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Fig. 1: Left: The Vector mobile manipulator is solving the STEAP problem, where the semi-transparent robots show the trajectory taken,
while the solid robot is the goal configuration. Middle: Green line is the ground-truth trajectory, green robot outline shows the current pose,
blue line is the planned trajectory, red line is the estimated trajectory, and yellow axis is the current raw pose estimate. Right: Block diagram

of our framework showing all the components and how they interact.

Abstract—In this work, we present simultaneous trajectory
estimation and planning (STEAP) - a unified approach to solving
continuous-time trajectory estimation and planning problems.
Although, these problems are usually considered separately,
within our framework we show how estimation and planning
can benefit from each other and remove redundancy during
computation. Each time-step the robot is tasked with finding the
full continuous-time trajectory from start to goal, such that the
history of the trajectory signifies the solution to the estimation
problem, while the future of the trajectory signifies a solution
to the planning problem. Building on recent work we employ
incremental inference on probabilistic graphical models to solve
this problem, and provide an approach that can contend with
high-degree-of-freedom (DOF) trajectory space, uncertainty due
to limited sensing capabilities, model inaccuracy, the stochastic
effect of executing actions and can find a solution in real time.
We evaluate our approach empirically on a mobile manipulator.

I. INTRODUCTION & RELATED WORK

Trajectory estimation and planning are both important capa-
bilities for autonomous robot navigation. Trajectory estimation
is fundamentally backward-looking: the robot estimates a
trajectory of previous states that are consistent with a history
of noisy and incomplete sensor data. Conversely, planning is
fundamentally forward looking: starting from an estimate of
its current state, the robot finds a trajectory of future states to
minimize a cost (for example path length or energy used) and
achieve a feasible (collision-free) solution.

The Simultaneous Localization and Mapping (SLAM) com-
munity has focused on efficient optimization algorithms for
many years. One of the more successful approaches is the
Smoothing and Mapping (SAM) family of algorithms [4]
that formulates SLAM as inference in a factor graph [15]]
and exploit the sparsity of the underlying large-scale linear
systems to perform inference efficiently. Given new sensor
data, incremental Smoothing and Mapping (iSAM) [11} [13]]
exploits the structure of the problem to efficiently update
the solution rather than resolving the entire problem from

scratch. Recently, Tong et al. [25] introduced a continuous-
time formulation of the SAM problem, in which the robot
trajectory is a function that maps any time to a robot state.
This was extended in Barfoot et al. [3]] to take advantage of
the sparse structure inherent in the problem, in Yan et. al [28]]
to efficiently incrementally update the solution, and in Dong
et al. [[7] to 4D mapping problems.

While probabilistic inference is frequently used as a foun-
dation for state estimation and localization, it is only recently
that these techniques have been used for planning. Several
researchers have recently proposed a probabilistic inference
perspective on planning and control problems, leveraging
expectation maximization [27, |16], expectation propagation
[26], KL-minimization [23]], and efficient inference in factor
graphs [5, 9 [19]. Interestingly, the incremental inference
technique [[12]] used in [5] to solve replanning problems is
the same as originally used in [[13]] to solve SLAM problems.
We exploit this idea to solve our more general class of
simultaneous trajectory estimation and planning problems.

Efficient replanning for navigation is an active area of
research [[14} [8]] but most previous work are difficult to extend
to real-world, high-dimensional systems, are computationally
expensive, or do not incorporate uncertainty in the robot’s
state estimate. Recent work in Simultaneous Localization and
Planning (SLAP) attempt to unify localization and planning,
with early work using HMMs [20], more recent approaches
designed for dynamic environments [l 22], and new ap-
proaches that combine state estimation and model predictive
control [24].

In this work, we tackle the simultaneous trajectory es-
timation and planning (STEAP) problem within a unified
probabilistic inference framework. The STEAP problem is
a generalization of the SLAP problem in that the goal of
STEAP is to compute the full continuous-time trajectory
conditioned on observations and costs in both the past and
the future. By contrast, SLAP only computes the current state



estimate and an updated plan. We represent the trajectory as
a continuous-valued function mapping time ¢ to robot state
0(t), and seek the solution with an incremental solver [13].
This allows us to avoid re-solving the STEAP problem from
scratch as new observations are encountered and only update
the trajectory where required, dramatically reducing the overall
computational burden of our approach and enabling a faster-
than-realtime solution. To better accommodate mobile manip-
ulation problems, we build on Barfoot et al.’s recent work
on continuous-time trajectory estimation on SE(3) [2] and
extend Dong et al. [3]] to plan trajectories on Lie groups [6].
Finally, we implement our probabilistic inference framework
for solving the STEAP problem on the Vector mobile ma-
nipulator (Fig. [T), and show that our framework is able to
incrementally integrate real-world sensor data and directly
update its trajectory estimate and motion plan in real-time.

