,Tn — < BR /Hxl + Z In, Tn+1 — 33n> - 7BR(xn+1||xn)-
n=1 n n=1 n

We bound the right-hand side as follows. Recall that based on the geometry of X =V x M, we considered a
natural Bregman divergence of the form:

Br(a'llr) = 5 IV = VI3 + KL(1/||s)

2|8|'

Let x1 = (vq, p1) where g is uniform. By this choice, we have:

—_

1 1 1
LBale0) < & mas Brlellen) < © (2 i 1og<K>) .

3

We now decompose each item in the above sum as:
9n, Tn+1 €T R\(Tn+1]|T g +1 +1
nsy<Ln n B n n n,v Vin Vin 2 |S| Vin Vin 2

1
+ (glu(unﬂ — Mn) — UKL(unHIun))

and we upper bound them using the two lemmas below (recall g, ,, > 0 due to the added 1 term).

Lemma 10. For any vector xz,y,g and scalar n > 0, it holds (g, z — y) — —||9c ylI3 < 7’Hg”2

2
Proof. By Cauchy-Swartz inequality, (g, 2 — ) — 2|z — yll3 < llgllzllz — yll2 — 2 [lo — y||3 < 22, O

Lemma 11. Suppose Bgr(z|ly) = KL(z||ly) and x,y are probability distributions, and g > 0 element-wise. Then,
forn >0,

1 n n
—EBR(Z/HQU) +(g,z—y) < 5 Z%‘(gz‘)z = 5“9”2-

Proof. Let A denotes the unit simplex.

—Br(yl|z) + (ng,x — y) < (ng, >+maX< n9,y) — Br(y'l|x)

= (ng,z) + log <Z T exp(—ngﬁ) (" convex conjugate of KL divergence)

1 1
< (ng,z) + log <Z x; (1 —ng; + 2(7791')2>> (re"<1l+ax+ §x2 for < 0)

= (ng,x) + log (1 + Z«'Ei (—ngi + ;(7791‘)2>>
(ng, ) + Zz ( ngi + (7791) ) (. log(x) <z —1)

77
5 S wilng)” = Tlgl2

Finally, dividing both sides by 7, we get the desired result. 0

| N
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2 2
Thus, we have the upper bound (gu, i1 — @n) — B ]lz,) = 1SUEld 4 M8nalis  ogether with the
upper bound on %BR(x’Hml), it implies that

/\

al 1 ol 1
> Agn,wn —a') < 533 2||z1) + D (gns Tns1 — Tn) — 5BR(xn+1Hxn)

n=1 n=1

N
1 n
3 (510800 ) + 4 3 1Sl + gl

(32)

Hn”

We can expect, with high probability, S>°_ [S]/Ign I3 + [|€n..I2

1, concentrates toward its expectation, i.e.

N N
Y 1Slgnoll3 + llgnply, < > ElSllIgnoll3 + lgn.

n=1 n=1

2.1+ o(N).

Below we quantify this relationship using martingale concentration. First we bound the expectation.

Lemma 12. Ellgnul3) < b and Ellgnul, ] < 725
Proof. For the first statement, using the fact that || - |2 < || - ||1 and Lemma 5, we can write
Ellgns 2] < Elllgns 3] = B[l + (/P — o) T3] € ——.
- ’ 1—vy T (=)

For the second statement, let i, be the index of the sampled state-action pair and j, be the index of the
transited-to state sampled at the pair given by 4,,. With abuse of notation, we will use i, to index both § x A
and S.

Elllgn.ullk.] =

2
’Y/Un, in vn,in
Z = Eiulin [K ﬂm( Tin—i_v> H
1K
e S| < -

To bound the tail, we resort to the Hoffding-Azuma inequality of martingale [38, Theorem 3.14].

Lemma 13 (Azuma-Hoeffding). Let My,..., My be a martingale and let Fy C Fy C --- C F,, be the filtration
such that My, = E|p, [Myy1]. Suppose there exists b < oo such that for all n, given Fy,_y1, |My — M, _1| <b. Then
for any € > 0,

—92¢2
P(My — My > €) < exp <N;>

To apply Lemma 13, we consider the martingale

N N
My =" ISllgnsl3 + llgn.ll, — (Z E[|S|llgn I3 + ||gn,#||2n]>

n=1 n=1

To bound the change of the size of martingale difference |M,, — M,,_1]|, we follow similar steps to Lemma 12.

