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Abstract
Researchers have demonstrated state-of-the-art performance in sequential decision making problems (e.g., robotics control, sequential
prediction) with deep neural network models. One often has access to near-optimal oracles that achieve good performance on the task
during training. We demonstrate that AggreVaTeD — a policy gradient extension of the Imitation Learning (IL) approach of [1] —
can leverage such an oracle to achieve faster and better solutions with less training data than a less-informed Reinforcement Learning
(RL) technique. Using both feedforward and recurrent neural predictors, we present stochastic gradient procedures on a sequential
prediction task, dependency-parsing from raw image data, as well as on various high dimensional robotics control problems. We
also provide a comprehensive theoretical study of IL that demonstrates we can expect up to exponentially lower sample complexity
for learning with AggreVaTeD than with RL algorithms, which backs our empirical findings. Our results and theory indicate that the
proposed approach can achieve superior performance with respect to the oracle when the demonstrator is sub-optimal.
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Introduction

A fundamental challenge in artificial intelligence, robotics, and language processing is to reason, plan, and make a sequence of
decisions to minimize accumulated cost, achieve a long-term goal, or optimize for a loss acquired only after many predictions.
Reinforcement Learning (RL), especially deep RL, has dramatically advanced the state of the art in sequential decision making
in high-dimensional robotics control tasks as well as in playing video and board games [2, 3]. Although conventional supervised
learning of deep models has been pivotal in advancing performance in sequential prediction problems, researchers are beginning
to utilize deep RL methods to achieve higher performance [4, 5]. Often in sequential prediction tasks, future predictions from the
learner are dependent on the history of previous predictions; thus, a poor prediction early on can yield high accumulated loss (cost)
for future predictions. Viewing the predictor as a policy π, deep RL algorithms are able to reason about the future accumulated cost
in a sequential decision making process whether it is a traditional robotics control problem or a sequential structured prediction task.
In contrast with reinforcement learning methods, well-known imitation learning (IL) and sequential prediction algorithms such as
SEARN [6], DAgger [7], AggreVaTe [1] reduce the sequence prediction problem to supervised learning by leveraging one special
property of the sequence prediction problem: at training time we usually have a (near) optimal cost-to-go oracle. At any point along
the sequential prediction process (i.e. state or partially completed sequential prediction), the oracle is able to select the next (near)best action. For robotics control problems, this oracle may come from a human expert guiding the robot during the training phase [8]
or from an optimal MDP solver that either may be too slow to use at test time or leverages information unavailable at test time (e.g.,
ground truth). Similarly, for sequential prediction problems, an oracle can be constructed by optimization (e.g., beam search) or by
a clairvoyant greedy algorithm that is near-optimal on the task specific performance metric (e.g., cumulative reward, IoU, Unlabeled
Attachment Score, BLEU) given the training data’s ground truth.
Such an oracle, however, is only available during training time (e.g., when there is access to ground truth). Thus, the goal of IL is to
learn a policy π̂, with the help of the oracle (π ∗ , Q∗ ) during the training session, such that π̂ achieves similar quality performance at
test time when the oracle is unavailable. In contrast to IL, reinforcement learning methods often initialize with an random policy π0
or cost-to-go (accumulated loss) Q0 predictor which may be far from the optimal. The optimal policy (or cost-to-go) must be found
through a tradeoff of dithering, directed exploration, and exploitation. The existence of oracle can be exploited to alleviate blind
learning by trial and error: one can imitate the oracle to speed up learning process by significantly reducing exploration. Interactive
approaches to IL such as SEARN [6], DAgger [7], and AggreVaTe [1] interleave learning and testing procedures to overcome the data
mismatch issue and, as a result, work well in practical applications. Furthermore, these interactive approaches can provide strong
theoretical guarantees between training time loss and test time performance through a reduction to no-regret online learning.
In this work, we introduce AggreVaTeD, a differentiable version of AggreVaTe (Aggregate Values to Imitate [1]) which extends
interactive IL for use in sequential prediction and challenging continuous robot control tasks. We provide two gradient update
procedures: a regular gradient update developed from Online Gradient Descent (OGD) [9] and a natural gradient update [10, 11]
which we show is closely related to Exponential Gradient Descent (EG), another popular no-regret algorithm that enjoys an almost
dimension-free property. AggreVaTeD leverages the oracle to learn rich polices that can be represented by complicated non-linear
function approximators. Our experiments with deep neural networks on various robotics control simulators and on a dependency
parsing sequential prediction task show that AggreVaTeD can achieve expert-level performance and even super-expert performance
when the oracle is sub-optimal, a result rarely achieved by non-interactive IL approaches. The differentiable nature of AggreVaTeD
additionally allows us to employ LSTM-based policies to handle partially observable settings (e.g., observe only partial robot state).
Empirical results demonstrate that by leveraging an oracle, IL can learn much faster than RL in practice.
In addition to providing a set of practical algorithms, we develop a comprehensive theoretical study of IL on discrete MDPs. Specifically we show that we can expect up to exponentially better sample efficiency for IL than any RL algorithm. We refer readers to the
full version of the paper [12] 1 for detailed analysis of IL.
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Preliminaries

