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Abstract

In [Rao 1999], it is shown that every m-point Euclidean metric with polynomial
aspect ratio admits a Euclidean embedding with k-dimensional distortion bounded
by O(v/lognlogk), a result which is tight for constant values of k. We show that
this holds without any assumption on the aspect ratio, and give an improved bound of
O(v/Tog n(log k)*/%). Our main result is an upper bound of O(y/Iog nloglog n) indepen-
dent of the value of k, nearly resolving the main open questions of [Dunagan-Vempala
2001] and [Krauthgamer-Linial-Magen 2004]. The best previous bound was O(logn),
and our bound is nearly tight, as even the 2-dimensional volume distortion of an n-

vertex path is Q(y/logn).

1 Introduction

In the geometry of finite metric spaces, bi-Lipschitz mappings between pairs of metric spaces
play a central role. Given metric spaces (X,dx), (Y, dy), and amap f: X — Y, one defines
the Lipschitz norm of f by

(@)
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i.e. the maximum amount by which distances are expanded under f. If f is injective, we
define the distortion by Dst(f) = || flluip - I/ Huip- If |f]lLp < 1, we say that f is non-
expansive. In the present paper, we will be concerned primarily with the case when Y = Lg
and X is finite. In this case, one defines ¢3(X) = inf.x., Dst(f), where the infimum is over
all injective maps from X into a Hilbert space. This quantity is referred to as the Fuclidean
distortion of X. In his study of the graph bandwidth problem, Feige [Fei00] introduced a
higher-dimensional analogue of distortion for maps into Euclidean spaces which is useful for
controlling the behavior of finite subsets under random projections (for a nice discussion of
this and its application to bandwidth, see [Mat02, Ch. 15]).

*This research was done while the author was a postdoctoral fellow at the Institute for Advanced Study,
Princeton, NJ.



For a k-point subset T C R*"! let conv(T) denote the convex hull of T, and define
Evol(T") = volg_1(conv(T")), where vol;_; denotes the (k — 1)-dimensional Lebesgue measure
The volume of an arbitrary k-point metric space S, denoted Vol(.S), is then defined as the
supremum of Evol(¥(S)) over all non-expansive maps ¥ : S — R¥~1. Given a non-expansive
map f: X — Lo, we define the (k — 1)-dimensional distortion of f by

k-1 = su L(SY) ﬁ
Dst™ ' (f) = ng:‘g‘:k {Evol(f(s))} ‘

In words, we measure how well f achieves the maximal Euclidean volume simultaneously
for all subsets of size k. Observe that the 1-dimensional distortion corresponds with the
standard notion, i.e. Dst'(f) = Dst(f), which considers only pairs of points. For larger
values of k, Dst* measures the distortion of higher-order structures in X. We define c§(X) =
inf.x .1, Dst*(f), where the infimum is over all injective, non-expansive maps f. This
quantity is called the k-dimensional volume distortion of X .

For a non-expansive map f : X — Ly, we define the rigidity of f, written rigidity(f) as
the minimum value R such that the following holds: For every x € X, Y C X, we have

. d(xz,Y
dist, ((2), span{ f ()} ) = 2ET)
We call such a map R-rigid. Finally, define ro(X) = inf {rigidity(f) | f : X — Lo}. It is an
easy (but non-trivial) observation that c&(X) < ro(X) for any k < | X| (see, e.g. [KLMO04,
Sec. 2]).

Previous work. The asymptotics of c5(X) and ry(X) as a function of n = |X| are well-
studied, because of their intrinsic geometric appeal, and the application of bounds on c§(X)
to graph-theoretic layout problems [Fei00, Vem98, DV01]. The first bounds, given by Feige
[Fei00], were based on a new analysis of Bourgain’s embedding [Bou85] and showed that
A(X) < O(logn + vklogklogn) for any n-point metric space X. Later, Rao [Rao99]
showed that c&(X) < O(logn)®2, for any 1 < k < n. (Rao’s paper does not contain this
result, but as observed by A. Gupta, it follows from his work in combination with known
metric partitioning techniques [1.S93, Bar96]). In fact, using Rao’s technique one obtains
the stronger bound r5(X) < O(logn)¥2. Finally, Krauthgamer, et. al. [KLMNO05] gave
the optimal bound 75(X) < O(logn). (We remark that this bound is a special case of our
analysis for the Euclidean subsets, see Corollary 3.6.) The matching lower bound (based on
expander graphs) is proved in [KLMO04, Sec. 3.5].