II. TRAJECTORY OPTIMIZATION AS INFERENCE

Following previous work on estimation and mapping prob-
lems [3| 28] and Gaussian process motion planning [5} 18],
we view the problem of estimating or optimizing continuous-
time trajectories as probabilistic inference. We represent the
trajectory as a continuous-valued function mapping time ¢ to
robot state 6(t). The goal is to find the maximum a posteriori
(MAP) continuous-time trajectory given a prior distribution
p(0) on the space of trajectories and a likelihood p(e|6),

6 =arg§nax{p(0)p(e|0)} (1)

A. The Trajectory Prior

We represent the prior distribution of continuous-time tra-
jectories as a vector-valued Gaussian process (GP) [3l[18]]. For
any collection of times ¢t = {to, ..., ¢y}, the prior distribution
is defined by the GP mean g and covariance /C:

1
po) xexp{ = 316 ulk |-

The prior encodes information about the system that is known
a priori. For example, in robotic state estimation problems,
a structured GP prior may encourage trajectories to follow
known system dynamics, e.g. that the robot velocity changes
smoothly [3l 25]. In motion planning, the prior is selected to
encourage higher-order derivatives of the system configuration
to be minimized [S]]. We develop STEAP for mobile manipula-
tors that have their configuration space defined by a Lie group
product x € SE(2)xR"™ where n is the degree of freedom of
the arm and the SE(2) Lie group defines a planar translation
(z and y) and rotation (yaw) for the mobile base. We employ
a constant velocity i.e. noise-on-acceleration model to define a
non-linear SDE that generates our GP prior. See [6] for details
about the GP prior that we use for Lie groups.
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B. The Likelihood Function

The likelihood function encodes information about a partic-
ular problem instance. For example, in estimation problems,
the likelihood function encourages posterior trajectories to be
consistent with proprioceptive or landmark observations [3],
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Fig. 2: Example factor graph representation of STEAP. Gray node

shows current time ¢. at time-step c.
while in motion planning problems the likelihood function
encourages posterior trajectories to be collision-free [3].

Let e be a collection of random binary events. Examples
of events include collision, receiving a sensor reading, or
reaching a goal. The likelihood function is the conditional
distribution [(0;e) = p(e|@), which specifies the probability
of an event or a measurement e given a trajectory 8. We define
the likelihood as a distribution in the exponential family

1
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where h(6,e) can be any vector-valued cost function with
covariance matrix 3.

III. ONLINE STEAP wiTH FACTOR GRAPHS

The MAP trajectory computation in Eq. [T] can be executed
efficiently by exploiting known structure in the problem. In
particular, the prior and the likelihood functions can be fac-
tored into a product of functions that is organized as a bipartite
factor graph [15]). Thus, we can write the posterior distribution
as a product of the factors that collectively represent the prior
and the likelihood

p(@)p(el) oc frrier fiike., 4)

STEAP solves state estimation and planning problems si-
multaneously, and performs inference on the entire factor
graph at once. An example STEAP factor graph at time ¢,
is shown in Fig. [J] and is defined by Eq. ] where,
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There are two major advantages of using STEAP: (i) Optimiza-
tion of a single graph allows information flow between the two
sub-graphs of estimation and planning, which is not possible
with SLAP. This increases performance in both estimation
and planning. For example, the collision-free likelihood of
both the past and the future part of the graph encourages the
estimated past trajectory to remain in areas without obstacles,
since a successfully traversed trajectory would not have passed
through obstacles. This helps contend with noisy (or drops
in) localization and reduces estimation errors. Similarly, the
trajectory estimation information corrects the estimate of the
current robot position, providing feedback for the planned
future trajectory. (ii) The number of variables or factor in a



Algorithm 1 STEAP

1: Initialize @

2: FG = updateFactorGraph( f97, f°*s, fi®)
3: 0 = incrementallnference(F G, 0)

4: fori=0to N — 1 do

5:  0i44+1 = interpolateGP(6, i, i + 1, resolution)
6: if collisionFree(6;.;+1) then

7: execute(f;:i+1)

8: fil9*® = localize()

9: FG = updateFactorGraph(F @G, f/19"*
10: 0 = incrementallnference(FG, 0)

11:  else

12: return failure

13:  end if

14: end for

15: return success

STEAP factor graph do not change much during execution,
i.e. only a few measurement factors are added at each time-
step. This allows for very efficient incremental inference using
the Bayes tree algorithm [13]]. Recomputing the solution with
Bayes trees only requires a small fraction of the run-time
compared to re-optimizing the full graph from scratch. By
utilizing this efficient incremental inference technique we get
a significant performance boost, and easily achieve real-time
performance, as illustrated in our experiments.