Formally, a finite-horizon Markov Decision Process (MDP) is defined as (S, A, P, C, ρ0 , H). Here, S is a set of S many states and
A is a set of A actions; given time step t, Pt is the transition dynamics such that for any st ∈ S, st+1 ∈ S, at ∈ A, Pt (st+1 |st , at ) is
the probability of transiting to state st+1 from state st by taking action at at step t; C is the cost distribution such that a cost ct at step
t is sampled from Ct (·|st , at ). Finally, we denote c̄t as the expected cost, ρ0 as the initial distribution of states, and H ∈ N+ as the
finite horizon (max length) of the MDP. We define a stochastic policy π such that for any state s ∈ S, π(·|s) ∈ ∆(A), where ∆(A) is
a A-dimension simplex, conditioned on state s. π(a|s) ∈ [0, 1] outputs the probability of taking action a at state s. The distribution
ρπ (τ ) of trajectories τ = (s1 , a1 , . . . , aH−1 , sH ) and the distribution dπt (st ) of the states at time step t under policy π are defined as:

ρπ (τ ) = ρ0 (s1 )

H
Y

π(at−1 |st−1 )Pt−1 (st |st−1 , at−1 ),

dπt (st ) =

t=2
1

X
{si ,ai }i≤t−1

ρ0 (s1 )

t−1
Y

π(ai |si )Pi (si+1 |si , ai ).

i=1

The full version of the paper can be found at http://www.cs.cmu.edu/˜wensun/DifferentiableAggrevate.pdf

1

(1)

Note that the summation above can be replaced by an integral if the state or action space is continuous. The expected average cost
µ(π) of a policy π and the state-action value Qπt (s, a) for policy π are defined as:
H
H
X
X
µ(π) = E [
c̄t (st , at )] =
τ ∼ρπ

t=1

t=1

E

Qπt (st , at ) = c̄t (st , at ) +

[c̄t (s, a)];

s∼dπ
t (s),a∼π(a|s)

E

s∼Pt (·|st ,at ),a∼π(·|s)

Qπt+1 (s, a),

(2)

where the expectation is taken over the randomness of the policy π and the MDP.
We define π ∗ as the expert policy (e.g., human demonstrators, search algorithms equipped with ground-truth) and Q∗t (s, a) as the
expert’s cost-to-go oracle (note π ∗ may not be optimal, i.e., π ∗ 6∈ arg minπ µ(π)). Throughout the paper, we assume Q∗t (s, a) is
known or can be estimated without bias (e.g., by rolling out π ∗ : starting from state s, applying action a, and then following π ∗
for H − t steps). When π is represented by a function approximator, we use the notation πθ to represent the policy parametrized
by θ ∈ Rd : π(·|s; θ). In this work we specifically consider optimizing policies in which the parameter dimension d may be large.
We also consider the partially observable setting in our experiments, where the policy π(·|o1 , a1 , ..., ot ; θ) is defined over the whole
history of partial observations and actions (ot is generated from the hidden state st ). We use an LSTM-based policy [13] where the
LSTM’s hidden states provide a compressed feature of the history.
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Differentiable Imitation Learning