The Euclidean case. One natural case, which arises in the analysis of a semi-definite
program for bandwidth [DV01], occurs when X is an n-point subset of some Euclidean
space. The rounding algorithm of [DVO01] proceeds in three steps (following Feige’s original
algorithm [Fei00]):

1. Solve an SDP for the graph bandwidth problem, applied to a graph on n vertices. This
yields an n-point subset S C R".



2. Embed the subset S back into R™ using an embedding f with small volume distortion.

3. Project the subset f(S) C R™ onto a random line, and output the induced linear
ordering.

Step (2) is a pre-processing step used to ensure that the set of points behaves well un-
der random projection. We refer to [Vem98, Fei00, DV01, Mat02] for details about graph
bandwidth, and how volume distortion relates to random projections.

For the Euclidean case, Rao [Rao99] exhibited a bound of c5(X) < O(y/lognlogk), with
the caveat that the ratio of the maximum to minimum pairwise distance in X must be
bounded by some polynomial in n. Furthermore, this bound is essentially tight for constant
values of k, as exhibited independently by Dunagan and Vempala [DV01], and Krauthgamer,
Linial, and Magen [KLMO04]: If P, is the path metric on n-points, then c3(P,) = Q(y/logn).
In those papers, it is asked whether ¢§(X) < O(y/logn) for every n-point subset of some
Euclidean space and every value 1 < k < n. In the present work, we nearly resolve this open
problem.

Theorem 1.1. For any n-point subset X C R", we have ro(X) = O(y/lognloglogn). In
particular, c§(X) = O(v/Iognloglogn) for any 1 < k <mn.

Furthermore, for constant values of k&, we achieve the optimal distortion without requiring
bounds on the ratio of maximum to minimum distance in X.

Theorem 1.2. For any n-point subset X CR", and 1 < k < n, c&(X) = O(y/logn (log /{;)i)

Clearly this result is dominated by the preceding theorem for £ > 9lloglogn)® - Thege
theorems are proved in sections 4.1 and 4.2, respectively. We remark that every step of
the proofs can be made algorithmic (i.e. can be carried out in time polynomial in n) in a
straightforward way. Using the latter theorem in the algorithm of [DV01] yields a marginal
improvement of O(loglogn)'/* to the best-known approximation ratio for graph bandwidth.
We obtain only this small improvement because in their analysis, one takes k = O(logn).

Our approach makes a connection between the value of 79(X) and a seemingly simpler
parameter which we now define.

Definition 1.3. For a number d € N, let h(d) be the smallest value such that there exists a
non-expansive map Fy : R* — Lo satisfying the following conditions for every x € RY.

1. IEa(@)ll2 < 30/h(d).
2. If B(x, 1) is the ball of radius 1 around x, then
. 1
dists <Fd(x)7 Span{Fd(y>}y€Rd\B(m,l)> > my
where disty(x, S) = infyeg ||z — y|2 for a subset S C Lo.

The value 30 is somewhat arbitrary (as any large enough constant would suffice).
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Observe that h(-) is monotone in the sense that h(d + 1) > h(d) for all d > 1, since
R? C R4 with the canonical identification. The connection between h(d) and ry(X) is
contained in the following theorem.

Theorem 1.4. If h(d) < O(d°) for some e > %, then
sup {TQ(X) : X C Ly, | X| = n} < O(logn)® loglogn.

At the highest level, the proof of Theorem 1.4 constructs a rigid embedding for X C R"
by decomposing it into various subsets (these subsets are formed from a combination of
random partitioning and variable-rate random sampling), projecting such a subset into a
low-dimensional subspace, and then applying a variant of an appropriate map Fj : R? — Ly
from the family defined above. The different embeddings are then glued together using
smooth partitions of unity; see Section 1.2 for a more detailed proof overview.

Our second contribution, which completes the proof, is a bound on the value of h(d).

Theorem 1.5. h(d) = O(V/4d).

Theorem 1.5 is proved in Section 2, while the transference argument of Theorem 1.4
combines results from Sections 2 and 3, and is completed in Section 4. After introducing
some preliminaries, we present an overview of the proof in Section 1.2. Finally, in Section
4.3, we outline an approach which might achieve the optimal bound of O(y/logn).