2
3< iy and llgnll, < 75

Lemma 14.

Note [|gn,ull7, is K-factor larger than E[||g,,,[|%]) and K > 1. Therefore, we have

8(|S| + K?)

M, — M,_
| (1—-7)?

5+ lgnpli, + [SEllgnol3] + Ellgn.li,] <
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Combining these results, we have, with probability as least 1 — ¢,

N N
4v/2(|S| + K?) 1
Z |S|Hgn,v”§ + ||gn,u 121-71 S ZEHSH'gn,v”% + ||gn,MH2n] +— NlOg —=

n=1 n=1 (1 - 7)2 0
4(K +1S)) 42(|S| + K?) 1
(1 —7)? N (1—7)2 Nlog(5>

1—

Now we suppose we set 77 = From (38), we then have

1 —y (2K +|S]) .. 2v2(|S| + K?) 1
T (5 +wstio) + U ((17)2 N NlOg(é))

/KN+ 1/K3log%
L=~

I—x

EQ

N |

Hn

N
n
+1og(K)) + 3 2 ISl1gnol + Il

S|

I

(@]

<

D.3 Union Bound

Lastly, we provide an upper bound on the last component:

N

Z(gn - th(xn))-ry}ﬁ\]

n=1
Because yj depends on g,, this term does not obey martingale concentration like the first component

ZQ’:l(th(:cn) — gn) "2, which we analyzed in Appendix D.1 To resolve this issue, we utilize the concept
of covering number and derive a union bound.

Recall for a compact set Z in a norm space, the covering number N (Z,€) with € > 0 is the minimal number of

e-balls that covers Z. That is, there is a set {z; € Z}Ji\i(lz’e) such that max,cz min,cpz o |2 — 2'|| < €. Usually
the covering number N'(Z, €) is polynomial in € and perhaps exponential in the ambient dimension of Z.

The idea of covering number can be used to provide a union bound of concentration over compact sets, which we
summarize as a lemma below.

Lemma 15. Let f, g be two random L-Lipschitz functions. Suppose for some a > 0 and some fized z € Z selected
independently of f,g, it holds

P (If(2) = g(2)| > €) < exp (—ae®)

P (a0 001> (2o (557)

Proof. Let C denote a set of covers of size N'(Z, ;%) Then, for any z € Z which could depend on f, g,
/(z) = 9(2) < min|£(z) = F()] + /() = 9(z")] + l9(=) = 9(2)]
< min 2Lz — 2|} + [f (=) = 9()]

Then it holds that

< &+ max| () - ()|

Thus, sup,cz |f(2) — g9(2)| > € = maxzec |f(2') — g(2')] > §. Therefore, we have the union bound.

P(SEEf(z)—E[f(z)}|>e> <N(z 4L)exp<_262). O
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We now use Lemma 15 to bound the component ij:l(gn —Vhn(z,)) Tyk. We recall by definition, for z = (v, u),
(Vhp(zy) — gn)—rx = (k1 —ay, — gnyu)—r# + (bun - gn,v)TV
Because yi = (V7¥, u*), we can write the sum of interest as

N N N
Z(gn - th(xn))Ty}kv = Z(gn,u — Kkl + avn)T,Uz* + Z(gn,v - bpm,)TVﬁN

n=1 n=1 n=1

For the first term, because p* is set beforehand by the MDP definition and does not depend on the randomness
during learning, it is a martingale and we can apply the steps in Appendix D.1 to show,

N - NKlog(s)
> (gnp—rltay,) p =0 ="

n=1

For the second term, because v depends on the randomness in the learning process, we need to use a union
bound. Following the steps in Appendix D.1, we see that for some fixed v € V, it holds

P ( > e) < exp <—(1NV)252>

where some constants were ignored for the sake of conciseness. Note also that it does not have the v/ K factor
because of Lemma 8. To apply Lemma 15, we need to know the order of covering number of V. Since V is
an |S|-dimensional unit cube in the positive orthant, it is straightforward to show N (V,¢) < max(1, (1/€)1°))
(by simply discretizing evenly in each dimension). Moreover, the functions 25:1 g, ,v and 25:1 b, v are

%_Lipschitz in [ - [|oo-

N

Z(gn,v - an,)TV

n=1

Applying Lemma 15 then gives us:

e(l1—7) (1-— 7)2 9
< X
P <itelg > e> N (V7 1 > exp ( 1 €
For a given J, we thus want to find the smallest € such that:

§>N (V, M) exp <—(1_7)2€2> .

