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Regression setting
Ground truth: 'B* e R4

Samples (x. , y,) with noise € ~ N(0, 0?)

x ~N(0,1I;) y =(x,f") +e€

Estimator: B = argming ||XB — Y||2 + /1||li’||2

Estimator risk:

RB) = E [(=z,B)—v)2 =8 - B2+ o>

(z,y)~D



Optimal ridge

Expected risk for estimator function Bn (X, g)

yynpm

« T/ A 2
Optimal ridge parameter: ASP* := argmin R(Bnx)) (N\* = ao )
A:IA>0 118* |13

Is regression in this setting with optimal ridge monotonic in sample/parameter
size? Yes



Sample size mitigation

Theorem 1:R( A;iljfl) < R(ngt)

foralln, d

Theorem 2 (over-regularized):

VA>A*: R(But1x) < R(Bny)
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Sample size mitigation

Proof of Theorem 1;

R(Bn ) = 4+ g2 using SVD of X

1 )T [ - (% +A)?

R -
( ) (Yt 'Yd)NF [Z 2+d‘72/||ﬁ*||2

3. Cauchy interlacing theorem

+ o2




Counterexample: non-Gaussian data distribution

€,1)  w.p.1l/2
(52,:|:A) W.p.1/2

where A is uniform over [0, 10]

(way) ~

So B* = [1, 0]
The first coordinate has optimal O ridge and second coordinate has optimal « ridge

Theorem 4: with slight modification of above instance, we have

R(B21) < R(B2)



Model size mitigation

Data comes from space of dim p. Project with random orthonormal matrix P to dim d

Rp(f)= E [((#8)—v)* = E [(Pz,B)—y)’

(z,y)~D () E—
Expected risk is now R(S) :=]1@ E [Rp(B(X,7)]
where X = X PT ¢ R4 e
Theorem 3: Foralld <p andn E

RBRY) < R

Model Size (Num Features)



Model size mitigation

Proof:

— A d
I R(Bay) =0 +(1 —1—)>||e||2
(02 + E=4(|0]3)72 + 4 [10][322

" 2 (07 + N2

(71) fym)NFd i=1

o2 ~ p—d
2. )\Opt p where o ::0’2+_||‘9||§

d|l6[[3 p

3. Cauchy interlacing theorem



Epoch-wise mitigation(Stop early!)

ottt = gt— 1dlag( )VR(Gt)
e Under Parameterized d << n: Risk at time t approximated by

2

— o~ % o
R(0") =0" + E 07 (07)* (1 = mod)* + —(1 = (1 = mi07)")?,
izl\ o

U;(t)

e Over parameterized for two layer NN fw v (X) = ﬁrelu(xTW)v

Initialization: [W?]; ; ~ N(0,w?), [v°]; ~ Uniform({-v,v}).

Theorem 2. Let o > 0 be the smallest eigenvalue of the Gram matrix 3, suppose that the network
10
is sufficiently wide, i.e., k > 2 (WM), and suppose the initialization scale parameters obey

vw < af+/321og(2n/d) and v + w < 1 for some & € (0,1). Then, with probability at least 1 — §,
the risk of the network trained with gradient descent for t iterations is at most

n

R(fw,w.) < J 3 y)? (1 o)+ J Sty LU0

).
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Open Problems

Proof for non-isotropic covariates?

Multiple descents based on
eigenspace of ¥

Nonlinear models?
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