Policy based imitation learning aims to learn a policy π̂ that approaches the performance of the expert π ∗ at testing time when π ∗ is
not available anymore. In order to learn rich policies such as with LSTMs or deep networks [2], we derive a policy gradient method
for imitation learning and sequential prediction. To do this, we leverage the reduction of IL and sequential prediction to online
learning as shown in [1] to learn policies represented by expressive differentiable function approximators.
The fundamental idea in [1] is to use a no-regret online learner to update policies using the following loss function at each episode n:
`n (π) =

H
h
i
1 X
∗
E [Qt (st , a)] .
E πn
H t=1 st ∼dt a∼π(·|st )

(3)

The loss function intuitively encourages the learner to find a policy that minimize the expert’s cost-to-go under the state distribution
resulting from the current learned policy πn . Specifically, [1] suggest an algorithm
Pn named AggreVaTe (Aggregate Values to Imitate)
that uses Follow-the-Leader (FTL) [14] to update policies:πn+1 = arg minπ∈Π i=1 `n (π), where Π is a pre-defined convex policy
set. When `n (π) is strongly convex with respect to π and π ∗ ∈ Π, after N iterations AggreVaTe with FTL can find a policy π̂:
PN
PN
µ(π̂) ≤ µ(π ∗ ) − N + O(ln(N )/N ), where N = [ n=1 `n (π ∗ ) − minπ n=1 `n (π)]/N . Note that N ≥ 0 and the above
∗
∗
inequality indicates that π̂ can outperform π when π is not (locally) optimal (i.e., n > 0).
A simple implementation of AggreVaTe that aggregates the values (as the name suggests) will require an exact solution to a batch
optimization procedure in each episode. When π is represented by large, non-linear function approximators, the arg min procedure
generally takes more and more computation time as n increases. Online Mirror Descent (OMD) [14] is popular for online learning
due to its efficiency. Therefore we consider two special cases of OMD for optimizing sequence of losses {`n (π)}n : Online Gradient
Descent (OGD) [9] and Exponential Gradient Descent (EG) [14], which lead to a regular stochastic policy gradient descent algorithm
and a natural policy gradient algorithm, respectively.
3.1

Online Gradient Descent

For discrete actions, the gradient of `n (πθ ) (Eq. 3) with respect to the parameters θ of the policy can be computed as ∇θ `n (θ) =
PH
P
1
∗
π
t=1 Est ∼dt θn
a ∇θ π(a|st ; θ)Qt (st , a). For continuous action spaces, we cannot simply replace the summation by integration
H
since in practice it is impossible to evaluate Q∗t (s, a) for infinitely many a, so, instead, we use importance weighting to re-formulate
`n (Eq. 3) as
`n (πθ ) =

H
1 X
π(a|s; θ) ∗
1
Qt (s, a) =
E
π
H t=1 s∼d θn ,a∼π(·|s;θn ) π(a|s; θn )
H
t

E

τ ∼ρπθ

n

H
X
π(at |st ; θ) ∗
Q (st , at ).
π(at |st ; θn ) t
t=1

(4)

PH ∇θ π(at |st ;θ) ∗
1
With this reformulation, the gradient with respect to θ is: ∇θ `n (θ) = H
Qt (st , at ). The above gradient
Eτ ∼ρπθn t=1 π(a
t |st ;θn )
computation enables an efficient update procedure with OGD: θn+1 = θn − ηn ∇θ `n (θ)|θ=θn , where ηn is the learning rate.
3.2