N

Z(gn,v - bp,n )TV

n=1

AN AN
That is:
1 1—7)? 1-—
log(5) < %62 +1S] min((),log(%)).
L. B Nlog(3)\ & Nlog(%) . I . .
Picking ¢ = O ( log(N )71_7 =0 +——, | guarantees that the inequality is verified asymptotically.

Combining these two steps, we have shown overall, with probability at least 1 — 9,

N . _ NKlog(s)
(gn = Vhp(zn)) Yy =0 | ———

n=1

D.4 Summary

In the previous subsections, we have provided high probability upper bounds for each term in the decomposition

Regret y (yy) < (Z(th(a:n) - gn)Txn> + (grlea;{ZgI(xn - x)) + (Z(gn - th(acn))Ty]*V>

n=1 n=1
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implying with probability at least 1 — 6,

VIR o (VRN VI g (WIS )

Regret y (yy) < O
egrety (yn) < 1—~ 11—~ 1—~ 1—~

By Theorem 1, this would imply with probability at least 1 — 6,

|S||A] log(3)

_ Regrety(yi) o [ VIIAT98ks)
(1-y)VN

VN (p) > V*(p) N > V*(p) -

In other words, the sample complexity of mirror descent to obtain an e approximately optimal policy (i.e.

V*(p) — V¥ (p) < ¢€) is at most 0) (%).

E Sample Complexity of Mirror Descent with Basis Functions

Here we provide further discussions on the sample complexity of running Algorithm 1 with linearly parameterized
function approximators and the proof of Theorem 3.
Theorem 3. Under a proper choice of © and Bg, with probability 1 —0, Algorithm 1 learns an (e + €o, n)-optimal

policy with 0 (%) samples.

E.1 Setup

We suppose that the decision variable is parameterized in the form zg = ($6,,¥80,,), where ®, ¥ are given
nonlinear basis functions and (68,,6,) € O are the parameters to learn. For modeling the value function, we
suppose each column in ® is a vector (i.e. function) such that its || - || is less than one. For modeling the
state-action distribution, we suppose each column in W is a state-action distribution from which we can draw
samples. This choice implies that every column of ® belongs to V', and every column of ¥ belongs to M.

Considering the geometry of ® and ¥, we consider a compact and convex parameter set

Cy
©={0=1(0,,0,): 6,2 < ———=,6,>0,[0,]1 =1}

\/dim(6,)

where C, < co. The constant C,, acts as a regularization in learning: if it is too small, the bias (captured as eg n
in Corollary 1 restated below) becomes larger; if it is too large, the learning becomes slower.

This choice of © makes sure, for § = (6,,0,) € ©, ¥0, € M and ||®0,| < ||0,]1 < C,. Therefore, by the
above construction, we can verify that the requirement in Corollary 1 is satisfied, i.e. for § = (6,,0,) € ©, we
have (®0,,%0,) € Xo.

Corollary 1. Let Xy = {x, € Xy} _; be any sequence. Let 7tn be the policy given either by the average or the
best decision in Xpn. It holds that

VN (p) > V*(p) — BB (O) o v

where eg, N = MiNg,cx, rep(EN;YN) — Tep(EN;To) measures the expressiveness of Xg, and Regrety(©) =

St In(@n) = mingexe Yp_y ba(@).
E.2 Online Loss and Sampled Gradient

Let 6 = (0,,60,) € O©. In view of the parameterization above, we can identify the online loss in (23) in the
parameter space as

ha(0) =b,, ®0,+6, ¥ (11 -a,,) (33)
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where we have the natural identification x,, = (v, ) = (®Oy 5, ¥6,, ) and 0, = (0, 1,0, ) € O is the decision
made by the online learner in the nth round. Note that because this extension of Algorithm 1 makes sure
18,,n]l1 =1 for every iteration, we can still use h,,. For writing convenience, we will continue to overload h,, as a
function of parameter 6 in the following analyses.

