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Abstract

We consider the sparsification of sums F : R” — R, where F(x) = fi({a1, X))+ -+ fu ({@m, x))
forvectorsay, ..., a,, € R" and functions fi, ..., fi : R = R,. We show that (1+ ¢)-approximate
sparsifiers of F with support size 7 (log %)O(l) exist whenever the functions fi, ..., f are
symmetric, monotone, and satisfy natural growth bounds. Additionally, we give efficient
algorithms to compute such a sparsifier assuming each f; can be evaluated efficiently.

Our results generalize the classic case of ¢, sparsification, where f;(z) = |z|F, for p € (0,2],
and give the first near-linear size sparsifiers in the well-studied setting of the Huber loss function
and its generalizations, e.g., fi(z) = min{|z|?, |z|?} for 0 < p < 2. Our sparsification algorithm
can be applied to give near-optimal reductions for optimizing a variety of generalized linear
models including ¢, regression for p € (1,2] to high accuracy, via solving (log 7)°® sparse
regression instances with m < n(log 7)), plus runtime proportional to the number of nonzero
entries in the vectors a1, ..., d,.
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1 Introduction

Empirical risk minimization (ERM) is a widely studied problem in learning theory and statistics
(see, e.g., [LSZ19a], for relevant references to the expansive literature on this topic). A prominent
special case is the problem of optimizing a generalized linear model (GLM), i.e.,

minF(x) for F(x) ;:; fildai, x) = by), (1.1)

where the fotal loss F : R" — R, is defined by vectors a1, ...,a, € R", b € R™, and loss functions
fi, .-, fm : R = R. Different choices of the loss functions {f;} capture important problems,
including linear regression, logistic regression, and ¢, regression [BCLL18, AKPS19b].

Recently, efficient algorithms for solving (1.1) to high-accuracy have been developed in many
settings [BLSS20, BLL*21, GPV21] such as linear programming and ¢;-regression, where f;(x) = |x|.
For example, when m is on the order of n, it is known how to solve linear programs and some
GLMs in roughly (up to logarithmic factors) the time it currently takes to multiply two general n X n
matrices [AKPS19b, CLS21, LSZ19a, [SWZ21] which is, up to logarithmic factors, the best-known,
running time for solving a single linear system in a dense n X n matrix.

When m > n, a natural approach for fast algorithms is to apply sparsification techniques to
reduce the value of m, while maintaining a good multiplicative approximation of the objective value.
More precisely, say that the objective F admits an s-sparse e-approximation if there are non-negative
weights wq, ..., w, € RY, at most s of which are non-zero, and such that

m
|F(x) — F(x)| < e F(x) forall x € R", where F(x) := Z w;fi({ai, x) —b;).
i=1

When fi(z) = |z|F are {, losses, near-optimal sparsification results are known: If p > 0, then F
admits an s-sparse e-approximation for s < O(n™@{17/2}¢=2);1 this sparsity bound is known to
be optimal up to polylogarithmic factors [BLMS89, Tal90, Tal95, SZ01]. In particular, for p € (0, 2],
the size is O(11¢72), near-linear in the underlying dimension 7. The p = 2 case has been especially
influential in the development of several fast algorithms for linear programming and graph
optimization over the last two decades [ST14, SS511, BLN*20].

However, as far as the authors know, {, losses are the only class of natural loss functions for
which linear-size sparsification results are known for GLMs. For instance, for the widely-studied
class of Huber loss functions (see (1.2)) and related variants, e.g., fi(z) = min{|z|, |z|*}, the best
known sparsity bound was é(n4‘2\/§£‘2) [MMWY22]. Improving this bound to near-linear (in ) is
an established important open problem that has potential applications to regression for Huber and
€, losses [AS20, ABKS21, GPV21, MMWY22, WY23].

The main result of this paper is near-optimal sparsification for a large family of loss functions
{fi} that include the Huber losses, ¢, losses, and generalizations. Informally, we show that if the
loss functions {f;} are nonnegative, symmetric, and grow at most quadratically, then there exists
an s-sparse ¢-approximation of F with s < O(ne72). Moreover, the sparse approximation can be

IThroughout, we use O(f) to suppress polylogarithmic quantities in m,1, ¢!, and f.



found very efficiently, in time proportional to the time used for O(1) instances of ¢,-sparsification
(Theorem 1.1). A particularly nice application of our result is an algorithm that solves {,-regression
to high accuracy for 1 < p < 2 by reducing to Op(1) instances of ¢,-regression with m = O(n)
(Theorem 1.2). Our framework can also be applied to minimizing sums of y, functions for p € (1, 2]
(see (1.2)) to high accuracy, and to approximate Huber regression.

The main technical hurdle in obtaining these results is that the loss functions are not necessarily
homogeneous and they can exhibit different behaviors at different scales. Note that this hurdle
arises already for losses like fi(z) = min{|z|, |z|*}, even though the loss function only has two
different scaling regimes. To overcome this hurdle we develop a multiscale notion of “importance
scores” for appropriately down-sampling F into a sparse representation.

1.1 Hypotheses and results for sparsification

Consider a generalized linear model as in (1.1), with loss functions f1, ..., f : R — R, and vectors
ai,...,an € R". For simplicity, we assume that b = 0 in (1.1). This is without loss of generality, as
(a;, xy = b; = {(a;, b;), (x,-1)), and (a;, b;), (x, —1) € R"*!, s0 we can re-encode the problem in 1 + 1
dimensions with b = 0.

We will often think of the case f;(z) = hi(z)? for some h; : R — R, as the assumptions we need
are stated more naturally in terms of \/j—fl . To that end, consider a function / : R — R, and the
following two properties, where L > 1 and ¢, 0 > 0 are some positive constants.?

(P1) (L-auto-Lipschitz) |h(z) — h(z’)] < Lh(z — 2’) for all z, 2’ € RF.

P2) (Lower 6-homogeneous) h(Az) > cA%h(z) forall z € R¥ and A > 1.
( g

Note that if # : R — R is concave and symmetric, then it is 1-auto-Lipschitz (see Lemma 3.15).
We can now state our main theorem, whose proof appears in Section 3.3.

Theorem 1.1. Consider f1, ..., fm : R — Ry, and suppose there are numbers L > 1,c, 0 > 0 such that
each \//71 is L-auto-Lipschitz and lower 0-homogeneous (with constant c). Then for any aq,...,a, € R",
and numbers 0 < € < % and Smax > Smin = 0, there are nonnegative weights wy, . .., w,, > 0 such that

< eF(x), VYxeR" st Smin < F(X) < Smax,

F(x) - Zwifi«ﬂi/x))
i1

where F(x) := fi({a1,x)) + -+ fu({am, x)), and

Pe{l,...,m}:wi>0] SLeo %IOg(n Smax) (logS)®, where S:= glog(zsmax) :
€

€ Smin Smin

Moreover, with high probability, the weights {w;} can be computed in time

OL,C,Q ((nnz(alr ceey am) +nY + m(]gval) log(msmax/smin)) .

2The setting k = 1 suffices for the present work, though we state them for general k > 1.



Here, 7eval is the maximum time needed to evaluate each f;, nnz(ay, ..., a,) is the total number
of non-zero entries in the vectors a1, ..., a,, and w is the matrix multiplication exponent. “High
probability” means that the failure probability can be made less than ¢ for any ¢ > 1 by increasing
the running time by an O(¢) factor.

We use the notation Or, (¢ and o) Lec,6() to indicate an implicit dependence on the parameters
L,c,0,and A <10 Bis shorthand for A < Oy ¢,9(B). The constant hidden by the Oy . ¢(-) notation
is about (L/ C)O(Q_Z), though we made no significant effort to optimize this dependence.

It is not difficult to see that for 0 < p < 2, the function f;(z) = |z|? satisfies the required
hypotheses of Theorem 1.1. In Section 3.4, we show that y, functions, defined as

yol2) = %ZZ for |z| <1 (1.2)
P P18 for |zl 21, '

for p € (0, 2], also satisfy the conditions. The special case of y1 is known as the Huber loss. (See
Section 3.4 for a generalization to general thresholds.)

The y, functions were introduced in [BCLL18] and have since been used in several works on
high-accuracy ¢, regression [AKPS19b, ABKS21, GPV21]. Due to these connections, the works
[GPV21, MMWY22] studied sparsification with , losses, providing sparsity bounds of O(n?) and

O(n4‘2\/§) ~ O(n'172), respectively. More precisely, [MMWY22] establish a bound of O(n'*°®)) for
p € [1,2] with 6(1) = 3-2v2,and 6(p) — O as p — 2.

1.2 Fast {, regression

Combining our sparsification theorem with iterative refinement [AKPS19b] yields near-optimal
reductions for solving ¢, regression to high accuracy. More specifically, we show that {, regression
for matrices A € R™*" can be reduced to a sequence of Op(l) instances with A € ROM*1_ Tt g
known how to solve such instances in time n*° for wg := 2 + max {%, w-2, 1_7“} [LSZ19a], where
« is the dual matrix multiplication exponent. Alternatively, they can each be solved in roughly
nl/3 iterations and time n™{@.2+1/3} [AKPS19b], where an “iteration” refers to an operation that is
dominated by the cost of solving a particular n X n linear system.

Theorem 1.2 (Fast {, regression). There is an algorithm that given any A € R™", b € R™, and p € (1,2]
computes an x satisfying
|Ax = bl; < (1 + &) min [|Ax - b]|}
xeR"

. 2 . . -
in either Op(nPTg) iterations and Op(nnz(A) + n™>{@2+1/3}) time, or O,,(y/n) iterations and O,(nnz(A) +
n®) time, with high probability.

It is standard to turn a high accuracy algorithm for an optimization problem into one that solves
a corresponding dual problem. We present such an argument for {,-regression in Section 4.2.2.

Theorem 1.3 (Dual of ¢, regression). There is an algorithm that given A € R™", c € R™, and q € [2, )
computes a y € R™ satisfying ATy = c and

q . : q
lyllg <1+ e)Arpylrzlc lyllg
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L a2 - . -
in either O4(n 3[;_—2) iterations and O ,(nnz(A) + n™>©2+1/3}) time, or O, (y/n) iterations and O, (nnz(A) +
n®) time, with high probability.

Prior work [JL.S22] shows that {,-regression can be solved in Op(nl/ 3) iterations of solving a
linear system for p € [2, 00). Combining that result with Theorem 1.2 shows that {,-regression can
be solved using Op(nl/ %) linear systems for all p > 1.

1.3 Discussion of the hypotheses

Let us now discuss various hypotheses and the extent to which they are necessary for sparsifiers of
nearly-linear size to exist. In addition to the properties (P1) and (P2), let us consider three others
that we will use frequently. In what follows, C, u > 0 are positive constants and & : R" — R,.

(P3) (C-symmetric) h(z) < Ch(-z) for all z € R".
(P4) (C-monotone) h(z) < Ch(Az) for A > 1.

(P5) (Upper u-homogeneous) h(Az) < CA*h(z) forallz e R" and A > 1.

First, note that (P1) and (P2) imply (P3)—(P5).
Lemma 1.4. The following implications hold:
1. his L-auto-Lipschitz = h is L-symmetric.
2. h is lower 6-homogeneous with constant ¢ = h is 1/c-monotone.
3. his L-auto-Lipschitz and C-monotone = h is upper 1-homogeneous with constant 2CL.

Proof. Since h(0) = 0, applying the definition of L-auto-Lipschitz with z = 0 gives h(-z) < Lh(z) for
any z € R". The second implication is immediate. For the third, note that for a positive integer
k, we have h(kz) < Z;:& |h((j +1)z) = h(jz)| < kLh(z). Using the L-auto-Lipschitz property again
gives

h(Az) < h([A]z) + Lh((JAT1 = A)z) < [AIL - h(z) + LCh(z) < 2CLAh(z),

where the penultimate inequality uses C-monotonicity. m]

Symmetry (P3). To illustrate the need for approximate symmetry, let us consider gluing together
two functions that are otherwise “nice” in our framework:

Suppose that f; = --- = f;; = f. Consider unit vectors dy,...,4, € R" such that 6;; :=
[{4i,4;)| < % fori # j. A basic volume computation shows that one can choose m > 2", Denote
a; = (4;,1) e R fori=1,...,m.



Then for A > 0 and x := A(d;, —%), we have

. f(AJ2) < A? i=j,
((aj,x)) = f(aj, Ma;, —3))) =
fillay, x9) = f(Gay, A, ) {f(A(ai]- T <A ouwie
Thus in any approximate sparsifier L =w fi + -+ + Wy frm, it must be that either w; > 0, or
2j#i Wj 2 A. Sending A — oo shows that the latter is impossible.

Lower growth and monotonicity (P2), (P4). We consider these properties together since mono-
tonicity is a weaker property than lower homogeneity. A natural function that does not satisfy
lower homogeneity is the Tukey loss which, for the sake of the present discussion, one can take as
fi(z) :== min{1, |z|?}, which is a natural analog of yp (recall (1.2)) for p = 0.

