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Setting: Estimator: underparameterized

Covariates: x; ~N(0,1,)
True parameter: [ satisfies |||, = 1 Whenn > d B =XTX)"1xTy
Labels: yi < {x;, BY+N(0,0%) Whenn < d g =xty

d dimensions, n examples

overparameterized pseudoinverse

Xt =XxT(xx")1

What happens?
Test Risk vs. Samples
Taked = 1000,0 = 0.1,  Test MSE
increasen
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“We consider it extremely unsatisfying that
the most popular technique in modern machine learning
(training an overparameterized neural network with SGD)
can be nonmonotonic in samples.”
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Variance is not monotone decreasing
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Key Idea:

« when n < d we have many interpolators: min-norm is “good” inductive bias
 when n~=d wehave few interpolators: all have high norm




Analyzing Bias and Variance*

TestMSE  R(B) := . END[(@?, B) — y)?]

=18 — B> + o2

Excess Risk: R(B) = ||B\ — 5”2
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newectsior: B (R(Bx.,)] = E (13 - BII") = |18 — E[BII + {13 - I3

*This paper’s analysis is similarto :

Hastie, T., Montanari, A., Rosset, S., and Tibshirani, R. J. (2019). Surprises in high-dimensional ridgeless least squares interpolation.

Bias B,

Variance V,,

Mei, S. and Montanari, A. (2019). The generalization error of random features regression: Precise asymptotics and double descent curve.
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Expressions for Bias and Variance 4 ol =

Test MSE
N w

A XT(XXT)_ly when n < d
B=XTy= T y\—1xT 1 1
(XTX)"'XTy when n > d ~ -y
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Lemma 1. Forn < d, the bias and variance of the estimator B = XTy is

Ba=|l _E [Projx.(8)IF

Vi = E[[| Projx (8) - @[ijx(ﬂ)]IIQ] +0° @[TY((XXT)_I)]

Na - N -

(A) (B)

this term blows up

For matrix X, projection onto rowspace:
Projx(B) = X" (XX")7'X B

Projection onto orthogonal complement:
Projy1(B) = (1 - X"(XX)™'X) B

Aside: compare with hat matrix
H = X(XTX)—1XT projection onto
columnspace



Intuition for high variance

Lemma 1. Forn < d, the bias and variance of the estimator B = XTy is

Bo=|l E_ [Projx.(B)lII

Vo = E[||Projx (8) — g[Projx(ﬂ)]llzl +0° g[T‘f((XXT)_l)]

- - N -

(A) (B)

B blows up because X becomes poorly conditioned asn — d

Thought experiment: add one “good” sampleton = d — 1 “good” samples.

xl’ o ’xn : Jael, R ﬁed_l
Claim 1: X has no small, non-zero singular values.
write: xXn11 = (g1, 92) € RY7IXR 1 ~ V(0 1a) : :
Claim 2: X,,.1 has a small non-zero singular value whp.

Old data matrix: X = [VdlI,_; 0] Proof: LetvT = [g, —+Vd] |Ivl* = 2d
But
vTX — _\/a [\/EHd—l 0]: 0 _\/C—i
New data matrix: X1 = [\/agﬂd—l go w1 = |61 | g1 95 [ 92|
1 2

1
S0 [V Xp41ll? = d = |IvI? []




Appendix



Proof of Lemma 1, Bias B Xty — XT(XXT)"'y whenn<d
-V (XTX)"1XTy whenn >d

Lemma 1. For n < d, the bias and variance of the estimator B = XTy is

Ba= |l E [Projx. ()]

~J

Va = Ell| Projx (B) — E[Projx (B)]|I*] +0° E[Tr((XX")™)]
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Proof. Bias. Note that
B-EB=F - E [X"(XXT)(XB+n)
= E[(I - XT(XXT) ' X)f]

= %[PronL (8)]

Thus the bias is

B, = |8 — E[8]|]
= ||Ex,[Projx+ (B)]II*



Proof of Lemma 1, Variance B xty— XT(XXT)"'y whenn<d
- YT (XTX)"'XTy whenn>d

Lemma 1. For n < d, the bias and variance of the estimator B = XTy is

Ba=|l E [Projx: ()]

~J

= I)E<[||Projx(5) - ;Eg[Pron (B2 +o2 E[Tr (X XT)~1),

& _ X _
() (B)
Proof Vo = %[Hﬁ E[5]|)?]
= X&En[IIXT(XXT)_l(Xﬂ +n) — ]E[XT(XXT)_IXﬂ]Ilz]
X&En[ll(S S)B+ X1 (XXT) n|?] (§:=XT(XXT)"'X,S :=E[S])
= E[lI(S - S)BII%] + )QEU[IIXT(XXT)*??IIz]
= E[ll(S - S)BIP + *Tr((XXT)™1)

Notice that S is projection onto the rowspace of X, i.e. S = Projx. Thus,

Vo := E[l|Projx(8) — E[Projx (B)]|I’] + o*Tr((XX") ™)



Approximate Asymptotics for Bias and Variance

Claim 1 (Overparameterized Risk). Let v := % < 1 be the underparameterization ratio. The bias and

variance are:

B, = (1-7)?IBII° (5)

Y
Vo m (= IBIP + 0> (6)

And thus the expected excess risk for v <1 is:

E[R(B)] ~ (L= 8| + 0% 2 (7)

n

= A= DlIBIP +0*— (®)

Claim 2 (Underparameterized Risk, |Hastie et al., 2019]). Let v := % > 1 be the underparameterization
ratio. The bias and variance are:

|