Mirror descent requires gradient estimates of Vh,,(6,). Here we construct an unbiased stochastic estimate of
Vh,(6,) as

(I)T Nn"i'L Pn_EnTNn
o = {gm (Pn + 7 (7 ) fn) (34)

gn,J N [dim(au)\ill (12 in =t — T (VP — En)vi,)

1=y

using two calls of the generative model (again we overload the symbol g, for the analyses in this section):

e The upper part g, , is constructed similarly as before in (24): First we sample the initial state from the
initial distribution, the state-action pair using the learned state-action distribution, and then the transited-to
state at the sampled state-action pair. We evaluate ®’s values at those samples to construct g, ,. Thus,
gn.,» would generally be a dense vector of size dim(6,) (unless the columns of ® are sparse to begin with).

e The lower part g, , is constructed slightly differently. Recall for the tabular version in (24), we uniformly
sample over the state and action spaces. Here instead we first sample uniformly a column (i.e. a basis
function) in ¥ and then sample a state-action pair according to the sampled column, which is a distribution
by design. Therefore, the multiplier due to uniform sampling in the second row of (34) is now dim(6,,) rather
than |S||A| in (24). The matrix W, is extremely sparse, where only the single sampled entry (the column
and the state-action pair) is one and the others are zero. In fact, one can think of the tabular version as
simply using basis functions ¥ =1, i.e. each column is a delta distribution. Under this identification, the
expression in (34) matches the one in (24).

It is straightforward to verify that E[g,] = Vh,(6,,) for g, in (34).

E.3 Proof of Theorem 3

We follow the same steps of the analysis of the tabular version. We will highlight the differences/improvement
due to using function approximations.

First, we use Corollary 1 in place of Theorem 1. To properly handle the randomness, we revisit its derivation to
slightly tighten the statement, which was simplified for the sake of cleaner exposition. Define

Yn,o = (Vg Hg) = argmax rep(&n; zg).
z9EXp

For writing convenience, let us also denote 03 = (6} y,0),) € © as the corresponding parameter of Yng- We
remark that pj (i.e. 0;), which tries to approximate p*, is fixed before the learning process, whereas VN0 (i.e.
0, ~) could depend on the stochasticity in the learning. Using this new notation and the steps in the proof of
Corollary 1, we can write

Vi (p) = V™ (p) =rep(En;yn)
Regret y (Y ¢)

= €o,N + rep(:%N;y}kVﬁ) S €O,N + N

where the first equality is Proposition 4, the last inequality follows the proof of Theorem 1, and we recall the
definition eg N = Tep(TN;YN) — Tep(TN; UN.g)-

The rest of the proof is very similar to that of Theorem 1, because linear parameterization does not change the
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convexity of the loss sequence. Let y}, = (V™ p*). We bound the regret by the following rearrangement.

N N
RegretN(y?Vﬁ) = Z ln(xn) — Z ln(yN,e)
n]; n—=
=Y Vha(0,)" (0n — 0%)

Il
VR
[~]=
<
>
3
5
z
\
N
2
_|
R
~__—
+
VO

N N
Z g;lL—(an - Q*N)> + (Z(gn - vhn(en))—ra}k\/>

;1 n=1 N n:lN
< (Z(wn(an) gn)T0n> + <r;1€angn (0, 9)) + (Z(gn — th(en))T9g> (35)

where the second equality is due to the identifcation in (33).

We will solve this online learning problem with mirror descent

1
01 = argmin (g,,0) + —Br(0||0,) (36)
€O n

with step size 7 > 0 and a Bregman divergence that is a straightforward extension of (22)
dim(6,
Br(0/||6) = 3 4552(10;, — 6,13 + K L(6,](6,.) (37)

where the constant di"g,i(f”) is chosen to make the size of Bregman divergence dimension-free (at least up to log

factors). Below we anal;lze the size of the three terms in (35) like what we did for Theorem 2.

E.4 The First Term: Martingale Concentration

The first term is a martingale. We will use this part to highlight the different properties due to using basis
functions. The proof follows the steps in Appendix D.1, but now the martingale difference of interest is instead

Mn - Mnfl - (th(gn) - gn)TQn
= (‘I’T(”l —ay,) — gn,u)—reu,n + (‘I)Tbun - gn,v)Tev,n
They now have nicer properties due to the way g, ,, is sampled.