1.1 Preliminaries

For a metric space (X,d) and a subset S C X, we write Ns(S) = {z € X : d(z,S) < §}.
We write B(z,r) = {z € X : d(z,y) < r} for the closed ball of radius R about x, and
A(x,r,m) = B(x,1r9) \ B(T,71).

Hilbert spaces and random mappings. Throughout the paper, L, represents a separa-
ble, infinite-dimensional Hilbert space. Given a Hilbert space Z, and two maps f,g: X — Z,
we define the map f @& g: X — (2@ Z) by (f @ g)(z) = (f(2),9(z)). We extend this def-
inition to more than two maps (and even countably infinite sums) in the obvious way. If
Z = Ly, we will routinely view f @ g as a function taking values in L, (under some canonical
isomorphism). Of course if X is finite (as will usually be the case), one can assume that
Z =RIXI-L,

Often, it will be useful to construct embeddings into Hilbert spaces of random variables.
Given a probability space (€2, Pr), we let Ly(Q2, Pr) denote the space of all Ly-valued random
variables defined (and measurable) with respect to (€2, Pr). Given such an A € Ly(Q, Pr),
one has ||Al|,pr) = VEallAll3. If X is finite, then one can often convert a mapping
f: X — Ly(Q,Pr) toamap f : X — R? by randomly sampling coordinates from the
distribution of the embedding. In all of our constructions, poly(k,log|X|) random samples
suffice when trying to preserve the k-dimensional volume distortion achieved by f.

Decomposability. We now recall the notion of padded decomposability. Given a partition
P of X and x € X we denote by P(x) € P the unique element of P to which z belongs.
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In what follows we sometimes refer to P(z) as the cluster of z. Following [KLMNO05] we
define the modulus of padded decomposability of X, denoted ax, as the least constant o > 0
such that for every 7 > 0 there is a distribution v over partitions of X with the following
properties.

1. For all P € supp(v) and all C' € P we have that diam(C') < 7.

2. For every z € X we have that

v{P: B(z,7/a) C P(z)} > 3.
The results of [LS93, Bar96] imply that ax = O(log|X]|), and this will be used in our proof.

1.2 Proof overview

We recall that our goal is to prove that for every n-point subset X C R", we have (X)) <
O(v/lognloglogn). Our approach breaks into three steps.

1. Handling a single scale.
We show that there exists a constant C' > 0 such that for every finite subset S C Lo, and
every 7 > 0, there exists a non-expansive map fs . : S — Lo such that for every z € §,

disty (fs;(@ﬁpan {fs,f(y)}yeS\B(IJ)) > W- (1)

This is done by first obtaining a bi-Lipschitz projection of S into a k = O(log |S|)-dimensional
Euclidean space [JL84]. Once in R*, we ignore the set S, and concentrate on proving (1) for
all z € R*. This is crucial since our bound on the Lipschitz constant of fs, will depend on
the fact that R” is a geodesic space (or at least “coarsely” geodesic at scales smaller than
T/k.).

Our construction then proceeds using a method of “local random projections” introduced
by Rao [Ra099]. Essentially, using Rao’s method, we are able to enjoy the benefits of
random projection for close pairs of points, while maintaining complete independence for
pairs z,y € R* with ||z — y||> > 7. This independence is necessary to achieve the strong
lower bound required by (1). We remark that Rao’s analysis is only able to obtain the bound

(1) with 1/log |S] replaced by (log |S])1.
2. Passing to a dependence on the local growth ratio.
The next goal is to obtain, for every 7 > 0, a non-expansive map ¢, : X — Lo which satisfies

T

dists (i2+(2), span {o-(1)}yex s ) - (2)

[B(@,7)|
C\/108 1507/

The actual lower bound we obtain is slightly weaker (this is one source of the extra O(loglogn)
term in our result).



This is done by extending the framework of [ALNOS8] for smoothly piecing together global
single-scale maps from maps defined only on small subsets (these subsets are formed out
of a combination of random partitioning and random sampling). There are a number of
difficulties involved in extending this to the domain of volume distortion (as opposed to
one-dimensional distortion). In applying the method of [ALNOS], we are confronted with
the problem of extending non-expansive maps f : S — Ly from a subset S C X to maps
f: X — Ly which are non-expansive on the whole space. One difference from [ALNOS8] is our
use of Kirszbraun’s extension theorem [Kir34] for extending Lipschitz maps between Hilbert
spaces. This is necessary in our setting because the maps produced by step (1) above are
not of Fréchet type, and thus extension is a non-trivial issue.