For sparsifying GLMs with the Tukey loss, previous works have made additional assumptions.
For example, that one only ensures sparsification when ||a;|l, < #n°W, and for inputs x € R"
satisfying ||x|l2 < n9W); see [CWW19, Assumption 2] and the discussion afterwards, and [MMWY22,
§8.3]. In Section 3.4.2, we show how to achieve a O(n'+°(Ve=2)-sparse e-approximations under
these assumptions. At a high level, the simple idea is to consider the proxy loss functions
fi(z) := min{|z|, |z|?} with p sufficiently small.

Upper quadratic growth (P5). Note that, by Lemma 1.4, if \/j_fl satisfies (P1), then f; is upper
2-homogeneous. For near-linear size sparsifiers, 2-homogeneity is a natural condition, since
sparsifying with loss functions f;(x) = |x|P and p > 2 requires the sparsifier to have at least Q(n” 12)
terms [BLM89].

The auto-Lipschitz property (P1). As Lemma 1.4 shows, this property gives us approximate
symmetry (P3) and upper 1-homogeneity (P5). Crucially, this property also allows us to exploit the
geometry of the vectors ay, ..., a,, € R". Note that (P1) implies

(fi(z) = fi2))? = (fi2)"? = fi(z")' 27 (fi2)* + fi(2)V)? < 202 filz = 2')(fil2) + fi(2))).

In particular, we have

(Fias,x0) = filas, 1)) < 2L ildas, x = ) (llas, ) + fildas, 1))

—_—————

The braced term is what us allows to access the linear structure of the vectors in our analysis.

Comparison to M-estimators. The works [CW15, MMWY22] consider regression and sparsification
for what they call general M-estimators. Essentially, this corresponds to the special case of our
framework where all the loss functions are the same: f; = --- = f,, = M, and one assumes M(0) = 0,
monotonicity, and upper and lower growth lower bounds. They additionally assume that M is
p-subadditive (for p = 1/2) in the sense that M(x + y)? < M(x)" + M(y)”, which is a stronger
condition than the auto-Lipschitz property (P1) for h = fl.l/ 2,

Under this stronger set of assumptions, the authors of [MMWY22] achieve approximations with
sparsity O(n™®{27/2+1}) which is a factor 1 larger than what one might hope for. In the regime

p < 2 of possible near-linear-sized sparsifiers, we close this gap: Theorem 1.1 gives sparsity O(n).



1.3.1 Discussion of the sy,x/Smin dependence

Note that Theorem 1.1 only achieves an approximation for smin < F(X) < Smax, and there is a
logarithmic dependence on smax/Smin in the sparsity bound. Intuitively, some dependence on
Smax/Smin 1S Necessary in the generality of Theorem 1.1 because nothing in our assumptions precludes
the functions f; from behaving nearly independently on different scales (at least if the scales are
sufficiently well separated).

In the case that each of the functions fi, ..., f, is p-homogeneous, in the sense that f;(1z) =
|A|P fi(z), then F and the sparsifier F are both p-homogeneous, and therefore the guarantee
|F(x) — F(x)| < e for F(x) = 1 already suffices to obtain |F(x) — F(x)| < eF(x) for all x € R”, meaning
there is no scale dependence.

More generally, for F satisfying the hypotheses of Theorem 1.1, the growth assumptions on
fi, ..., fm allow one to obtain weak guarantees even for F(x) € [Smin, Smax]. For tamer functions
with only a constant number of different scaling regimes, this allows one to avoid the smax/Smin
dependence by applying such scaling arguments and a simple reduction. For the sake of concreteness,
we demonstrate this for the Huber loss (the y1 function as in (1.2)). A similar argument applies for
all the y, functionals.

Lemma 1.5. Consider ay,...,a,, € R" form > 2,and 1/m < ¢ < 1. Denote

F(x) := wiy1((as, X)) + - + Wi ym((@m, X))
Fx) = @y1({ar, x)) + -+ + Dy ({am, X))

for some nonnegative weights w, @ € R'!'. Suppose that
|F(x) — F(x)| < eF(x) for x € R" such that wmin < F(x) < 4m*Wmax,
where Wmayx := max(max(w), max(@)) and Wiin := min(w). Then F is a 2e-approximation to F.

Combining this with an analysis of the weights produced by our construction and the guarantee
of Theorem 1.1 yields the following consequence. The proof of Lemma 1.5 and the next result are
presented in Section 3.4.1.

Corollary 1.6. For every ¢ > 0, the function F(x) := y1({a1, x)) + - - + y1({am, x)) admits an s-sparse
e-approximation for

s < % (logm) (log (glogm))S.

Note that our sparsity bound has an m dependence, as opposed to the classical cases of ¢,
sparsification, where sparsity bounds depend only on n and ¢. However, some m dependence
is not surprising, as [MMWY22, §4.5] present vectors a1, ...,a,, € R" for which the sum of the
sensitivities (see (1.6)) can grow doubly-logarithmically with m:

m

Z max M > nloglog%.

= 0#xeR" F(x)

[MMWY22] also shows that )7 ; maxoxxer» Yr (é?;’)x» 2 nlog 7 is possible for p € [0, 1).
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1.4 Importance sampling and multiscale weights

Given F(x) = fi({a1, x))+- -+ fu({am, x)), our approach to sparsification is via importance sampling.
Given a probability vector p € R™ with p1,...,pm >0and p1 +---+ py =1, we sample M > 1
coordinates vy, ..., vy iid. from p, and define our potential approximator by

1 & fiy({ay, x))

M = Pv;

F(x):=

One can easily check that this gives an unbiased estimator for every x € R”, i.e,, E[F(x)] = F(x).
Since we want an approximation guarantee to hold simultaneously for many x € R", it is natural
to analyze expressions of the form

E max |F(x) - ﬁ(x)| .
F(x)<s

Analysis of this expression involves the size of discretizations of the set Br(s) := {x € R" : F(x) < s}
at various granularities, as explained in Section 1.6.2. The key consideration (via Dudley’s entropy
inequality, Lemma 1.13) is how well Br(s) can be covered by cells on which we have uniform control
on how much the terms f;({a;, x))/p; vary within each cell.

The ¢, case. Let’s consider the case f;(z) = |z|? so that F(x) = [{a1, x)|> + -+ + [{am, x)|>. Here,
Br(s) = {x e R": ||Ax||§ < s}, where A is the matrix with a, ..., a, as rows.

A cell at scale 2/ looks like

. 2 )
K; == {x eR" :max—|<a”x>| < 2]},
i€[m] Pi

and the pertinent question is how many translates of Kj it takes to cover Bg(s). In the ¢, case, this is
the well-studied problem of covering Euclidean balls by £, balls.

If N; denotes the minimum number of such cells required, then the dual-Sudakov inequality
(see Lemma 1.12 and Corollary 3.3) tells us that

ATA _1/211‘ 2
logN; < ilog(m)max it ) il .
2 ie[m] pi

Choosing p; := %H(ATA)‘U 24||?, i.e., normalized leverage scores, yields uniform control on the
size of the coverings:

s
logN; < Enlogm.

The ¢, case, 1 < p < 2. Consider the case f;(z) = |z|V so that F(x) = ||Ax||5. A cell at scale 2/ now
looks like

. P .
Kj := {x e R" :maxM <2f},
ie[m] Pi

To cover Br(s) by translates of K;, we again employ Euclidean balls, and use ¢, Lewis weights to
relate the ¢, structure to an ¢, structure.



A classical result of Lewis [Lew79] (see also [BLM89, CI’15]) establishes that there are nonnegative
weights wq, ..., w, > 0such thatif W = diag(wy, ..., wy) and U := (ATWA)l/z, then

uTally AU all) (1.3)

1 — - . °
lUa;13 lUa;ll3

Assuming that A has full rank, a straightforward calculation gives ;7 ; w;|| Ula; ||§ = tr(U?U7?) = n.
Therefore, we can choose p; := %wiHU‘laill% fori =1,...,m,and our cells become

" 2i 12
Kj == {x € R" : max [{a;, )|” < =w;||U " a;||5} .
ie[m] n

(Note that the values {w;||Ua; ||§ :i=1,...,m} are typically referred to as the “{, Lewis weights”.)

If we are trying to use $-f., covering bounds, we face an immediate problem: Unlike in the ¢,
case, we don’t have prior control on ||Ux||2 for x € Br(s). One can obtain an initial bound using the
structure of U = (ATWA)Y/2:

m m
1.3) - -2
U3 = wita;, x) = Znu Yailly " ai, )
i=1 =1

ai, )| ‘ AT
) ( Er ) ai, )P < ||Ux]l; Z‘ Kai, )P, (14)
where the last inequality is Cauchy-Schwarz: |{(a;, x)| = [(U 'a;, Ux)| < [[U a;||2||Ux]||2. This
gives the bound [|Ux||2 < [|Ax||, < s1/P for x € Br(s).

Problematically, this uniform ¢, bound is too weak, but there is a straightforward solution:
Suppose we cover Br(s) by translates of Kj;. This gives an {. bound on the elements of each cell,
meaning that we can apply (1.4) and obtain a better upper bound on ||Ux||> for x € Kj;. Thus to
cover Br(s) by translates of K; with j < jo, we will cover first by translates of Kj,, then cover each
translate (x + Kj;) N Br(s) by translates of Kj,_1, and so on.

The standard approach in this setting (see [BLM89] and [LT11, §15.19]) is to instead use
interpolation inequalities and duality of covering numbers for a cleaner analytic version of such
an iterated covering bound. However, the iterative covering argument can be adapted to the
non-homogeneous setting, as we discuss next.

Generalized linear models. When we move to more general loss functions f; : R — R, we lose the
homogeneity property fi(Ax) = A? fi(x), A > 0 that holds for ¢, losses. Because of this, we need to
replace the single Euclidean structure present in (1.3) (given by the linear operator U) with a family
of structures, one for every relevant scale.

Definition 1.7 (Approximate weights). Fix ay, ..., a, € R" and loss functions fi,..., fn : R — R,.
We say that a vector w € R is an a-approximate weight at scale s if

-1/2 m
S (|| M a; )
—<M<as, 1:1,...,m,whereMw::ijaja.T. (1.5)
o -1/2_ 112 j
wil| My, aill; =1



To motivate this definition, let us define scale-specific sentivities:

fiai, x))

&i(s) := max {Tx) :

xeR”,F(x)e[s/2,s]}, i=1,...,m. (1.6)
As shown in Corollary 2.3, if the functions {f;} are lower 6-homogeneous, upper 2-homogeneous,
and O(1)-symmetric (in the sense of (P3)), then an a-approximate weight at scale s allows us to
upper bound sensitivies by leverage scores:

&i(s) < 0i(W'2A), (1.7)

where W = diag(wy, ..., wy), and the implicit constant depends on a and the homogeneity
parameters. Here, 0;(V) denotes the ith leverage score of a matrix V with rows vy,...,vy:

0i(V) = (v, (VTV)* 0y,

where (VTV)* denotes the Moore-Penrose pseudoinverse. Notably, one always has o1(V) + - - - +
om(V) = rank(V), and therefore (1.7) gives an upper bound &1(s) + - -+ + &x(s) < n.

In order to generalize the iterated covering argument for ¢, losses, we need there to be a
relationship between weights at different scales.

Definition 1.8 (Weight schemes). Let J C Z be a contiguous interval. A family {w?) € R" : j € '}
is an a-approximate weight scheme if each w'/) is an a-approximate weight at scale 2/ and, furthermore,
forevery pairj,j+1€ Jandie{1,...,m},

wV Y < aw! (1.8)

i i
Given a weight scheme, we choose sampling probabilities

-1/2

. () 12 = (w12 ;
pzocrjré?(wi ||Mw(]-) 01”2—52?(01(1/\7]. A, i=1,...,m,

where W; = diag(ng ), ..y w%)). In our setting, || < O(log(75max/Smin)), Which results in the
sparsity increasing by a corresponding factor.
In Section 2, we establish the existence of approximate weight schemes for general families of

loss functions satisfying certain growth bounds, along with efficient algorithms to compute the
corresponding weights.

1.5 Regression via iterative refinement

Previous works have observed that combining iterative refinement with sparsification of y,-functions
(recall (1.2)) leads to improved algorithms for £,-regression [AKPS19b, ABKS21, GPV21]. For the
benefit of the reader, we give a description of these ideas in somewhat more generality.

Recall that our goal is to find a point x € R" that computes an approximate minimizer of
F(x) == X, fi({ai, x) = b;), up to high accuracy. For now, we assume that F is a differentiable
convex function and denote F, := inf,cg» F(x). Later, we will introduce additional conditions that
allow for iterative refinement to succeed.