Policy Updates with Natural Gradient Descent

We derive a natural gradient update procedure for imitation learning inspired by the success of natural gradient descent in RL [10,
11, 2]. We can show that Exponential Gradient Descent (EG) can be leveraged to speed up imitation learning in discrete MDPs. Then
we extend EG to continuous MDPs, where we show that, with three steps of approximation, EG leads to a natural gradient update
procedure. We skip the derivation of EG in discrete MDP due to space limit and refer readers to [12] for details.
2

We consider the following proximal operator:
H
1 X
θ = arg min
Eπ
θn
θ H
t=1 s∼d
t

E

a∼π(·|s;θ)

[Q∗t (s, a)] +

Eπ

s∼d¯

θn

KL(πθ ||πθn )/ηn .

(5)

In order to solve for θ from Eq. 5, we apply several approximations. We first approximate `n (θ) (the first part of the RHS of the above
equation) by its first-order Taylor expansion: `n (θ) ≈ `n (θn ) + ∇θn `n (θn ) · (θ − θn ). When θ and θn are close, this is a valid local
approximation. Second, we replace KL(πθ ||πθn ) by KL(πθn ||πθ ), which is a local approximation since KL(q||p) and KL(p||q) are
equal up to the second order [15, 2]. Third, we approximate KL(πθn ||πθ ) by a second-order Taylor expansion around θn , such that
we can approximate the penalization using the Fisher information matrix: Es∼d¯πθn KL(πθn ||πθ ) ≈ (1/2)(θ − θn )T I(θn )(θ − θn ),
where the Fisher information matrix [11]: I(θn ) = H12 Eτ ∼ρπθ ∇θn log(ρπθn (τ ))∇θn log(ρπθn (τ ))T , where ∇θ log(ρπτ (τ )) is the
n
PH
gradient of the log likelihood of the trajectory τ which can be computed as t=1 ∇θ log(πθ (at |st )).
Inserting these three approximations into Eq. 5, and solving for θ, we reach the following update rule θn+1 = θn −
ηn I(θn )−1 ∇θ `n (θ)|θ=θn ,

4

Sample-Based Practical Algorithms

In the previous section, we derived a regular gradient update procedure and a natural gradient update procedure for IL. Note that all
of the computations of gradients and Fisher information matrices assumed it was possible to exactly compute expectations including
Es∼dπ and Ea∼π(a|s) . In this section, we provide practical algorithms where we approximate the gradients and Fisher information
matrices using finite samples collected during policy execution.
4.1

Gradient and Fisher Information Matrix Estimation and Variance Reduction

We consider an episodic framework where given a policy πn at episode n, we roll out πn K times to collect K trajectories {τin }, for
i,n
n
i ∈ [K], τin = {si,n
1 , a1 , ...}. For gradient ∇θ `n (θ)|θ=θn we can compute an unbiased estimate using {τi }i∈[K] :
˜θ =
∇
n

K H
K H
i,n
1 XXX
1 X X ∇θn πθn (ai,n
t |st ) ∗ i,n i,n
∗ i,n
˜
∇θn πθn (a|si,n
)Q
(s
,
a),
∇
=
Qt (st , at ).
θ
t
t t
n
i,n
HK i=1 t=1 a
HK i=1 t=1 πθn (ai,n
t |st )

(6)

for discrete and continuous setting respectively. When we can compute Vt∗ (s) (e.g., mina Q∗t (s, a)), we can replace Q∗t (si,n
t , a) in
∗ i,n
∗ i,n
(s
).
Note
that
using
advantage
function
in
practice
(s
,
a)
−
V
Eq. 6 by the state-action advantage function A∗t (si,n
,
a)
=
Q
t
t
t
t t
leads to smaller variance.
The Fisher information matrix I(θn ) is approximated as:
˜ n) =
I(θ