A more serious difficulty arises in the process of extension: We must not only maintain
a Lipschitz bound (i.e. an upper bound on |[¢|rip), but we must also extend the lower
bound of (1) to apply to the span of larger sets of points. (Observe that in (2) we consider
y € X\ B(z,7), while in (1), we have only a guarantee for y € S\ B(z,7).) Here, we make use
of the power of rigid embeddings: they behave particularly nicely under partitions of unity.
By a partition of unity on a metric space (X, d), we mean a family of maps {p; : X — [0, 1]}
such that for every x € X, >, pi(x) = 1. Such a family is distinguished from an arbitrary
set of weight functions on X by the fact that we usually require some smoothness condition
from each p; : X — [0,1]. In our case, all partitions of unity will be Lipschitz, and we will
care greatly about the norms || p¢|Lip-

In order to apply the techniques of [Lee05, ALNO0S|, given a function ¢ : X — Lo, we are
often confronted with the problem of analyzing the product function g(x) = p;(x)- ¢(x) (this
is the map ¢ “localized” under the partition of unity p;). Bounds on ||g||ip are controlled
in the usual way (the chain rule) via the quantities sup,cx [|¢(2)|l2, ||¢llLips and ||pe]|Lip-
However, providing good control on the lower bounds becomes more delicate.

Fortunately, the simple inequality (where {c,} C R are real constants),

> disty (9(2). span{o()hey ) (3

2

Hd)(l‘) =Y ey

yey

= Haﬁ(w) = eyp(y)o(y)

yey

allows us to freely use well-behaved partitions of unity since the {p;(y)} multipliers are
absorbed into the span.

In particular, this allows us to “dampen” the map ¢, away from various subsets S C X,
while absorbing this dampening into the span (see Claim 3.7).

3. Gluing for volume distortion. The last step in the proof is to establish an analogue
of the scale gluing methodology of [Lee05, KLMNO05] for embeddings with small volume
distortion, as opposed to bi-Lipschitz embeddings. This is taken up in Section 3. Since our
embeddings are not of Fréchet type, our starting point is the author’s work [Lee05], based
on combining single-scale embeddings under partitions of unity. We are able to adapt those
techniques to our setting by again using the observation (3) above (see Theorem 3.5).

This allows us to transform the ensemble of maps {¢;},>o from (2) into a genuine rigid
embedding that simultaneously handles all the scales.



2 Local random projections

This section contains most of our results specifically about the geometry of finite-dimensional
Euclidean spaces. First, we prove Theorem 1.5, yielding the estimate h(d) = O(v/d). In fact,
for simplicity, we will only prove it for compact subsets Z C R?. The general case follows by
a standard argument which we omit for the sake of simplicity. We remark that the compact
case is all that is required for applications throughout the paper.

Lemma 2.1. There exists a constant 5 € (0,1) such that the following holds. Let T > 0,d €
N be given, and let Z C R? be a compact subset. Then there exists a map F : R — Ly such
that

L Fllup < 1,
2. ||F(z)||2 < 2887/Vd for all z € Z,
3. For all x € Z, denoting C(x) = Z \ B(x,T),

disty (F(o) span{ F()hecto)) = 27

Proof. Without loss of generality, we assume that d > 3. We may assume that Z is convex

by simply replacing Z with the closure of its convex hull. Clearly we may also assume that

N,(Z) C B for some closed ball B of radius R, for some sufficiently large value R > 0. Let

voly denote the d-dimensional Lebesgue measure, normalized so that voly(B) = 1. Let T be a

uniformly random m-point subset of B, where m = voly(B)/voly(B(z,7/4)) (we may assume

that m is an integer by enlarging B). Thus for every z € Z, we have E|T'N B(z,7/4)| = 1.
We now define the random mapping v : Z — R by

~(z) = min (max {o, disty (2, T) — i (1 - 3) } , ;—d) (4)