10



Broadly, iterative refinement minimizes F(x) be repeatedly solving sub-problems, each of which
make multiplicative progress in reducing the error of the current solution. Given a current point xo,
prior works on iterative refinement define a local approximation of F suitably symmetrized and
centered around xo such that approximately minimizing this local approximation yields the desired
decrease in function error. One way to derive such local approximations is through Bregman
divergences, which give a natural way of recentering convex functions.

Definition 1.9 (The F-divergence). For x,y € R", use T! (y) := F(x) + VF(x)T(y — x) to denote
the first order Taylor approximation of F at x, and define the F-induced Bregman divergence by
D (y) = F(y) = Ty (y)-

Note that for convex F, the function D (y) is convex and minimized at x. Consequently, given a
point xq, the function Dﬁo(y) is a natural function induced by F and minimized at xg. Note that
minimizing F(x) is the same as minimizing (VF(xp), x — xo) + Dﬁo(x) which in turn is the same as
minimizing (VF(x), A) + Dfo(xg + A) over A and adding the minimizer to xy.

Iterative refinement strategies approximately minimize (VF(x), A) + r(A), where r(A) is a
suitable approximation of DI (x + A). One step of refinement moves to x1 := xo + nA, where 1 is a
suitably chosen step-size and A is the approximate minimizer. As motivation for our approach,
here we consider the scheme suggested by prior work, where 7(A) is a sparsification of a simple
approximation to the divergence.

Informally, one can show that if the square root of the Bregman divergence of each f; is
L-auto-Lipschitz (P1) and lower 6-homogeneous for some 6 > 1 (P2), then one step of sparsifica-
tion/refinement decreases the error in the objective value multiplicatively by an absolute constant.
Interestingly, auto-Lipschitzness is only required for sparsification and not for refinement. However,
we critically need the Bregman divergence to be lower 0-homogeneous for 0 > 1 for iterative
refinement, while our sparsification results (Theorem 1.1) only require 6 > 0.

Lemma 1.10 (Refinement Lemma). Suppose r : R" — R is lower O-homogeneous with constant ¢ <1
for 6 > 1, and for xo € R" and all A € R" and n € [0, 1],

r(A) < DE (x0 + A) < ar(d)

where o > 11is fixed. Then infaepn {Tfo(xo +A)+ r(A)} < F.and ifA € R" satisfies

T (xo + A) + r(A) < F., (1.9)
then
F(xo +AA) = F. < (1 =) (f(x0) = F.), wherefj := (a/c) Y@V, (1.10)
Proof. First note that, for all A € R”,
F(xo+ A) = T (xo + A) + DL (x0 + A) . (1.11)

Since, DE (xo + A) > r(A) this implies the desired bound

0

i F < 1 =
Aleann {TxO(xo +A)+ r(A)} < Algﬂ{n F(xg+A)=F..

11



Next, note that for all n € [0,1] and A € R",

TE (x0 +nA) = F(xo) + nVE(x0) "A = (1 = n)F(x0) + n Tf (x0 + A) (1.12)
Dfo(xo +1A) < ar(nh) < ajc- ner(A) (1.13)

Suppose that A € R” satisfies (1.9). Then plugging (1.12) and (1.13) into (1.11) with A = ﬁA yields

F(xo +fA) < (1 = A)F(x0) + A TE (xo + A) + a/c - 77r(A)
= (1= DF(xo) + f (T (0 + &) + r(8)) < (1= DF(xo) + AF.

where we used that a/c - #%~1 = 1 and 1} € [0, 1]. Rearranging yields (1.10). m]

To apply Lemma 1.10 to ERM for general linear models, note that

m

Di(xo+A)= Y DI (ai,A)).

{ai,xo
i=1

Now, if the square root of each divergence D3’ is L-auto-Lipschitz and lower 6-homogeneous, then
Theorem 1.1 gives weights w € R with sparsity O(n) such that

m
0.9- Dfo(xo +A) <r(A) < Dfo(xo +A) where r(A):= Z wiDﬁ >_b‘((ai,A>).

(ai,xo
i=1

Thus, Lemma 1.10 applies, and we can decrease the objective value error by a multiplicative factor
by minimizing 7(A). Since r(A) only has O(n) nonzero terms, one can apply previous solvers for
m = O(n) [LSZ19a, AKPS19b] to obtain the desired runtimes.

In Section 4.2, we verify that the f-divergence of f(z) = |z|V is the )}, function, which is lower
p-homogeneous, and has an auto-Lipschitz square root. This yields our algorithm for ¢, regression
(Theorem 1.2). A formal version of the argument is presented in Section 4. The main difference is
that some technical work is needed because Theorem 1.1 only provides sparsification for a range
of inputs {x € R" : smin < F(X) < Smax}. Moreover, our algorithm uses an approximate oracle for
GLMs (Definition 4.2) with the functions {f;} (rather than with the approximate divergence r(:)),
and we show that the oracle does not need to be solved to high accuracy to make sufficient progress.

1.6 Preliminaries

Throughout the paper, we denote [n] := {1,2,...,n}. We use the notation a < b to denote that
there is a universal constant C such that a < Cb, and a <z, b to denote that C may depend on L. We
use a < b to denote the conjunction of 4 < b and b < a, and a =1 b analogously. We also denote
Riy={xeR:x>0}and R;; :={x e R:x > 0}.

For simplicity of presentation, we assume that the vectors a1, ..., a4, € R" in (1.1) span R" and
all are nonzero. In particular, this means that the matrix A with rows a1, ..., a, has rank n and
ATWA is invertible for any diagonal matrix W with strictly positive entries on the diagonal.

12



1.6.1 Covering numbers and chaining
Consider a metric space (T, d). For x € T and r > 0, define the ball B(x,r) :={y € T : d(x,y) < r}.

Definition 1.11 (Covering numbers). For a radius r > 0, we define the covering number N(T,d, r)
as the smallest number of balls of radius r (in the distance d) that are required to cover T. For
5,5 € R", we overload notation and use N(S, S’) to denote the smallest number of translates of S’
needed to cover S.

We require the following “dual Sudakov inequality” (see [PT85] and [LT11, (3.15)]) which gives
bounds for covering the Euclidean ball using balls in an arbitrary norm.

Lemma 1.12 (Dual Sudakov inequality). Let B} denote the unit ball in n dimensions, and || - ||x an
arbitrary norm on R". If g is a standard n-dimensional Gaussian, then

log N(B},Bx) < Ellgllx,

where Bx := {y € R" : |ly|lx < 1}.

We recall Talagrand’s generic chaining functional [Tal14, Def. 2.2.19]:

(e}

2(T,d) := inf su 2"M2diam(Ay(x), d),
v {An xGTPhZ:;)

where the infimum runs over all sequences {Ay, : h > 0} of partitions of T satisfying |Aj| < 22" for
each h > 0. Note that we use the notation Aj(x) for the unique set of Aj, that contains x.

The chaining functional is used to control the maximum of subgaussian processes (see, e.g., the
discussion in [JLLS23, §2.2] where it is applied precisely in the setting of sparsification). Our use of
the functional occurs only in the statement of Lemma 1.14 below, and in this paper we will only
require the following classical upper bound. (See, eg., [Tal14, Prop 2.2.10].)

Lemma 1.13 (Dudley’s entropy bound). For any metric space (T, d), it holds that
yo(T,d) < Z 2/ Jlog N(T, d,2).
jeZ

The interested reader will note that this is (up to constants) precisely the upper bound one obtains
by choosing Ay, as a uniform discretization of (T, d), i.e., to minimize sup{diam(Ay(x),d) : x € T}
over all partitions satisfying |Ay| < 22",

1.6.2 Sparsification via subgaussian processes

We discuss sparsification via subgaussian processes. Consider @1, @2, ..., @, : R"” — R, and define

F(x) := Z(pj(x).

=1
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Given a strictly positive probability vector p € R, , and aninteger s > 1and v = (vy,...,vs) € [m]’,

define the distance

PP
vil\X) = @y,
dyo(x,y) = Z (w)

j=1 P; S

and the function F pv i R" =R

Fpu) =2y Pu(x)

S j=1 Pr;

We require the following lemma which employs a variant of a standard symmetrization argument
to control E maxyeq |F(x) — F p,v(x)| using an associated Bernoulli process (see, for example, [Tall4,
Lem 9.1.11]). For a subset Q C R", denote ||F||¢(q) = sup,q |F(x)|. The reader will note our typical
application of the lemma to sets of the form Q = {x € R" : F(x) < A} for some parameter A > 0.

Lemma 1.14 ([JLLS23, Lemma 2.6]). Consider s > 1, a subset (3 C R", and a probability vector p € R}'.
Assume that
xp e Q st @i(xg) == @m(xg) =0.

Suppose, further, that for some 0 < 6 < 1, and every v € [m]*, it holds that

. 1/2
y2(Qdp) <6 (IFle 1Forlley) -
Ifvi, ..., vs are sampled independently from p, then

[Er}rc1€a(§<|F(x) - Fo (@) S E[72(Q,dp )] <85 IFlcqy -

If it also holds that, for all v € [m]®,

R B 1/2
diam(Q, d,,) < 0 (||F||C(Q) ||Fp,v||C(Q)) ’

then there is a universal constant K > 0 such that for all 0 < t < 211<_8’

P {max |F(x) — Fp . (x)| > K(6 + 5) ||F||C(Q)) < e KP4,
xeQ)

2 Multiscale importance scores

Recall the definitions of approximate weights (Definition 1.7) and weight schemes (Definition 1.8).
In the present section, we prove the following two results.

Theorem 2.1. Suppose that fi,..., fm : R — Ry are lower 6-homogeneous and upper u-homogeneous
with u > 6 > 0 and uniform constants ¢, C > 0. Then there is some o = (0, c,u,C) > 1 such that for
every choice of vectors ay, ..., a, € R" and s > 0, there is an a-approximate weight at scale s.
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This is proved in Section 2.2 by considering critical points of the functional U + det(Ul) subject
to the constraint G(U) < s, where G(U) := fi(||Ua1|]2) + - - + fm(||Uawm]||2), which can be seen as a
generalization of Lewis’ original method.

Single-scale sensitivities. Let us now observe that, in the case u < 2, Theorem 2.1 allows us to
bound sensitivities (recall (1.6)). The next lemma is a generalization of (1.4).

Lemma 2.2. Suppose fi, ..., fm : R = Ry satisfy the assumptions of Theorem 2.1 with u < 2, and they
are additionally K- symmetrzc in the sense of (P3). If w € R is an a-approximate weight at scale s, then for
any x € R", it holds that

IMY2x])¢ < max (1 %@) .

Proof. We may clearly assume that ||M_L/

(ai, x)| < | M

x|l2 > 1. Then using the Cauchy-Schwarz inequality
aill2IMY x| together with the upper quadratic growth assumption gives

_ 1/2 -1/2
filltan, o) 1AM ol My Paille) 1M 2l fi(IMyaill2)
‘ 2 2 1/2 -1/2 = 2 -1/2
ai, O~ ComeEimy a2~ C MY IR IM, a2

(2.1)
where the last inequality uses the lower growth assumption.
Using M,, = Y.i2; wia;a;, we can bound

o, S TR Mg "ai 13
1M 2% ]13 = > wilai, x)? < ||M ||§-92wiﬁ(|<ai,x>|>T
i=1 i=1 filllMy, "aill2)

m
< @SS IMYPHEO Y fildas, ),
i=1
where the last inequality uses the defining property of an a-approximate weight at scale s, along
with the assumption of K-symmetry: fi(|{a;, x)|) < Kfi({a;, x)) foralli=1,...,m. O
Corollary 2.3 (Sensitivity upper bound). Under the assumptions of Lemma 2.2, it holds that
ci(s) + -+ &mls) sm,
where the implicit constant depends on the parameters o, 0,C, ¢, K.

Proof. From Lemma 2.2, if F(x) < s, then ||Mw x||2 (aCK/c)Y?. By Cauchy-Schwarz, this gives
{a;, )| < («CK/c)Y9|| M5 "?a; )5, and therefore

fildar, ©) < Kfill(as, ) < < i ((@CK/) P P arl )

2/6 2/6
CK [aCK - aCK (aCK -
<—( ) filll Mg Paill2) < (T) s will Mg ail,

c C c

where the first inequality uses K-symmetry, the second uses 1/c-monotonicity (which holds by
Lemma 1.4), the third inequality uses upper homogeneity, and the last inequality uses that w is
an a-approximate weight at scale s. Finally, one notes that )7 ; w; ||M;,1/ Zui ||§ =tr (M;,le) =n,
completing the proof. m]
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We are only able to establish the existence of entire weight schemes (where the weights at
adjacent scales are related) for u < 4, which suffices our applications, as u < 2 is a requirement for
Theorem 1.1. The following theorem is proved in Section 2.1, based on the contractive iteration
method introduced by Cohen and Peng [CP15].