K
1 X
∇θ log(ρπθn (τi ))∇θn log(ρπθn (τi ))T = Sn SnT ,
H 2 K i=1 n

(7)

√
where, for notation simplicity, we denote Sn as a d × K matrix where the i’s th column is ∇θn log(ρπθn (τi ))/(H K). Namely
the Fisher information matrix is represented by a sum of K rank-one matrices. For large policies represented by neural networks,
˜ n ) a low rank matrix. One can find the descent direction δθ by solving the linear system Sn SnT δθ =
K  d, and hence I(θ
n
n
˜
∇θn for δθn using Conjugate Gradient (CG) with a fixed number of iterations, which is equivalent to solving the above linear
systems using the Partial Least Square. Our representation of the Fisher matrix is in the form of Sn SnT and in CG we never need to
explicitly compute or store Sn SnT which requires d2 space and time. Instead, we only compute and store Snq(O(Kd)) and the total
˜ T δθ ), such
computational time is still O(K 2 d). The learning-rate for natural gradient descent can be chosen as ηn = δKL /(∇
θn

n

that KL(ρπθn+1 (τ ) kρπθn (τ ) ) ≈ δKL ∈ R+ .
4.2

Differentiable Imitation Learning: AggreVaTeD

The imitation learning framework AggreVaTeD is extremely simple: every iteration, we roll in the current policy πn to generate K
˜ θ (regular gradient) or I(θ
˜ n )−1 ∇
˜ θ (natural gradient);
trajectories; with Q∗ , we then compute the descent direction δθn which is ∇
n
n
finally we update the policy θn+1 = θn − ηn δθn . The computational complexity of each episode scales as O(d)

5

Experiments

We evaluate our algorithms on robotics simulations from OpenAI Gym [17] and on Handwritten Algebra Dependency Parsing
[16]. We report reward instead of cost, since OpenAI Gym by default uses reward and dependency parsing aims to maximize UAS
score. For RL we use REINFORCE [18] and Truncated Natural Policy Gradient (TNPG) [13]. We refer readers to [12] for detailed
experiment and neural network (e.g., feedforward and LSTMs) setup.
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Figure 1: {Performance (cumulative reward R on y-axis) versus number of episodes (n on x-axis) of AggreVaTeD (blue and green), experts (red),
and RL algorithms (dotted) on different robotics simulators.}
Arc-Eager

AggreVaTeD (LSTMs)

AggreVaTeD (NN)

SL-RL (LSTMs)

SL-RL(NN)

RL (LSTMs)

RL (NN)

DAgger

SL (LSTMs)

SL (NN)

Regular
Natural

0.924±0.10
0.915±0.10

0.851±0.10
0.800±0.10

0.826± 0.09
0.824±0.10

0.386±0.1
0.345±0.1

0.256±0.07
0.237±0.07

0.227±0.06
0.241±0.07

0.832±0.02

0.813±0.1

0.325±0.2

Random
∼0.150

Table 1: {Performance (UAS) of different approaches on handwritten algebra dependency parsing. SL stands for supervised learning using expert’s
samples: maximizing the likelihood of expert’s actions under the sequences generated by expert itself. SL-RL means RL with initialization using
SL. Random stands for the initial performances of random policies (LSTMs and NN). The performance of DAgger with Kernel SVM is from [16].}

Fig. 1 shows AggreVaTeD is able to learn expert-level polices for complex continuous robotics control tasks and the learning speed
is much faster than the corresponding RL algorithms. Also we can see that AggreVaTeD can outperform the experts. Table 1 shows
the performance of different approaches with different neural network polices in dependency parsing for handwritten algebra. For
dependency parsing, a near-optimal expert can be constructed with the access to the ground-truth parse trees in the training data.
AggreVaTeD with a LSTM-based policy achieves 97% of the expert’s performance (UAS≈95).
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