By standard volume arguments, we have

volg (B (2, 1) \ B (2, (1 = §) §)) = vola (B (=, (1 = 3) 7))

up to constant factors (independent of the dimension d). So for z € Z, we expect y(z)
to take each of the values 0 and 75, with constant probability (corresponding to the events
disto(z, T') < (1—2)% and disty(z, T) > (1—3)%, respectively). Furthermore, if |z —y||> > T,
we expect that vy(z) and 7(y) behave essentially independently. The truncation of ~y(x)
at 5; ensures that, conditioned on the value |B(x,7/4) N T|, v(x) and 7(y) are indeed
independent. We will use this independence between ~(z) and {¥(y)}yez\ B, to achieve a
good embedding.
Define I' : Z — Ly(B™) by I'(x) = (), so that

I0@)l o) = VE (@)
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Fix some x € Z and values {c¢, }yec(z) € R. Let Eose be the event that |B(z, 7/4)NT| = 1,
and note that Pr(&uese) > % Now observe that after conditioning on &g, the values
{7(y)}yec(z) are mutually independent of (). This follows because if dists(y,T) > 7/2,
then v(y) = 7/(2d). Since ||z — y||2 > 7 for every y € C(x), the value of disty(z,T") cannot
affect y(y), conditioned on E.se. Thus we will be able to establish a lower bound if we can
exhibit some variation in the value of v(x), conditioned on Ese. Define &, = {disto(z,T") <
(1—2)2} and Epye = {dlstg(l‘ T) > (1—121)7}. Simple volume computations show that
Pr[&, | Sdose] Pr[€out | Ectose] > 8 Finally, note that if &, occurs, then vy(z) = 0 and if Eqy
occurs, then v(z) > 7/(4d).

It follows that

|r@ = %,er el

2 2

o = EP@-Zaren)

> Pr[&lose]-EUv(x)—Zyeycw(y)r &1056}

2
= Pr[gdose] - min {Pr[gin | gClOSe]a Pr[gout | gclose]} : (1 : l)

2 4d
T \2
> (55a) -
— \56d
where the penultimate inequality follows from the fact that > , ¢,7(y) is independent of
v(z) when conditioned on Eqose. We conclude that

distz (T(2), span{T(y) byecin)) = = (5)

For every x € Z, we have

P @)oo < o ()

since y(z) < 57 with probability 1. We will now establish the following claim.
Claim 2.2. For some constant C' > 1, ||T||;, < C/V4d.

Assuming the claim, we finish the proof using the following classical theorem of Kirszbraun
[Kir34].
Theorem 2.3. Let H, H' be Hilbert spaces, S C H, and f : S — H' a Lipschitz map. Then
there exists an extension f: H — H' such that f|s = f, and || fllLip < || f]|Lip-

Using Theorem 2.3, we obtain a map I' : R* — L, such that |||y, = ||T'||yp and
|z =T, Finally, we set F = (v/d/C)-T. Observe that this rescaling satisfies ||F||L1p <1,

and improves the lower bound (5) to satisfy condition (3) of Lemma 2.1 with § = . We
now move onto the proof of the claim.
Proof of Claim 2.2. In what follows, we use || - || = || - ||2 to denote the 2-norm on R¢. Recall

that, for x,y € Z, we wish to prove that ||I'(z) — I'(y)||,8m) < %Hx — y|| for some fixed
constant C' > 0. The idea is that we can think of the map = +— disty(z,T') like a “local”
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projection onto a randomly oriented direction (indeed, the closest point to = from T has
a spherically symmetric distribution about z, conditioned on disty(z,7) < 7). If x,y € Z
share the same closest point, then they experience the same “projection.” The only caveat
is that, conditioned on = and y sharing the same closest point, the distribution of that point
is no longer spherically symmetric with respect to x or y.

In proving the claim, we may assume that ||z — y|| < 0 for any 6 > 0. If the Lipschitz
condition holds for such x, y, then it holds for all pairs as follows. Let 2/, 1y’ € Z be arbitrary,
and let ¢ be the line connecting z’,y’. Since Z is convex, we have ¢ C Z. Let 2’ =
x1,Z,...,x, = Yy be a subdivision of ¢ such that ||z; — x| < 0 for every 1 <i <k — 1.
Observe that under our assumptions,

IT(2") = D) Loy < Z I0(z:) = D(@is) || o) < N2 Z [z = ziga ]| = \/allaf’ — I
Before proceeding, we need to apply the following standard volume estimate.
Lemma 2.4. Ifu,v € RY, and s > 0, then

volg (B(u, s) N B(v,s)) 4v/d|Ju — v||
voly(B(u, s)) 21- s '

Let Egnare be the event that  and y share the same closest point in 7', i.e. there exists
z € T such that ||z — z|| = disty(z,T) and ||y — z|| = disty(y, T') (having a non-unique closest
point is an event of measure zero, which we ignore). Using Lemma 2.4, there exists some
6 > 0 such that if [|z—y]|| < &, then Pr(&gpare) > 1—2%. To see this, observe that for any R > 0,
if disty(z,T) = R, then Egare happens unless there is a sample point in B(y, R) \ B(z, R),
and the probability of this can be bounded using Lemma 2.4.