Theorem 2.4. Suppose that f1,..., fm : R — Ry are lower 6-homogeneous and upper u-homogeneous
with 4 > u > 0 > 0 and uniform constants ¢, C > 0. Then there is some o = a(u, C, 0, c) such that for

every choice of vectors ay, ..., a, € R", there is an a-approximate weight scheme {wz(.] ) 1] € Z}.

In the next section, we show how to compute an approximate weight scheme {wlg ' j € J}using
O(1) computations of leverage scores (o1(V), ..., 0,,(V)) for matrices of the form V = ATWA.
2.1 Contractive algorithm
For a weight w € R and i € {1,...,m}, define

_ Oi(Wl/zA)

1

=(a;,,(ATWA) 'a;), W :=diag(ws,...,wn),

and denote 1(w) := (11(w), . .., Ty(w)).
Fix a scale parameter s > 0 and define the iteration ¢, : R} — R by

1fiat@)

) (2.2)

(s(w)); =
Write @ := ¢ o - - - 0 ¢ for the k-fold composition of @. In this case where fi(z) = |z|P and 1 < p < 2,
it is known, for s = 1, starting from any wy € R, the sequence {(pf(wo) : k > 1} converges to the
unique fixed point of ¢, which are the corresponding ¢, Lewis weights (1.3).
Define now a metric 4 on R by

d(u, w) := max {

log% :i:1,...,m}.

1

We note the following characterization.

Fact 2.5. A vector w € R is an a-approximate weight at scale s if and only if
d(w, ps(w)) < log .

First, we observe that 7 is 1-Lipschitz on (RY, d). In the next proof, < denotes the ordering
of two real, symmetric matrices in the Loewner order, i.e.,, A < B if and only if B — A is positive
semi-definite.

Lemma 2.6. Forany w,w’ € RY, it holds that d(t(w), t(w’)) < d(w, w’).

Proof. Denote W = diag(w), W’ = diag(w’), and a := exp(d(w,w’)). Then a”'W < W’ < aW,
therefore a PTATWA < ATW’A < aATWA, and by monotonicity of the matrix inverse in the
Loewner order, a {(ATWA)™! < (ATW’A)™! < a(ATWA)~L. This implies d(z(w), 7(w’)) < loga,
completing the proof. m]
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Proof of Theorem 2.4. Consider the map 1 : R}' — R’} whose i-th coordinate is defined as

fz(\/_)

pi(x) ==

Our assumptions on lower and upper—homogenelty give, for all y; > x;,

. (_)9/2 1 f(\/_)/yl <c (&)M/Z—l
Xi fz(\/_)/xl Xi '

yielding, for C; := max{C, 1/c},

u
-1
12

d(y(x), P(y)) < max ( 0 ) d(x,y) +1og(Cy). (2.3)

2
Fix s > 0 and consider the mapping ¢ : R} — R defined in (2.2). Then for u < 4 and
o 1= max (|§ -1],|% - 1|) <1, (2.3) in conjunction with Lemma 2.6, shows that

)

d(ps(w), ps(w’)) < 6 d(w, w’) +1og(C1). (2.4)
Applying this bound inductively, for any weight w € R and k > 1, we have

oFd(qps(w), log C
1 (o), ot (w)) < ZEPLD ) I8 Cr, 25)

Now define
w© = (pf(l, .1,

where k > 1 is chosen large enough so that d(w©®, 1 (w®)) < %. From Fact 2.5, one sees that

w© is an a-approximate weight at scale 1 for a = Cf/ (1-9),

Define inductively, for j =1,2,...,
Note that
d(@, ('), w) = d((p;(w(j‘l)), @, (wl™))
< 0d(@i (™), wl=V) + log(Cy)
< 6d((p2j_1(w(j_1)), wlU ™) + 6 log(2) +1og(C1),
where the last inequality uses @os(w) = 2¢s(w) for all w € R
Therefore, by induction, d(p,(w?), w?) < w for all j > 0. To see that the family of
weights {w") : j € Z} forms a weight scheme, note that
d(@?, 0 ) = d(@y (@), WD) < d(@y(@wiD), wi D) +1log 2,

thus {w) : j € Z} is an a-approximate weight scheme for a = 2101g%C1), completing the proof. O
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2.1.1 Efficient implementation of the iteration

In this section we give an efficient algorithm for implementing the iteration (2.2). The primary diffi-
cult is that we need to exhibit convergence even when the iterates are only computed approximately.
For convenience, we use the notation x ~, y to denote that a™! < |x/y| < a.

Theorem 2.7 (Algorithm for weight construction). Algorithm 2 takes as input functions f1,..., f :
R — R, are lower 0-homogeneous with constant ¢ (P2) and upper u-homogeneous with constant C (P5),
for some 6 > 0 and u < 4, vectors ay, ..., a, € R", integers jmin < jmax, and w° € R that satisfies

A(@aimax (W®), w") < . (2.6)

For some a = a(0, u, ¢, C), the algorithm returns an a-approximate weight scheme {wij > j € J} with
J = Z N [jmin, jmax], and succeeds with high probability in time

OG,M,C,C ((nnz(al/ EER le) +n? + m(igval) (|j| + logmax{ﬁ, 1})) .

The algorithm proceeds along an iterative procedure akin to (2.2). At each step, the weights are
updated by computing approximate leverage scores of a matrix ATWA.

Theorem 2.8 (Leverage score approximation, [SS11, LMP13, CLM*15]). There is an algorithm
LEvApPrOX(A, W, €) that takes a matrix A € R"™", a non-negative diagonal matrix W, and ¢ > 0,
and produces (1 + &)-approximations o; =14, wiaiT(ATWA)‘lai for all i € [m], in O(e~%(nnz(A) +
n®)log(1/6)) time, with probability at least 1 — 6.

Algorithm 1: ITerate({ f1, ..., fm}, {01, ..., am}, w,s, €)
input:Functions fi, ..., fu : R = R4, vectors ay, ..., a, € R", weights w € R, a scale
seR,,and € € R,.
1 0 < LevAprprrox(A, W, ¢€).

1 fil\ai/wi)
S

oi[w;

2 W, — fori=1,...,m.

3 return w.

Algorithm 1 called with ¢ = 0 is able to directly implement the iteration (2.2). We now show
that ITERATE remains approximately contracting for ¢ > 0.

Let ¢1,...,¢m and ay,...,a, € R” be given as in Theorem 2.7, and define the function
Pec R — R by

1 fi(Noi/wi)

A , where 6; ~14, wia] (ATWA) la;foralli=1,...,m, (2.7)
s Gifw; '

Ps,e(w) :=
i.e., §; are arbitrary approximate leverage scores.
Lemma 2.9. Forany w,w’ € RY and 0 < & < 1/3, it holds that
A(Ps,e(w), Ps,e(w")) < dd(w, w’) +10g(2C1),

with 6 := max (|§ -1

L_q

), and C1 := max(C, 1/c).

7
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Algorithm 2: FINDWEGHTS({ f1, - - ., fm }, {41, .- ., Am}, jmin, fmax, w°, B, 6,u,c,C)

input:Functions fi, ..., f : R — R4, vectors ay, ..., a, € R", integers jmin < jmax, an
initial weight w® € R satisfying (2.6) for f > 1, parameters 0, u, c, C
1 ¢:=0.1

1+
— [ log(logmax(ZC,Z/c)) “

2 logmin(| 55,125 1)

3 w(()jmax) — wo

4 fori = 0, 1, L T do wfi_nia)() — ITERATE({fll A ,fm}, {ﬂl, ey am}; ngmax)lzjmax, 8),

5 w0 — wg))

6 fori = jmaxz jmax -1,... ,jmin do w(z) — ITERATE({fL - ,fm}z {all sy am}/ w(1+1)’21, 8)'

return {0 : jimin < j < jmax}-

AN

Proof. Define W := diag(ws, ..., w,) and W’ := diag(wy, ..., w;,). Suppose that p, p" € R™ are
such that p; 14, a] (ATWA) 'a; and p/ ~14¢ a] (ATW’A)"'a; foreachi =1,...,m, and

N _ 1 fi(y/p) 3 o 1 fiy/p))
Ps,e(w); = P and @ (u); = EW.

From (2.3), we have

A(s,e(w), Ps,e(w")) = d (p), P(p")) < 6d(p, p’) +1og(Ca).

Because p; 1+, Ti(w) and p 14, Ti(w’),

7i(w) N

< max
- Ti(w’)

i€[m]

Pi
lo -
& 0

Combined with Lemma 2.6, this gives

d(p, p’) = max log
1€

[m]

log(i t i) = d(t(w), T(w")) +log(1 t i)

A(@s,e(w), @s,e(w')) < 6d(w, w’) +1og(C1) + log (i—;) < od(w,w’) +log(2Cy) . m]
Proof of Theorem 2.7. Because we use Algorithm 2 to find the desired weights, the claimed running
time bound follows from Theorem 2.8 for the choice 6 = (m(|J| + log max{p, 1}))"°M. Thus it
suffices to argue that the output weights {w) : j € J} form an approximate weight scheme.
For this choice of 0, taking @5 0.1(w) := ITERATE({ f1, ..., fm}, {41, ..., am}, w,s,0.1) satisfies, with
high probability, (2.7) for all T + | J| calls to Algorithm 1 from Algorithm 2.
For ease of notation, let us denote spmay := 2/m. The analysis is identical to that in the proof of
Theorem 2.4 (recall (2.5)), except that (2.4) is replaced by Lemma 2.9, and the initial weight bound is
replaced by

d (w(()]maX)/ (Psmax,O.l (w(()]maX))) < d((PSmaX (w[()]maX)) 7 w(()]mﬂX)) + d((psmax,o-l (wé]ma)()) 4 ()bsmax,o (w(()]maX)))
< log B +1log(2Cy),

where the last inequality follows from (2.6) and Lemma 2.6. m]

19



2.1.2 Constructing initial weights

A mild problem arises when applying Theorem 2.7, which is that it may be computationally
non-trivial to locate an initial weight w° € RY' satisfying (2.6) with § sufficiently small. In this
section, we show how to efficiently compute small perturbations fl, ., fm : R" — R, of the
functions fi, ..., fu : R" — R, along with good initial weights w° for { ﬁ}

Fix 0 < Smin < Smax and vectors ay,...,a,, € R". Consider fi,..., fn : R" — R, such that

fll/ 2, ceey ,,11/ 2 are L-auto-Lipschitz (P1) and 0-lower homogeneous with constant c (P2). In that case,

each f; is continuous, and therefore for any 0 < < 1 there exist numbers %1, ...,Z, > 0 such that
Y Smax <fl(2l) < Smax / i= 1/---1m- (28)

Define the matrix U := )1, 2;2aial.T, and let 7; ~ {(a;, U 'a;) fori =1,...,m. Note that these
values can computed using a single call to LEvApprox(A, (2] 2,...,2.2),1/2). Define w; := 6/%; for
some 6 >0andi=1,...,m, and finally define

fi(2) := fi(z) + smaxwiz?, i=1,...,m, (2.9)
The following fact is straightforward.

Fact 2.10. If fll/ S f,,l/ % are L-auto-Lipschitz and O-lower homogeneous with constant c, then
fl/z £1/2

1 e S are max{1, L}-auto-Lipschitz and O-lower homogeneous with constant c.

Proof. Lower homogeneity is clear. Note that for numbers a, b, c, d € R, it holds that
| + b))% = (¢ + d*)?| = [|(a, b)ll2 = [I(c, d)lla| < lI(a,b) = (¢, d)ll2 = ((a = c)* + (b - d)*)"/.
Employ this to write
fi(2)'? = fiz)] < (fi2)"? = filZ) P + smaxwi(z — 2))1?
< (L% fi(z = 2') + smaxwi(z — 2/)*)Y? < max{1, L} fi(z — 2')"/2.
Thus each ﬁ1/2 is max{1, L}-auto-Lipschitz fori = 1,2, ..., m. O

Theorem 2.11. Let F(x) := X7, fi({a;, x)) and P(x) := Z;’ilﬁ-((ui,x})for 0> 0andany z; > 0
satisfying (2.8). For all x € R",

F(x) < Smax = 0 < F(x) = F(x) < 26m2smax(L/(yc))?? . (2.10)
Moreover, w is an O((L/c)?m /5)-approximate weight at scale smax for {ﬁ'} and {a;}.
Proof. Define M, := ATWA, where W := diag(w1, . .., wy,). We first claim that

o
EU < My 226mU. (2.11)
To prove the upper bound in (2.11), note that

aiaiT =< (ai,U‘laiﬂl <2%U,

20



Summing over i = 1,...,m indeed gives My, = 0 )/, % L a < 26mU. For the lower bound,
note that U > ﬁi_zaiaiT and hence U™ < (zf/lla,”%)alal Therefore, 7 < 2{a;, U ta;) < 2212 which
implies that w; > (6/ 2)2172 and indeed gives the lower bound in (2.11).