For the first term (¥ (k1 —ay,) — n.) ' 0,0, We use the lemma below, where we recall the filtration F), is
naturally defined as {6;,...,60,}.

Lemma 16. Let 0 = (0,,0,) € © be arbitrary that is chosen independent of the randomness of g, ,, when F,_;

is given. Then it holds | (k1 — ay, — gn,)76] < 2029 O) 4nd Vi (61 — 2y, — gn,) 0,] < 2070

Proof. By triangular inequality,
|('I'T(’<51 —ay,) — gn,#)—rau‘ < [(k1 - avn)T‘I’0H| + |g7—7,r,,u0#|
For the deterministic part, using Lemma 5 and Hoélder’s inequality,

2
(61~ 0, ) 0] < et oo [ B < 7=

For the stochastic part, let k,, denote the sampled column index, i, be index of the sampled state-action pair
using the column of k,,, and j,, be the index of the transited state sampled at the pair given by 7,,. With abuse of
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notation, we will use 7,, to index both S x A and S. Let u = ¥6,,. With this notation, we may derive

; < - . 1 - .
|g’;Lr,;,L0H| = |d7,m(0u)9;l11,1(/<,1n —In — ﬁ(’ypn - En)vn)|
. Un,jn — Un,iy,
= dim(0,)0,, |k — 1, — Mﬁ'

< 2dim(6,,)0,, k., < 2dim(6,,)
- 1—7 - 1=y

where we use the facts 75, v j,, Un4, €[0,1] and 6,5, < 1.

Let 1/)3“) denote the kth column of . For V|r ., [(k1 —ay, — gn,.)' 0,], we can write it as

V\anl[(ql—r("q‘l - aVn) - gn,H)TO ] V\Fn 1 [gn ue ]
< IE|Fn,1 [|gnu0n| }

2
(kn 292 ’Yvn,jn B /Unvin
=3 Gt S [dzm( PO, (1, - Do) ]

4d’Lm (kn)
< Z o 2 Vi
4d * 4dim(6,)
im( im
< (Z Ok ) < ﬁ
where in the second inequality we use the fact that |k —r; — W| < % O

For the second term (@Tbun — gn}U)TBv,n, we use this lemma.

Lemma 17. Let @ € V be arbitrary that is chosen independent of the randomness of gy, when F,_; is given.

Then it holds |( by, — gn.0) 0] < 2% and Vip, ,[(@ by, — gn0) 0] < 525,

Proof. We appeal to Lemma 5, which shows ||b,,, |1 < % and

1 ~ 2
pr+ ——(Pn —E < —
P +1_7(v n) Bl T
Therefore, overall we can derive
T T - 1 & T~ 4Cy
(@b, — 0) 701 < (1D 1 150+ (0P~ Ba) il ) 186, < 15
where we use again each column in ® has || - || less than one, and || - ||ooc < || - ||2. Similarly, for the variance, we
can write
T T T T )2 ACT
V|Fn—1[((1) b#n - gn,v) 0] - V|Fn—1[gn,v0] < E\Fn—l[(gn,va) } g (1_77)2 O

From the above two lemmas, we see the main difference from the what we had in Appendix D.1 for the tabular

case is that, the martingale difference now scales in O (Cﬂmfﬂ;(%)) instead of O (%), and its variance scales

2 .
in O (%’;ﬁg*‘)) instead of O (Jf _HSL ) We note the constant C, is universal, independent of the problem size.

Following the similar steps in Appendix D.1, these new results imply that

P <Z(th(9n) = gn) " On > 6) < exp <2NU (Ii ))

n=1 3N0’2
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with b= O (%) and O (%) This implies that, with probability at least 1 — ¢, it hold

N \/N C2 + dzm(ﬂu)) log(5)
Z(th(en) gn)Ten = O 1—

n=1

E.5 Static Regret of Mirror Descent

Again the steps here are very similar to those in Appendix D.2. We concern bounding the static regret.