Proposition 2.5. For § > 0 small enough, for every x,y € Z with ||x — y|| <, we have

_ 2
gsharea diStQ(SL’, T), C“Stg(y’ T) S 7—:| < M

E [Ir() = (y)P <o

Proof. Let z € T be the closest point to x from 7', and assume without loss that z ¢ {z,y}.
Let u € S9! be a uniformly chosen unit vector. By standard arguments, we have the bound

. 2
Prhx—%wﬁ>tﬁ7ﬁl]gzew7

see e.g. [Mat02, Ch. 14]. Observe that when z € B(x,7), the random vector Taoy 18

distributed identically to u, so using the fact that Pr(Epare) > % (assuming ¢ small enough),

_ 2 12
Pr U<x —, e >‘ > tw ‘ Esnare, dista (2, T) < 7| < 4et2, (7)

[ =2




Indeed, the same bound holds with the role of x and y exchanged. Finally, we observe that
if Egnare OCcurs, then

() = y(y)| < |dista(z, T) —disty(y, )| =[]z = 2] = [ly — =]/ |

< v )G )

The last inequality may be easily checked for z = (0,0),z,y € R?. Combining (7) and (8),
and integrating over t easily yields the desired expectation bound.

]

Let £ = {Emare, dista(x, T), dista(y, T) < 7}, and note that Pr(€) > 1 — 55 using the fact

that Pr(B(z,7) N T = () < 47 (and a similar bound holds for y, even conditioned on
dista(z, T") < 7). Now, observe that

v(x) = y(y)| < [dista(z, T') — dista(y, T)| < [z =yl

hence using Proposition 2.5,

IP@) ~ T = E @) -1
< Pr(E)E (@) = vW)? | €] + (1= Pr(E) - e — I

= — yll*
Q(d)

IN

It follows that ||T'[|ry, < 1/Q(Vd). O

Our bound on ||T'||1;, completes the proof.

3 Gluing for volume-preserving embeddings

This sections concerns the following two theorems. First, we need a definition. Given a
metric space (X, d) and a 1-Lipschitz map ¢ : X — Lo, we define rigidity_, () to be the
smallest value R > 0 such that for every S C X with |S| < k, we have

. d(x,S
dist ((p(:c),span{@(y)}yes) > (R )
For a space X, we define rigidity,(X) to be the infimal value of rigidity; () over all 1-

Lipschitz maps ¢ : X — Ly. We recall that c§(X) < rigidity,,(X) (see [Fei00, KLMO04]).

Theorem 3.1. Let (X, d) be an n-point metric space, let A be a collection of subsets of X,
and let R > 1. Suppose that for every T > 0, there exists a 1-Lipschitz map ¢, : X — Lg
which satisfies the following.

1. For every x € X, ||, (x)]]2 < 7.
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2. For every x € X, and every subset S € A,
dist, (@bT(x), span {¢T(y)}yes\3($ﬂ) >7/R.

Then there exists a I1-Lipschitz map ¢ : X — Lo such that for every x € X, and every
S e A,

: d(z,S)
> P
dISt2 <90<x>78pan{90(y>}y68> jal O(\/RTM)
In particular, if A = {S C X : |S| < k}, then rigidity_,(¢) = O(v/Rlogn), hence also
(X)) < O(V/Rlogn).

The next theorem is more technical, so we begin with an informal description. We assume
the existence of maps g, : X — Ly which are “volume-preserving” for points in S C X
at scale 7, where the volume distortion depends only on |S|. The theorem glues these maps
together to obtain a map which is volume-preserving for all points at all scales.

Theorem 3.2. Let X be an n-point metric space. Let L > 0, ¢ € [%, 1], 8 < % be constants.
Suppose that for every T > 0, and every subset S C X there is a 1-Lipschitz map Vg, : X —
Ly satisfying the following. Let 65 = $(log|S|)~¢.