Next we prove (2.10). The lower bound of (2.10) is trivial. To prove the upper bound, we first
show that if f;({a;, x}) < Smax, then it holds that (a;, x)? < (L/(j/c))Z/eil.2 fori=1,...,m. Indeed, if
| (ai,x)| = AZ; for A > 1, then lower homogeneity, symmetry, and the definition of Z; in (2.8),

0
oo > F(Ga1, ) >+ (a1, 1)) > D fz) > L

Thus A < (L/(yc))"/?, as desired. Now note that
A 11) N 52 2 2 2/6
F(x) = F(x) = smax{x, Mypx) < 20m(x, Ux) = 20MmSmax Z Z; (aj, x)” < 20m Smax(L/(yC)) .
i=1
Finally, we establish that w are suitable approximate weights. Observe that

1 fila] Mz'a; )1/2)

Smax W;j * EITM a;

d((psmax(w)/ w) = rrl[a)i log
1e|m

Then by the definition (2.9), we have

1 filla] Mgla'?) 1 (fz((aTM 'a;)'1?) smaxé/%i):1+ 1 fille] Myla)' )

Smax wi-aiTM;,lai Smax w;-a M a; Wi Smax W;j - a M a;

Now (2.11) and 7%; < 22% together give

_ 2 _ 4
al My'a; < gaiTU la; < <7

>
N
|
N>

If (a] M a; i)'/? < 2;, then by monotonicity, filla] Mzta; N2y < (1/c)2ﬁ(2,-) = (1/¢)?smax. Otherwise,
the auto-Lipschitz and lower homogeneous properties for fl /2 give fi(Ax) < (2L/c)*A?fi(x) for
every A > 1 by Lemma 1.4, and this implies

1g,)1/2

filla] Mz'a)?) < 4(L/c>2((T;—

1

2
) filt)  (L/e)P .
In either case, fi((al.TM;,la )Y2) < (L/¢)?Smax/0. For the denominator, use (2.11) to write

1 1
w; - aTM a; > 75 Vi aTLI a; > o =

Combining everything and using that f; is non-negative, we arrive at

1 O((L/c)*6™" smax)
Smax 1/(4m)

A(@sm (W), w) < log |1+ < log(1 + O((L/c)*67'm)). O
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2.2 A variational approach to approximate weights

In this section we show that even if each f; is upper u-homogeneous for u > 4, approximate weights
still exist. Our sparsification analysis relies on the existence of weight schemes, where there is a
relationship between weights at different scales. But the following existence proof is instructive.

Theorem 2.12. Suppose fi, ..., fm : Ry — Ry are lower 6-homogeneous with constant ¢ and upper
u-homogeneous with constant C with u > 0 > 0. Then there is a constant a = a(0, c, u, C) such that for
every choice of vectors ay, ..., a, € R" and s > 0, there is an a-approximate weight at scale s.

The idea behind the proof is to set up a variational problem whose critical points produce
approximate weights at a given scale. As observed in [SZ01], this analysis technique does not
require convexity.

Lemma 2.13. Suppose g1, ..., gm : Ry — Ry are monotone increasing, continuously differentiable, and

satisfy g1(0) = - - - = g,,(0) = 0. Then for every p > 0, there are weights {w; > 0:1=1,...,m} such that
M, 1/2a
il - L 2.12)
”Mw ai ”2
-1
Zg (M ail) Mg, Pailla ] (213)

B= ngnM;/Zainz).
i=1

Proof. For a linear operator U : R” — R", define

G(U) = gilluaillz),
i=1

and consider the optimization
maximize {det(U): G(U) < B} . (2.14)

Since G(0) = 0 and each g; is monotone increasing, it holds that G(cI) = B for some ¢ > 0.
Therefore for any maximizer U*, it holds that det(U*) > 0, i.e., U* is invertible, and G(U*) = B.
For U invertible, we have
Vdet(U) = det(U)U™T. (2.15)

Let us also calculate )
dl|Ua;ll5

dG(U) = nguu aill2) g

and use ||Uai||% =tr(U Uaial. ) to write
—d||llal~||2 =tr ((dU) llaiai ),
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so that
VuG(U) =UATDyA,

gi(llUaill2)

ay, and A € R is the matrix with

where Dy is the m X m diagonal matrix with (Dy);; =
TOWS a1, ..., Ap.
Combined with (2.15), we see that if U is an optimal solution to (2.14), then for some Lagrange

multiplier y > 0, we have

UTu)yt'=yATDyA.

’ -1/2,.
Take V := (UTU) ' so that V = p wiaiaiT with w; := y%. To compute the value of
y, calculate
mo -1/2,. m
_ g:(l\V="%aill) O _
n=t(Vv") = )/Z Mtr(v Yaa]) = VZ!]Z-(”V 2aiI)IV12a;). o
1

i=1 i=1
The preceding lemma assumes that the functions g; are monotone increasing. However, the
functions f; only satisfy lower homogeneity, which is a weaker condition. To prove Theorem 2.12,

one can take monotone approximations of functions f; by averaging over intervals.

Lemma 2.14. Suppose f is lower O-homogeneous with constant ¢ and upper u-homogeneous with constant
C for u > 1. Define K := max(e, (2/c)Y9) and g:R, > Ry by

Kx t
g(x) := Q dt
Then g is continuously differentiable, monotone increasing, and satisfies g(0) = 0. Moreover, for all x > 0,
f() ()<CK“f() Vi >0

Cf(X) g(x) < CK" f(x).

Proof. Note that g’(x) = w, and f(Kx) > cK?f(x) > 2f(x) by lower 6-homogeneity. Thus g
is monotone increasing. Moreover, we have

Kx Kx
s = [ B> cpo [ > s,

and foru > 1,

sm= [ L )dt < Cf(x )/Kx (t/x)udt < CK"f(x).
O

Proof of Theorem 2.12. Throughout the proof, we use =< in place of =g ¢ ,,c. Let K be as in Lemma 2.14
and define g;(x) = /Kx oy By Lemma 2.14, we have g(x) < fi(x)/x and g(x) < fi(x) for
i=1,...,m

Let {w;} and My, be as in Lemma 2.13 when applied to g1, . .., g with = n/A. Then,

m

m m
_ _ _ - n
;g (M al)IMg a2 < ;ﬁ(nMw”ainz) < ;gi(nMw”ainz) =F=7
Therefore y =< A (recall (2.13)), and thus (2.12) gives the desired result. |
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3 Covering number bounds

Consider loss functions fi, ..., fu : R = Ry, vectors ay,...,a, € R", and a contiguous interval
J C Z. Define hi(x) = fi(x)"/?fori=1,...,m, { := max(J) + 1, and

F(x)i= ) fillai,x) = > hilai, ).
i=1 i=1

For s > 0, denote Br(s) := {x € R" : F(x) < s}.
Suppose that {w) j € J} is an a-approximate weight scheme (Definition 1.8) for the families
{fi}, {ai}, and recall that

m

_ E G . T

Mw(f> = wi aiai .
i=1

1/2
wli)

Define U; := M ' for j € J so that

m
1Ujx|2 = Zw?)(ai,x)z, xeR". (3.1)
i=1

Analogously to Section 1.4, define the sets
Kj = {x e R" : hi({as, )2 < Dol |U a3, i € [m]} , jeg
Ky := Br(29).

Our primary technical goal is an estimate on the covering numbers N (Bg(2¢), Kj) when the functions
h1, ..., hy are sufficiently nice.

Recall our assumption in Theorem 1.1 that h; = fl.l/ %is auto-Lipschitz (property (P1)) and
lower 0-homogeneous (property (P2)). The following properties (H1)—(H5) follow from these
two assumptions, but we label them specifically as they will be employed numerous times in our
arguments.

Assumption 3.1. Consider hy,...,hy, : R — R, forsomeL,C >1and 6 >0,c < 1:
(H1) hi(Ax) > chi(xx) forallx e Rand A > 1.
(H2) |hi(x) = hi(y)| < Lhi(x —y) forall x,y € R.
(H3) hij(Ax) < CAhj(xx) forallx e Rand A > 1.
(H4) hi(Ax) > cAPhi(+x) forallx e Rand A > 1.
(H5) hi(x £y) < L(hi(x)+ hi(y)) forall x,y € R.

Compared to the assumptions discussed previously, we have added (H5), as it is used many
times. Note that (H5) follows from (H2): h(x +y) < h(y) + Lh(x) and h(x —y) < h(-y) + Lh(x) <
L(h(x)+ h(y)), and (H1) is an immediate consequence of (H4).

Let us now state our primary covering estimate, which is established over the next two sections.
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Theorem 3.2. There is a number C = é(L, C,0,c,a)such that for any {hy, ..., hy,} satisfying Assump-
tion 3.1, it holds that

log N(Br(2"), K;) < C2'Tlogm, Vje.J.

3.1 Iterative covering

In order to prove Theorem 3.2, we will relate K; to {> and { balls with respect to an appropriate
inner product structure. To this end, let us define the norms, for j € J,

Ut U
P el U all

N2(x) o= [[Ujxla,

7

and let B® := {x € R" : N;’"(x) < 1} and BJZ. ={xeR": sz.(x) < 1} denote the corresponding unit
balls. We observe the following consequence of Lemma 1.12.

Corollary 3.3. Forevery j € J and n > 0, it holds that

ylogm
.

Jlos N8, 187) <

Proof. By scaling, we may assume that ) = 1. Then Lemma 1.12 gives

> ll].‘lai
lo /\{B/BOO S[Emax _—
\/g(—]]) ie[m] ||u]-_lﬂi||2 7
using the fact that if g1, . . ., gx are random variables that each have law N(0, 1), then E max;e[x) g; <
VIogk since P[|g;| > t] < 2e71/2. -

Thus our goal will be a pair of containment results for translates of the sets K;. These are proved
in the next section.

< Vlogm,

Lemma 3.4 (£, control). For j € J and co := (c*/(4a))"/? it holds that

[ee] 1 [ee]
CQBj - K]' - C_ij .
Lemma 3.5 (¢, control). Forany j € J and z € Bp(2%), it holds that
Br(2) N (z +Kjs1) Sz + (4L2C02”-f)1/2B]2,,

where Co := max{(2aC/c)Y?,(aC/c)*(a/c?)Y/0}.
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Note that the preceding lemma relates K1 to sz. This is the one place we will employ the key

property of weight schemes (Definition 1.8), which is the containment BJZ. 1 € aBJz.: Forj,j+1e€9J
and x € R", (3.1) gives

3

m

i i+1

Il = 3w e 0% < a ) 0™ e, x)? = allUjnxlh.
i=1 i=1

With these two results in hand, we prove Theorem 3.2.

Proof of Theorem 3.2. First, note that for any j € J and z € B r(2), we have

logN(Bp(Zf) N (z+Kib), Kj) < log N((4L2C02"‘j)1/ZB]2., cOB;°)
< C12% 7 logm (3.2)

where Cq := 4L%Cy/ c(z), the first inequality follows from Lemma 3.4 and Lemma 3.5, and the second
inequality is a consequence of Corollary 3.3.

An application of (3.2) with j = £ — 1 and z = 0 gives vectors x1,...,x7; € Br(2%) with
Ti < 2Cqlogm, and such that

T

Br(2) € | (Br2) 0 (s + Ke)

t=1

Now apply (3.2) with j = ¢ —-2and z = x1, ..., x7; to find vectors x(, +,) € Br(2H)for1 <t <Ty,1<
tr < T, with T, < 4Cqlogm, and such that

T

Br(2") N (x, + Keo1) C U (BF(ZI) N (Xt 1) + Ke—z)) , h=1,...,Ty
tr=1

Continuing inductively, we cover B F(25 by Ti - T, - - - T, translates of Ky_,, and log |T| < C12" log m.
We conclude that for j € 7,

log N(Br(2%),K;) < log |Ty| +--- + log Tr_j| (2 L 25—1‘) Cy log . O

3.2 Norm control

Our goal now is to prove Lemma 3.4 and Lemma 3.5. We will frequently use the following
consequence of the Cauchy-Schwarz inequality

Kai, x)| = |<Uj_1€li,ij>| < ||U]71ﬂi||2||ujx||2, jeg,i=1,...,mxeR".
We also restate the guarantees of our weight scheme {w j € J} (recall (1.5)):
@ (U} 0P < 2 U R < ahi (U il = m je . ()
Lemma 3.4 follows immediately from the next two lemmas.
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Lemma 3.6. If j € J and |{a;, x)| < c0||LIj‘1ai||2for eachi € {1,...,m}, then x € K.