Te o
reneaé(;gn( "

From Appendix D.2, we recall this can be achieved by the mirror descent’s optimality condition. The below
inequality is true, for any ¢’ € ©:

N
1
Z GnsOn — 0') < nBR (@']161) Z 9ns Ot = On) = - Br(Bns1]10n)

Based on our choice of Bregman divergence given in (37), i.e

Br(0'(|0) = $ 25472 0), — 6,3 + K L(6],]16,.), (37)

we have %BR(H’HHl) < %. For each (gn,0nt1 — 0n) — %BR(9n+1||9n)7 we will use again the two basic lemmas
we proved in Appendix D.2.

nllgll3

Lemma 10. For any vector x,y, g and scalar n > 0, it holds (g,x — y) — %Hx —ylI3 < 2

Lemma 11. Suppose Br(z||ly) = KL(z||ly) and x,y are probability distributions, and g > 0 element-wise. Then,
forn >0,

1 n 7
—Brllla) 9.0 —y) < 5 > i)’ = 5ol

Thus, we have the upper bound

C2 nlgnold | sl
dim(6,) 2 9

u,n

1
<gna9n+1 - 0n> - EBR( n+1”0 )

Together with the upper bound on %BR(x’||x1)7 it implies that

N N

1
E (Gn,xn — ') < BR z'||z1) + E (Gn> Tng1 — Tn) — 5BR(xn+1Hxn)
n=1

n=1
2

N
Z (” Ign.ollz + l1gnulld, . (38)

1\3\3

| 2

concentrates toward its expectation, i.e.

n,n

We can expect, with high probability, 3% dm(gv) &n,vll3 + [18n,u

N C2? ) ) N C?

> Tty Ve B + Il <2.B [ Sl ol + gl , | + o)
To bound the right-hand side, we will use the upper bounds below, which largely follow the proof of Lemma 16
and Lemma 17.
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4dim 4dim(6,
Lemma 18. E[l|gno[3] < *47%) and E|lgn .13, ] < 252%.
4dim(6.,) 4dim(6,,)*

Lemma 19. ||gn.[3 < “7755% and |lgn,llf, | < 755

By Azuma-Hoeffding’s inequality in Lemma 13,

N N .
C? 9 9 C? 9 C2? + dim(0,,)* 1
2 n,v n < E v L TR N1 -
iy 18+ gl < 3B | W] o [ S s (5)
C2 +dim(6,,) ) C? + dim(0,,)* 1
<0 v P AVTRN +0 v D PRNTRT Nlog ()
( -7 1= 5
— 1—v
Now we suppose we set n = O < N(Cg+dim(0“))). We have
i - 0(1) L EN: C? Bl + lEall <O V(C2 ¥ dim(6,))N
—~ g’ﬂ7 n 77 2n:1 dlm( ) gnv 2 gn,u “n = 1—’y

E.5.1 Union Bound

Lastly we use an union bound to handle the term

N

Z(gn - th(en))Te}kV

n=1

We follow the steps in Appendix D.3: we will use again the fact that 03 = (0} y,0),) € ©, so we can handle the

part with 8}, using the standard martingale concentration, and the part with 0 » N using the union bound.
Using the previous analyses, we see can first show that the martingale due to the part 8}, concentrates in

e i l . . . . . *
@) ("Ndml(o‘;)log(s) . Likewise, using the union bound, we can show the martingale due to the part 6; y
,/Ncg 10g(%)

concentrates in O ) where A some proper the covering number of the set {OU N2 < FE— }

\/ dim(6,)

Because log N = O(dim(0 )) for an Euclidean ball. We can combine the two bounds and show together
N \/N €2 dim(0,) + dzm(Ou)) log(2)
Z(gn - th(ﬁ T9N 1—
n=1

E.5.2 Summary

Combining the results of the three parts above, we have, with probability 1 — 9,

Regrety (Yn,0)
N N N
< (Z(w (00 >—gn>T9n> + (QEangZ (0. —m) - (Zaqn - m((fn)fe;*v)
) \/N dim(6 —|—02)log(%) o <\/(cg +dim<9#))N> o \/N(C2dim(6,) —|—dzm(9ﬂ))log(%)
1-— 1-— 0 1—
_ [ \/Ndim(©)log(3)
_ —

where the last step is due to C,, is a universal constant. Or equivalently, the above bounds means a sample

complexity in O (%). Finally, we recall the policy performance has a bias eg n in Corollary 1 due to

using function approximators. Considering this effect, we have the final statement.
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