The STEAP procedure is summarized in Algorithm |1} We
implement STEAP within the PIPER [17] package using
ROS [21] and GPMP2 [5] and have open-sourced the code.
Fig. [I] shows a block diagram of the framework. The of-
fline phase assimilates (i) robot-specific information including
model and physical parameters, (ii) problem definitions and
optimization parameters, and (iii) a pre-generated signed dis-
tance field (SDF) of the environment, which is produced by the
Mapper and assumed to be static, and is used for collision
checking. In the online phase, this information is passed to
our central module, STEAP Module, that solves STEAP
problems and passes optimized trajectories to be executed to
the Robot Module (simulated or physical) with sensors, and
the Localization Module that takes raw sensor mea-
surements and outputs a noisy pose estimate for the robot (in
our implementation we use a depth image-based localization
algorithm, similar to the tracking in KinectFusion [10]]) that
can be interpreted by the STEAP Module.

IV. EVALUATION

We conduct experiment and demonstrate our framework
on a mobile manipulator, shown in Fig. [T} consisting of an
omni-drive base and a 6-DOF Kinova JACO2 arm. Real-
world experiments are performed in a 8m x 6m indoor
environment. Various obstacles (desks, sofas and small objects
like boxes and cans) are placed in the environment, to simulate
domestic scenes. During the experiments, ground-truth robot
trajectories are recorded by a motion capture system. Fig. [I]
shows the robot traversing within a map of the environment.

A video of experiments is available at https://youtu.be/lyayNKV1eAQ

TABLE I: Real-world experimental results

Problem 1  Problem 2
OL success rate 0/10 0/10
[~ ~ "STEAP success rate | 9710 — ~ ~ 10710 ]
Goal translation error (cm) 14.20 5.19
Raw localization error (cm) 7.07 6.45
Trajectory estimation error (cm) 3.48 2.53

Our implementation runs on a computer equipped with Intel
4.0GHz quad-core CPU, 32GB memory and one NVIDIA
Titan X GPU. Robot sensor data is streamed to the computer
over WiFi, and STEAP commands are streamed back to robot.

We design 2 problems for performance evaluation. In each
problem the robot starts from a start configuration, and is
tasked with driving towards a goal configuration. For both
problems the graph consists of 50 states from start to goal
with 2 interpolated binary obstacle factors [S] between any
two states. To evaluate the performance of our STEAP im-
plementation, we performed 10 runs for each problem, in
which 5 runs switch the start and goal configurations. We
record the planned, estimated and ground-truth trajectories and
calculate success rate, final goal error, raw localization error
and trajectory estimation error.

Table. [I] shows the performance in these real-world ex-
periments. We first run one-time batch planning by GPMP2
and use an open loop controller (OL) to follow the planned
trajectory. Since the control command execution on is noisy,
the robot base cannot follow the planned trajectory well and
every run ends with a collision. With state estimation and
replanning provided by STEAP, the robot can follow planned
trajectories better, and fix drifting. With STEAP the robot
can achieve a 95% overall success rate for the given tasks,
with final translation error of about 14.2cm in problem 1,
and 5.19cm in problem 2. This goal error is due to the finite
horizon trajectory set up we use, since if the robot overshoots
when near the end of the trajectory, it may not have enough
time-steps left to recover. The goal error can be reduced with
a receding horizon formulation of our problem.

In addition to improving planning results, STEAP helps with
trajectory estimation. We show the raw localization error in
Table. Il Due to the noisy depth measurements, the localization
module provides poor estimates of the robot pose. Sometimes
the localization module additionally fails due to the scene
being out of sensor range (for example when the robot is
too close to obstacles). With STEAP we can reduce the
estimation error by about 50-60% as seen in Table. |l In
the experiments video one can see that although the raw
localization positions have significant jumps between each
measurement, the estimation results in STEAP are stabilized
given previous sensor information and the planned trajectory.

To evaluate the efficiency of our implementation, we time
the localization and STEAP modules separately. Timing re-
sults show that, in real-world experiments, localization and
STEAP modules have average runtimes of 19.3ms and 76.0ms
respectively, and maximum runtimes of 30.3ms and 149ms
respectively, indicating that our implementation can easily
process the depth image stream at ~ 30Hz, and run STEAP
at ~ 10Hz.
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