Proof. Suppose that [{a;, x)| < 6||Uj_1ui||2 for some 0 < 6 < 1. Then

. =1,.11,)2 . =1,.11,)2
hi({a;, x))? (Iil)lhz(élluj aill2) (g)ﬂhz(élluj aill2) M9 a o
Dy - S 20 (Do 2. 1,002 o4
2ol utall 2wl utad o kiU alk) c

Taking § := (c*/(4a))1/?? gives x € K;. o
Lemma 3.7. If j € J and x € K, then

[{ai, x)| < (a/cz)l/zelluj_laillz, Vie{l,...,m}. (3.4)

Proof. Fixi € {1,...,m}. Clearly we may assume that [{a;, x)| > ||Uj_1ai||2. In that case, we can
bound

4

20 () _
[ai, ) | 0 hiar, x)* ¥ 2w U aill3 63
I aill hi(IU; ai]2)? ni(IU7 ai )2

establishing (3.4). |

Let us now move to the proof of Lemma 3.5. The next lemma follows from an argument identical
to that of Lemma 2.2.

Lemma 3.8. Forany j € J, it holds that
C
\U; x|| < max (1 a—2 ]F(x))

Lemma3.9. If j,j +1€ J and x € Kj1, then
|Ujxl3 < Co27/F(x).

Proof. Since j +1 € J, from Lemma 3.7 we have [{(a;, x)| < (a/c?)Y/?9 foreachi = 1,2...,m
Therefore

hi({a;, x))2 H3) 1 hi((oz/cz)l/zeIIle‘flaillz)2 (H1) 2 h'(||ll]:r11ai||2)2 63 2 2j+1wl(j+1)
A A AN

> = > PO E—
(ai, x)? C2 (a/c2)1/9||uj‘+11ai||§ C2(ar/c?)1/0 IILI]+1 ail)3 a C(a/c2)1/0

It follows that

3

(1.8)

2 31 () 2 (+D) 2 o (aC/cP(a/cA)0 < 2
x| Zw (a0 < a0 < S Zh«al,x» 0
i=

Corollary 3.10. Forany y > 1, it holds that if j € J and x € Bp(y2") N Kjy1, then

IUjxl3 < yCo2'.
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Proof. 1f j, j+1 € J, the result follows from Lemma 3.9. Otherwise, j = { —1and Kj41 = K¢ = Br(29),
and it follows from Lemma 3.8. |

Proof of Lemma 3.5. Note that Br(29)N(z+Kj41) = z+((Br(2) — z) N Kj41). Weclaim that Bp(2')—z C
Br(4L%2Y). Indeed, for x € Br(2%), we have

F—2)= > hilGar,x— 27 € 3 (Lh(Gar, 09 + hilCar, 207 < 202(F(x) + Flz)) < 4172
i=1 i=1

Thus Corollary 3.10 gives

Br(2) N (z +Kjs1) C z + (4L2c02"—f)1/28]2. . O

3.3 Sparsification analysis

Consider now weights 7 € R satisfying
Dyrr=1,012
> maxw) U a; =1,... .
Ti ]E??X i ” j al”z/ 1 1/ ,m, (3 5)

Define p; := 7;/||7||; fori =1,...,m. Let us analyze the error from taking M independent samples
according to p, following the sparsification framework of Section 1.6.2 with ¢;(x) := fi({a;, x)).
In this case, our potential sparsifier is given by

M
Fop(x) = Z fuy (@, 1)) , (3.6)

= Mey

and our approximation guarantee will be derived from Lemma 1.14, by analyzing covering numbers
in the following family of metrics: For a sequence v € [m]¢ and x, y € R",

M E () = fo (v yV)
dp,v(X,y)i—(Z(w vjr Mp;j vir Y ))

=1

/
M (hv]-«av]v x>) - hvj(<av// y>))2 (hv/'«avj/ x>) + hvj(<avj/ y>))2 v
Z Mpy, Mpy, '

=1

Let us first observe the bound: For x,y € B r(25),

a2 [ (G x = ) (G, 0P + (G )R\
dp,v(x,y) < 2LZZ j i’ J i’ j j’

[ = o)
sdoo(x,y)L( 1) (max Fp,v(x)) , (3.7)
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where we define

hi(<ai/ X — y>)
doo(x,y) := max —————=.
(x,y) max N
In particular, we have
¢ ! Il | = i
Ya(Be(2'),dp) < Lya(Br(2)), deo) ( = ) (xg%[fp,v(x)) . (3.8)

Let us first bound the do, diameter of Br(2¢).
Lemma 3.11. Forany j € [, it holds diam(Bp(2/*1), de) < C22//2 for Cp := 4(aCoC?)1/2,
Proof. Using (3.5) and Cauchy-Schwarz yields

a0 hiGa, 1P 6 1 U U

T D) U='a:112 e (/) U~1a:12
w; I i 511”2 w; I j az“z

(3.9)

Now from Lemma 3.8, we know that for x € Br(2/*1), we have ||U]-x||§ < 2Cy, and therefore

(H3)
mIU a2l < 2CoC2hi(IU  aill2)?

In conjunction with (3.9) and (3.3), we conclude that

hi({ai, x))?

Ti

<2aCoC?2, i=1,...,m,

which implies the desired bound. m]
Combining this with (3.7) yields a diameter bound.

Corollary 3.12. Forany j € [, it holds that

' - Izl |2 =\
diam(Bp(ZJH),dp,V)sZJ/ZLCz(W) (max Fp,v(x)) :

We now handle small scales. For this, define Bo(r) := {x € R" : d(x,0) < r}.

Lemma 3.13. Forany 0 < r < R, we have

Jlog N(Bo(R), Bo(r) % % log (%) .

Proof. Denote z; := sup{|z| : hi(z) < Ry7;} fori € [m] and A := (CR/(cr))"/?. For x € R", define
the vector a(x) := ({a1,x),...,{am, x)). Then

la(x)i] € zi, Vx€Bo(R),i=1,...,m.
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By the Pigeonhole principle, there is a set S C Boo(R) with |S| < (24 + 1)™, and such that for all
X € Bo(R), there is £ € S with [(a;, x — X)| < z;/A forevery i € {1,...,m}. Thus for each i, we have

hilGas,x = ) (9 1 hiGz) _
\/T_i X C/\G \/T_Z X7,
One concludes that y/log N (Bw(R), B()) < 4/log|S|, completing the proof. m]

Theorem 3.14. There is a number K1 = K1(L, C, ¢, 0, a) such that if | J| > 4logm, then

12 172
T ~
V2 (BF(Ze), dp,v) < K12€/2(10g m)3/2 (%) (xé%?()z(!)Fp'V(x))

Proof. First, the assumption (3.5) guarantees that
Ki € Bo(2?), VjeJ,

and therefore Theorem 3.2 gives

(logN (BF(Z(}),1300(2]'/2)))1/2 < 2(€_j)/2\/CAlogm , VjieJd.

We now use Dudley’s inequality (Lemma 1.13) to write

72(Br(2) d) 5 ) 2j/2\/ log N(BE(21), Bo(2/2)) .

jeZ

Define ¢ := [log, diam(B F(2%),ds)] and consider any £y < {. Splitting the sum into three pieces, we
use (3.3) to bound the first two:

3 212 \log N(BF(2"), Bo(2/2)) 5 diam(Br(21), deo)y/C log m
j>¢

{
3 212 \log N(Br(2"), Bo(2/2) 5 2/2(€ ~ ) C log m
j=b

For the third piece, use Lemma 3.11 to bound Br(2¢) C Boc,(Z‘7 ) so that

> 2j/2\/10g N(BF(2Y), Bo(217)) < > 21/ 2\/10g N(Bw(2), B(2//2))

j<bo j<tbo

A 2
<202 [T (7 - log=|.
< \/6 (¢ =) +1log :

As long as we can choose {y < ¢ —4log m, we have therefore bounded

y2(BF(2%), dw) < K129%(log m)*/2, (3.10)

for some K; depending on the indicated parameters. Combining this with (3.8) yields the desired
bound. m]
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Finally, we can prove Theorem 1.1.
Proof of Theorem 1.1. Let us denote J := {jmin, - - - , jmax}, Where
jmax = flng Smax |, jmin = L10g2 Smin — 410ng .

Theorem 2.4 yields the existence of an a-approximate weight scheme {w') : j € J} with a <9 1.
This yields 7 as in (3.5) satisfying

||T”1 $L,c,9 7’l|j| sn log(msmax/smin) .

Now let us choose an integer M := Ce~2||7||1(log m)? for a sufficiently large constant C > 1, and
denote Q; := {x € R" : F(x) < 2/} for j € J. Then Theorem 3.14 gives us the following, in relation
to the assumptions of Lemma 1.14:

1/2
6 <2/? log(m)+/C1logm (%) < e2?,
and Corollary 3.12 gives

1/2 )

N . 2i/

d< 2i2] C @ < 8—'
? ( M (log m)*/2

Thus Lemma 1.14 shows that for some constant ¢y 21,0 1, with probability at least 1 —
e~c0(o8m)| 7| over the choice of v € [m]M,

max |F,,(x) - F(x)| s €2/ VjeJ, (3.11)
XEQ/'
where F p,v is defined as in (3.6). Moreover, F p,v is manifestly s-sparse with

n
S<M <o glog(msmax/smm)(log m)3. (3.12)
Observe that (3.11) gives
|F(x) — F(x)| < €F(x), Vx e R" with F(x) € [Smin, Smax] , (3.13)

with F = F p,v- We remark that (3.12) is slightly worse than the bound claimed in Theorem 1.1. We
address this at the end of the proof.

The algorithmic argument. To produce a sparsifier algorithmically, we need to be slightly

A

more careful. Let ]?1, ..., fm : R" — R, be the perturbations guaranteed by Theorem 2.11 with
0 <L c,6 €Smin/ (M3smax) so that (2.10) gives

IF(x) = E(x)| € €Smin, Vx € R” with F(x) < Smax, (3.14)

where F(x) := Zﬁlﬁ((ai,x)).
From a combination of Theorem 2.11 and Theorem 2.7, we can algorithmically produce an
a-approximate weight scheme {w jeJ}for{ f:-} and {a;} with @ <1 ¢ 1, in time

M Smax

Orcol(nnz(ar, ..., am) +n® + mTeya) log

ESmin
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By Fact 2.10, the preceding analysis applies to f1, ceny fm, yielding, with probability at least
1- e‘CO(log’“)Sljl, a sparsifier F of F with

|F(x) - F(x)| s eF(x), Vx€R"with F(x) € [35min, 25max] ,
Combined with (3.14) and the triangle inequality, this gives
[F(x) = F(x)| s eF(x), Vx € R" with F(x) € [Smin, Smax],

completing the proof.

Improving the m dependence. The preceding arguments yield a sparsity bound of the form (3.12),
together with an approximation guarantee (3.13). Define Fy := F and mq := m. Suppose, inductively,
that F; has m; non-zero terms. Let ¢; > 0 be a given, and let E;+1 be such that (3.13) holds with
[ = F;and F = F;,1, and such that F;,; has at most m;,1 non-zero terms, where

n A~ A
Mmi+1 S ? log(mismax/smin)(log mi)3 .
i

By scaling F; and adjusting ¢; by a constant factor, we may assume that
(1-&)Fi(x) < Fia(x) < Fi(x), Vx € R" with Fi(x) € [3min, $max] -

Then the triangle inequality gives, for any & > 1, and all x € R" satisfying Fy(x), ..., Fj-1(x) €

[§min/ §max]/

h-1 h-1 h-1
IF(x) = Fu(x)] < )" 1Fix) = Fra ()] < ) eifi(x) < F(x) ) e (3.15)
i=0 i=0 i=0

It is straightforward that one can choose a geometrically increasing sequence ¢y < €1 < --- <
-1 = e suchthatmy, < % log(S i;:ﬁ)(log S)3, with S := L log % Since the sequence {¢;} increases
geometrically, the last expression in (3.15) is at most C eF(x) for some C > 1.

Let us now take §in = %smin, Smax = Smax. We may assume that ¢ < 1/(2C), meaning that
if Fo(x) = F(x) € [Smin, Smax], then Fo(x), ..., F4_1(x) € [Smin, Smax], and therefore EF}, yields the
desired sparsifier. m]

3.4 The y, losses

First, let us verify that the y, losses satisfy the assumptions of Theorem 1.1. Define a generalization
with variable thresholds: For t > 0,

Pip-2.2
stPez%, z
yo(t,2) = {2 | :

<
(3.16)
>

t
2P = =5", |zl > t,
Lemma 3.15. Suppose h : R — R is continuous, symmetric and differentiable at all but finitely many
points. If h is additionally approximately concave in the sense that h'(x) < Lh’(y) for 0 < x <y, then h is
L-auto-Lipschitz.
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Proof. Consider 0 < x < y. Then,

y=x

h(y) — h(x) = /y h'(z)dz < L/O hW(z)dz =Lh(y —x). m]

Lemma 3.16. For every p € (0,2] and t > 0, the function z — v, (t, z)'/? is 1-auto-Lipschitz (P1) and
lower p [2-homogeneous (P2) with constant 1.

Proof. Fix p € (0,2] and t > 0, and define h(z) := yp(t,z)l/z. By Lemma 3.15, to show that / is
1-auto-Lipschitz, it suffices to show that /’(z) is non-increasing for z > 0. This is clear for z < ¢,
since h’(z) is independent of z. For z > t, we calculate

Wz = plp-Dzr> p>z?
DT 2@+ (- p N2 A2+ (1— pj2)tr R
p(2-p)zF2

R (1—p/2)tr)32 ((p—1tF =2P) <0.

To see that h(z)? is lower p-homogeneous with constant 1, we first check this for x < y < t.
Then, h(y)/h(x) = (y/x)*> > (y/x)P. Ift < x <y, then

hy? _y = (1=-5Her
h(x)? xp — (1= D)t

> (y/x)P.

For x <t <y, we write

hyP _ h(y)* h(t)?
h(x)2  h(t)? h(x)?

> (y/tF(t/x)P = (y/x)P. o

3.4.1 The Huber Loss
Let us now prove Lemma 1.5 and Corollary 1.6.

Proof of Lemma 1.5. By scaling, we may assume that wmax = 1. Accordingly, let us define smin := Wmin
and smax := 6m?. Consider x € R" with F(x) < Wmin. In that case, y1({(a;, x)) < 1, and therefore
l{a;j,x)| < 1foralli =1,...,m. In particular, this implies that y1({a;, x)) = (a;, x)?/2 for each
i so that F(Ax) = A?F(x) and F(Ax) = A2F(x) for A := (F(x)/wWmin)""/?. If we take y := Ax, then
F(Y) = Wmin € [Smin, Smax], S0 it holds that |F(y) — F(y)| < eF(y). Scaling by A recovers the same
guarantee for x.

Now consider x € R" with F(x) > Smax. Note that [{a;, y)| — % < y1({ai, v)) < |{a;, y)| holds for
any y € R"and i € {1,...,m}, therefore

F(x) < Z {ai, x)| < F(x) +m/2.
i=1

Denote A := smax/(2F(x)) and y := Ax, and note that

m

F(y) = Y yiai, y) < A D Kai, 1)) < AGF(x) +1/2) < Smx
i=1

i=1
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F(y) > Wmin (—m/Z + /\i |<ai,X>|) > Wmin (AF(x) = 1/2) > Smin -
i=1

Therefore |F(y) — F(y)| < eF(y) by assumption.
Now use the fact that |y1(fz) — py1(z)| < pforall p > 1 and z € R, implying

[F(x) = A7 E(y)] <
[F(x) = A7 F(y)] <

The triangle inequality gives

L JE@) —E) < 54’“ F(x) + )E\p(y) < 2¢F(x),

A max

IFG) - Fool < 2

where we have used spmax > 4m? and € > 1/m. O

Proof of Corollary 1.6. Note that the sparsifier F = F p,v satisfying the guarantee (3.13) is produced
via importance sampling with respect to the distribution specified by p € R, and if the ith term
has probability p; to be sampled, then it is weighted by (p;M)~! (recalling (3.6)). Moreover, F, ,
satisfies (3.13) with probability 1 — o(1) as m — co.

By a union bound, P(minje[m pv; < 6) < 6Mm. Therefore with probability at least 1/2, it
holds minjeu) pv; > ﬁ If we start with a uniform-weighted function F(x) = y1({a1,x)) +--- +
y1({am, x)), then with probability at least 1/2, the maximum weight in F will be 2m.

Thus if T satisfies (3.13) with spin = 1/2 and spax := 8m3, then Lemma 1.5 shows that that 3
is a genuine O(¢)-approximation to F. Now the sparsity guarantee of Theorem 1.1 (or see (3.12))
completes the proof. m|

3.4.2 The Tukey Loss

Let us denote the Tukey loss T(z) := min{z?, 1}, and use h(z) := T(2)Y2 = min{|z|, 1}. We use the
notation from the beginning of the section.

Theorem 3.17. Suppose ay, ..., an € R" satisfy ||a;]|2 < noM fori=1,...,m, and denote F(x) :=
> T(ai, x)). Then there are weights w € R with [supp(w)| < n+°Me2(log m)*, and such that
m
(1-&)F(x) < Z wiT(ai, x)) < (1 + &)F(x), V¥x € R" with ||x|l» < n°D. (3.17)
i=1
The weights w can be computed in time O(nnz(ay, . .., ay) + n® + m) with high probability.

The remainder of the section is sketching a proof of Theorem 3.17. Note that the Tukey loss
satisfies (P1) and (P3)—(P5), but not (P2), which is why Theorem 1.1 is not directly applicable. This
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motivates us to define the function h(x) := min{|x|, |x[7} for some small 7 > 0 to be chosen later,
and fi(x) := h({a;, x))* fori =1,...,m, along with F(x) := 2,7, fi({a;, x)).

By Theorem 2.4, for some a = a(n), there is an a-approximate weight scheme {w :je T}
for {f;} and {a;}, where J := {j € Z: |j| < Clogm}, with the constant C > 1 chosen sufficiently
large. Define 7; := max;¢; w;j)HU]._laiH% fori=1,...,msothat||t||; < n|J| < nlogm,along with
sampling weights p; := 7;/||7||; fori =1,...,m.

Take Q := {x : ||x|» < n9D}, with the notation of Section 1.6.2 and ¢;(x) := T({a;, x)), and
F(x) = Z?ﬁl ﬁ@viT“aW’ x)) as constructed in Section 1.6.2. Consider ¢ € Z with |¢| < 2logm. We

can estimate (as in (3.7)): for any x,y € QN Bp(2Y),

dpyv(x,y) < ds(x,y) Il " max F,,(x) " for deo(x,y):= maxh«ai'—x_y»,
P M xeOnBr2t) ie[m] \Ti

One should observe that (3.7) only requires (H2), which T(z)'/2 satisfies.
Let us also define the distance de(x, Y) i= MaXe[m hixy) deo(x, y). Note that Q N Bp(2%) €

N
Bz(n92¢). Therefore,
el | -\ -
diam(Q N Br(2%),d,,) < max F,.(x)| -diam(Q N Br(2"),dw)

M x€QNBF(20)
el | ~ 2 Omnty 7

< max F,,(x - diam(B=(n~""2"), d
M xeQNBF(2Y) pr(%) (Br( ), )
Il | ~ 1 O()nt/2

< max F,.,(x - C(n)n=\2t =,
M xeQNBE(2Y) P,V( ) (77)

where the last inequality is from Lemma 3.11, and C(7) is a number depending on 1 > 0.
Thus for some choice M < C(n)e~2n'*OM(log m)*, we have

¢ e2!/2 3 1/2
diam(Q N Be(2°),d S — max F,.,(x .
( F( ) P,V) (logm)3/2 (erﬂBF(Z") p,v( ))
Similarly,
Izl |2 RN B
)/Z(Q N BP(ZZ)/ dP;V) < M xegg%x(Zl) Fp/v(x) . y2(Q N BF(2€), doo)
F
Il | RN -
s M XG(IIE%;((Z‘/) FP’V(X) ' yz(Bl?(n (77)2 )/ doo)
(3.10) 1/2 3 1/2
< ”;/llh xegg%%x(ﬂ)lzp,v(x) . C(n)no(ﬂ)zl’/Z(logm)3/2
F

1/2
< 623/2( max Fplv(x)) ,
erﬂBp(Zl)
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again for M < C (n)£‘2n1+o(’7)(10g m)* chosen sufficiently large. This implies |F(x) — E(x)| < - F(x)
for all x € Q N Br(2¢). This holds for all || < 21logm, so |F(x) — F(x)| < ¢ - F(x) for all x € Q.
Thus applying Lemma 1.14 shows that F satisfies (3.17). The claimed result now follows by
choosing 1 = o(1) as n — oo.
We remark that if the proofs of Lemma 3.11 and (3.10) are unraveled, one can check
that C() < exp(O(n72)), so the optimal choice is n < (log n)~1/3, yielding sparsifiers of size
€—2n1+O((logn)_l/3)(10gm)4_

4 Algorithms for generalized linear models

4.1 Optimizing generalized linear models

Here we describe an algorithm that optimizes a GLM (recall (1.1)) under certain assumptions on
its divergence. The algorithm reduces optimizing a GLM to a few queries to what we call a sparse
GLM oracle that optimizes convex GLMs induced by a limited number of functions plus a linear
term. We start by defining convex GLMs (Definition 4.1), a sparse GLM oracle (Definition 4.2), the
assumptions on the functions we consider (Assumption 4.3), and giving the main theorem on the
algorithm for optimizing convex GLMs with a sparse GLM oracle (Theorem 4.4).

Definition 4.1 (Convex GLM). We callaa family ¥ = {fi, ..., fi} of differentiable, convex functions,

along with vectors ay, ..., a, € R" and b € R™ a convex GLM. We let F(x) def ity fildai, x)y = b;)

and let F* := minyegn F(x).

Definition 4.2 (Sparse GLM oracle). We call an algorithm a sparse GLM oracle for a convex GLM
(Definition 4.1) if when given as input ¢ > 0, w € R, and y, xin € R", it outputs a vector xyt € R"
such that

G(xout) - G(X*) < g(G(xin) - G(X*)) ’

where G(x) := (y,x) + Z w;fi({ai, x) —b;), and x":=argmin . G(x).
i=1

We use r7"67;\/[(5, ¢) to denote the worst-case runtime of such a GLM oracle on inputs where w has at

most s nonzero entries, over all convex GLMs with a given family of functions ¥ = {fi,..., fu}.

Assumption 4.3 (Approximate Divergence Sparsifiability). Assume that, for some parameters,
0 >1and a,c,L > 0, the function f : R — R is convex, differentiable, and satisfies the following
property: For every xg € R, there is a convex function ry, : R — R that can be evaluated in O (Taval)
time, and such that

* 7y (A) < D,{O(xo +A) < a-ry(A)forall A e R,

12is L-auto-Lipschitz (property (P1)).

1
* Ty

* 1y, is lower 0-homogeneous with constant ¢ (property (P2)).
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Theorem 4.4. Consider x©) € R" and any convex GLM (Definition 4.1) where each f; € F satisfies
Assumption 4.3 with uniform constants @ > 1, a, c, L > 0. Provided an upper bound F (x(o)) - F* < T, with
high probability SoLvEGLM (Algorithm 4) outputs a vector y € R" satisfying F(y) — F* < 0 in time

O (17 (nz(4) + Ty (O ci0.0(m), O(1/@)) + mTeva) log (T/))

where 1 := (10a?/ )" YO-D and Tg.a1 is the worst-case time needed to evaluate a function f;.

Under mild assumptions on the family ¥ = {fi,..., fiu}, it holds that, %{M(O(n), €) <
O(n®o log(1/¢)), where wy is as defined as in Section 1.2 (see [LSZ19b, Theorem 4.2] for the formal

conditions).

The algorithm establishing Theorem 4.4 is straightforward. In each iteration, we write our
optimization problem as a divergence with respect to the current point x*). Then we sparsify the
divergence using Theorem 1.1. Finally, we call a GLM oracle (Definition 4.2), which is efficient, as
we have sparsified the sum down to O(n) terms. We use this to take a step, obtaining an improved
point x**1), and repeat this iteration O(1) times. The main technical point is in handling the
dependence of Theorem 1.1 on the scale parameters smin and smax.

Recall from Definition 1.9 that T,{ is the first-order Taylor approximation to f at x, and D,{ =f —T,{
is the associated divergence.

Algorithm 3: GLMIterate({f1, ..., fm},{a1,...,am}, b, x, Iy
input:Functions f; : R — R, vectors a; € R", b € R", initial point x € R". Performs one
step of iterative refinement to decrease function value.
1 y; « (a;,x) —b; fori € [m].

N

Let r; ,; denote the approximation to Dfi., as in Assumption 4.3.

Smin < m_o(l)f, Smax < mOOT,

4 Use Theorem 1.1 to find weights w € RY that induce an Ou,c,0,1(n)-sparse

(1/10)-approximation of 7(A) := ¥ cpp i,y ({ai, A)) for all smin < 7(A) < Smax-

5 Let h(A) = TF(x + A) + & Sicpmy @Dy (ai, x + A) = by).

6 1 (10a2/c)~1/(0-1),

7 Find A satisfying h(A) < h(A*) + I'/10 by calling a GLM oracle (Definition 4.2) with
F ={fi,.-, fu}, Xin = 0,and € = 1/(30a).

if F(x + nA) < F(x) then return x + nA else return x

w

®

Let E = F(x) — F(x") denote the function value error. The analysis of this algorithm proceeds by
showing that one step of GLMITErATE decreases E as long as CoSmin < E < Smax/Co for sufficiently
large constant Cy (and otherwise, does not increase the error). Intuitively, as long as this is true, we
will show that A* := x* — x and A are points where we indeed have sparsification guarantees by
Theorem 1.1. Towards this, we first establish that 7(A*) < E, where throughout this section we allow
the implicit constants in the <, <, 2 notation to depend on the parameters ¢, L, 0, & in Theorem 4.4.

Lemma 4.5. In the setting of Theorem 4.4, for A* := x* — x we have E/a < r(A") < 2E/7.

37



Algorithm 4: SooveGLM({ f1, ..., fm}, {a1,...,am}, b, x©,T,0)

input:Functions f; : R — R, vectors a; € R", b € R™, initial point x(©) € R”. Output a point
that is a 6-approximate minimizer of miny ;¢ fi({ai, x) = by).

1 7« [2n 1 og(T'/6)] for n = (10a/c)~ /61

2 forT=0,1,...,7—1do

3 ‘ xT+D) GLMIteRATE({ f1, ..., fm},{a1,...,am}, ], xD (1 - n/2)TT).

4

5

end
return x(©.

Proof. Let g = VF(x). By optimality of A", and because (P5) holds by Lemma 1.4,

—E < {g,2A") + DE(x +2A%) < 2(g, A*) + ar(2A" ) Yo (g, Ay + O(a - r(AY).

Because (g, A") < —E by convexity, we deduce that r(A*) > —E/a.
For the upper bound, choose 1 = (10a/c)~1/(9~1. By optimality of A* we have

< (g, nA") + Dy (x +nA") < (g, A") + ar(nA”)
<n(g, &) +najcr(A) <, A +n/2-1(A) < —n/2- (A,
where the final step uses (g, A*) + r(A*) < 0. Thus, r(A*) < 2E/n, as desired. O
Define 7(A) = 2 Yicim @D} ((ar, x + A) = b)). Note that DJ ((a;, x + A) - by) < ar y,((ai, A))
under the assumptions of Theorem 4.4.
Lemma4.6. IfT/2 < E <T, then —E < (VF(x) A) +7(A) < —0.8E. Also, r(A) <

Proof. Note that Cosmin < E < Smax/Co for a large constant Cy because ['/2 < E < T, and the choice
Of Smin and smax. Theorem 1.1 tells us that 7(A) < (A) < 27(A) whenever spin < 7(A) < Smax, With
high probability. Combining CoSmin < E < Smax/Co and Lemma 4.5 gives that smin < 7(A”) < Smax.
Thus, we know that 7(A*) < 7(A*) < 27(A*). By the definition of A as in line 7 of Algorithm 3,
h(A) < h(A*) +T/10 = TH(x + A") + 7(AY) +T/10

STHx + A) +r(A) +T/10 < TE(x + A") + DE(x + A) + T/10

= F(x*) - F(x) + /10 < —0.8E,
as long as E > T'/2. This demonstrates the upper bound. Let us proceed to the lower bound. Let

g = VF(x). We first consider the case where r(A) < Smin- Let f be minimal so that r(ﬁA) Smin- BY
(P4), we have that r(ﬁA) < Smin in fact. Then

(9,2BA) +7(2A) <28 (g,A) + r(2BA) < 28 (g, A) + O(smin) < 1.5(g,A),

contradicting the optimality of A (as we have noted that <g, A) < —0.8E). If Smin < 7(A) < Smax,
then for n = (10a2/c)~1/(0-1),

(g, A> + r(A) ( > + —r(A) ((g, r;A) + ar(nﬁ))
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> 17_1(<g, nA) + Df(x + nA)) > —n_lE.

Finally, if r(A) > Smax, first pick 1 to be maximal so that r(nA) < Smax. It is easy to see that
r(nA) > Smax. Ihen 7(77&) 2 Smax- Because 7 lower O-homogeneous with constant ¢, we deduce that

nl{g, A) | > n7(A) 2 7(nA) 2 smax.
For 1’ = (Car/c)™/D for sufficiently large C, we have that
—E < (g,m'A) + Di(x + iy A) <1’ (g, nA) + () a/c - r(NA) S —smax,
as r(NA) < smax and 7 <g, A) < —Smax. This is a contradiction.
For the second point, we have shown smin < 7(A) < Smax, 50 ¥(A) < F(A) = E, as desired. O
We now prove that taking one iteration makes sufficient progress.

Lemma 4.7. If /2 < E < T, then for n = (10a2/¢)~1/®=1), we have F(x + nA) — F(x*) < (1-n/2)(F(x) -
F(x*)).

Proof. Note that r(nA) < E by Lemma 4.6, so we deduce that

F(x + nﬁ) —F(x")=n (g, A) + Dﬁ(x + r[A) <N <g,A> + ar(nﬁ) <N (g,A> + 20427(1]A)
<n({g,A) +7(A)) < -0.8nE,

where we have applied Lemma 4.6 again. O
Now Theorem 4.4 follows easily.

Proof of Theorem 4.4. We first bound the runtime. We consider a single iteration of GLMITERATE. One
part of the runtime is from sparsifying r(A), and is bounded by Theorem 1.1. The other part is from
calling an GLM oracle in line 7. The sparsity of wy, ..., w,, is at most Oa/C/Q,L(n) by Theorem 1.1,
and ¢ = n/(30a), so the runtime is %fM(Oa,C,Q,L(n), n/(30a)).

Now we verify that h(A) takes the form of the GLM oracle as described in Definition 4.2. Indeed,
h(A) = TF(x + A) + 3% > WD) ((a;, x + A) = b))

i€e[m]

= F(x) + (VF(x),A) + % Z wi(fi({ai, x + A) = b;) = fi({ai, x) = bi) — f/({ai, x) = b;) {ai, A)).

i€[m]

Now define A := x + A. Upon setting A = A — x in the above expression, all terms become either
reweighted versions of f;({a;, K) — b;), constants, or linear terms in A. Thus, h(A) has the form of
the GLM oracle.

Now we check that setting ¢ = 17/(30ar) and xi, = 0 suffices to achieve h(A) < h(A*) +T/10. Tt
suffices to verify that e(h(0) — h(A*)) < T'/10. Indeed, a calculation yields

1(0) = h(A") = F(x) = (Ty (x") + Dy (x")) + (Dx (x") = F(A"))
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= F(x) — F(x*) + (DE(x*) = #(A")) < E+ DE(x") < ) E + ar(A” ) E +2aE/n < 3al/n,

where (i) follows by the first bullet of Assumption 4.3, and (i7) follows from Lemma 4.5.

Now we check correctness of the overall algorithm. We show by induction that F(x(T)) — F(x*) <
[ = (1-n/2)'T. This holds for T = 0 by the hypothesis in Theorem 4.4 that F(x¥) — F* < T. If
F(xM) — F(x*) < (1 = n/2)T*IT, then there is nothing to show because F(xT*V) < F(xT), by line 8
of Algorithm 3. Otherwise, we conclude by Lemma 4.7, whose hypothesis that /2 < E < T holds
forT = (1-1/2)T. O

4.2 Applications

4.2.1 {,-regression

To establish Theorem 1.2, it suffices to check that the function g(x) = |x|? satisfies the conditions in
Theorem 4.4.

Proof of Theorem 1.2. Consider the function g(z) = |z|F for p > 1. From [AKPS19a, Lemma 4.5], it
holds that
vp(lxol, A) =p Dﬁo(xo +A) forany xp,AeR, 4.1)

where y,(t, z) is defined in (3.16). Therefore it suffices to check that the function ry,(A) := y,(|xo|, A)
satisfies the required conditions, and this is the content of Lemma 3.16. O

4.2.2 Dual of {,-regression

We now establish Theorem 1.3 by reducing the dual problem to a primal problem and applying

Theorem 1.2. Consider p € (1,2] and the dual exponent q := Ll 2, along with A € R"™*". Then,

-1
min ||y, = mm max z'y = max min z'y = max c¢'x = (mm [|Ax|| )
Aty=e = lzll, <1 lzll, <1 ATy=c lAxll, <1 'l

where the second equality uses convex duality (von Neumann’s minimax theorem).
Denote x* := argmin,+,_; ||Ax||,. By the KKT conditions, it holds that

sign(Ax*)|Ax*|P~!
lAx* I}

4

y' = argmingr, _ [yl =

where we apply scalar functions to vectors in the straightforward way, e.g., |[Ax*|P~! =
(IAx NP, 1(AX )P,

Suppose that we have a vector ¥ € R" satisfying ¢ "x = 1 and ||AX||, < (1 + &o)||Ax*||, for some
choice of ¢g > 0 that we will make momentarily. We can find X using Theorem 1.2 with the objective
mingepn K|(c, x) — 1|7 + || Ax||,, for sufficiently large constant K depending on ¢y, A. Define

— sign(AXx)|Ax|P~!
[V2Eq I —
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Our output y will be the orthogonal projection of i onto the affine subspace {y : ATy = ¢},
which can be found by solving a single linear system in ATA. Denote 6, := y —y. Clearly
1yllg < 17llg + 116y ll5- Noting that

9llg = 1A%, < IAX°1," = llylly

our goal is to bound ||6,|,-
The next lemma shows that choosing g =, (em!/471/2)24/P suffices to obtain ||y||Z <(1+ s)lly*llg.

Lemma 4.8. It holds that [|6, ||, <, m"/271/7e2/P |1y
Proof. Write
16y llg < 18yll2 < ly* = Tll2 < m"* Y41y =7l

where the first inequality uses q > 2, the second uses the fact that y is the orthogonal projection
onto {y : ATy = c}, which contains y*, and the third uses Holder’s inequality.
To bound the last expression, first write

sign(Ax*)|Ax*|P~!  sign(Ax)|Ax|P
lAx*I} IAZI}

ly" = yllg =

1 —_—

1 sign(Ax*)|Ax*|P~! — sign(AX)|AX|F !
(72 V7

1A%}

N

. ”sign(Ax*)|Ax*|p_1||q +

Because ||AX||, < (1 + €)||Ax"||,, the first term is bounded by
O(eo) - [1AX"[[,” - IIAx*Ili/q < eollAx[l," < eolly”lly -

For the second term, we use 2-uniform convexity (with constant p —1) of the ¢, norm for p € (1, 2]

to obtain
2

p—1
Because the function f(z) := sign(z)|z|P~! satisfies | f(y) — f(z)| < f(y — z) for 1 < p < 2, we get

IAGE - x)2 <

(IAX]I; — IAXI1) sp eollAx7II7 -

sign(Ax*)|Ax*|P~! — sign(AX)|AX|F !

— - % —p=1
Sp AL IAG =)l

Azl q
- P 2 w||— * 2 *
< AR IAG = DI <, e VA 1A = e PPyl D
4.2.3 'y, regression
Consider the case when the loss functions are of the form fi(z) = --- = f.(z) = y,(z), and we with

to minimize F(x) := fi({a1,x)) + -+ + fm({am, x)). For p = 1 (Huber regression), one can compute a
(1 + ¢)-approximate solution by first sparsifying down to % (log m)OW terms using Corollary 1.6,
and then solving the resulting problem using a GLM oracle for the Huber loss on sparse instances.
For p € (1,2], our framework allows us to find a minimizer to high accuracy, in analogy with the
case of £, regression. This follows because the divergence of y, around any point is, up to constants,
equal to y,(t, z) for some threshold ¢t > 0 (defined in (3.16)), and thus we can apply Theorem 4.4.
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Lemma 4.9. For all p € (1,2], the following holds: If |z| < 1 then D' (A + z) =p Yp(A), and if |z] > 1
then D)’ (A + z) = y,(|z], A).

Proof. We will make use of (4.1) and the following fact: For any continuously differentiable function
h : R — R that is twice-differentiable at all but finitely many points,

A
DMz +A) = h(z + A) = [h(z) + W (2)A] = / (A=t)h"(z+t)dt forall z,AeR. 4.2)
0

We now prove the lemma by case analysis on z, A € R. By symmetry, we may assume that z > 0.
Case (1): z € [0,1], |A| < 4. Here we have z + A € [—4, 5], and on this interval y;]'(z + A) < 1. From
(4.2), this yields D) (z + A) =, A% < y,(A).

Case (2): z € [0,1],|A| > 4. Since |z + A| > 1 and p > 1, it holds that

DI (z+A) = |z + A = (1= p/2) - 22 = pz|al =, |AF = ,(4).

Case (3): z > 1, |z + A| > 1. In this case, we have D)’ (z + A) = DY (z + A), where g(z) := |z|P. From
(4.1), we have DY (z + A) =, y,(|z|, A).

Case 4): z > 1,z + A € [1/2,1]. Because y,(y) =<p g”(y) for all y € [1/2,00) \ {1}, (4.2) gives
D) (z + A) = DI(z + A).

Case (5): z > 1,z + A € [-1,1/2]. Convexity of y, implies that

DJ'(-1) < D*(z + A) < DJ(1/2).

We have already argued that DZ”(—l) =p p(lzl, -1 -2z) and D;/p(l/Z) =p Vp(lz],1/2 - z). Because
—1-z = 1/2-z, we conclude that D.? (-1) =p D) (1/2) =p Vp(lz], A), forany A € [-1-2,1/2~z]. O
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