1. For every x € X, ||tps,(x)|]2 < LigT.

2. For every x € S,
dist (wgﬂ—(l'), span {5+ (y) : v € Nrse-(S) \ Bz, 7')}) > 0gT.
Then there ezists a map ¢ : X — Lo with rigidity(¢) = O ((logn)¢loglogn).

3.1 Proof of Theorem 3.1
3.1.1 The quotient-decomposition technique

In this section, we handle a base case. First, we recall a result that follows from the techniques
of [Ra099], together with the decomposition theorem of [CKR01, FRT03], and which first
appeared in [KLMNO5]. We say that a measure p on a finite space X is non-degenerate if
wu(x) > 0 for every z € X.

Theorem 3.3. Let X be an finite metric space, let u be a non-degenerate measure on X,
and let T > 0. Then there exists a 1-Lipschitz map v, : X — Lo such that for every x € X,
7= (2)[l2 < 7, and

T

B \’
0 (1 +log u’fB(x,r/zt)))

diSt2 (’77’(1')7 Span{’yT(y)}yEX\B(va)> Z

11



For a metric space (X,d), we define the e-path quotient of X to be the metric space
(Xc,d:) which is defined as follows. X, is the set of equivalence classes of X under the
transitive closure of the relation defined by = ~. y <= d(x,y) < ¢, while d. is the path
metric in X, (with respect to d): For x € X, let & € X, represent the equivalence class of x,
then for z,y € X, we define

k—1
do(z,7) = inf{Zd(zi,miH) keNzg €T, €,2; € X,0< 5 < k:} ,

=0

where as usual for A, B C X, d(A, B) = inf,capep d(a,b). Also, starting from a measure p
on X, there is natural induced measure y. on X, defined by p.(Z) = >, . p(x).

We now prove the main theorem of this section. The result is essentially known, but has
not appeared anywhere previously. The proof relies on quotients to retain a bound on the
Lipschitz constant of the embedding (see e.g., [Bar96, Mat02]), and the observation from
[GKLO03] that “volume growth” at one scale is roughly maintained under path-quotients.

Theorem 3.4. Let (X, d) be an n-point metric space. Then there exists a map ® : X — Ly
satisfying || ®||Lip < O(v/1ogn), and for every x € X, for every k € Z,

2k
x,2k ’
O (1 + log [—lgﬁ’zﬁ_yn])

Proof. For each k € Z, define ¢, = 2871 /n. Letting B.(-,-) represent balls in (X_,d.), we
have the following two sets of inequalities.

dist, (‘P(I),Span{@(y)}yex\B(w,%)) =

1. For every x € X, pe, (B., (7,2"1)) < pu(B(z,2)).
This follows from the fact that for x,y € X, one has
d@(ﬁ,ﬂ) Zd(l’,y)—(n—1>€k zd(xay>_2kila (9)

because every shortest path in X has at most n — 1 steps (thus at most (n — 1) - £ distance
is contracted in the quotient). The second family of inequalities follows trivially:

2. For every v € X, pi., (Bc, (%, R)) > p(B(z, R)) for every R > 0.
In particular, combining (1) and (2), we see that for z € X,
B, (z,2F! B(z, 2%
o [Ee BB 2] [ B2
ey, (Be, (T, 2F72)) p(B(x,2879))

Now, let p(-) = | - | be the counting measure on X. Applying Theorem 3.3 to (X, ,d:,), e,
with 7 = 281 we obtain a 1-Lipschitz map v, : X., — Ly. We may clearly think of ; as a
map also on X by defining v, (z) = 7%(Z). Finally, we define ® : X — ¢5(Ls) by

P(z) = @[%(I) — k(o))

k€EZ
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where xy € X is some fixed basepoint.
To see that ® is well-defined (i.e. that the 2-norm of ®(x) is bounded for every z € X),
let z,y € X be fixed, and let ky € Z be such that d(x,y) € [2k, 2] then

Y (@) =)l = Yoo @) =@l (10)

= k<[logy n]+ko+2
[logy n]+ko+2
< > 2k > d(ay) (11)
k<ko k=ko
< O(logn) - d(z,y)*, (12)

where in (10) we have used the fact that for k > [log, n]+ko+2, we have g, > 2k0+ > d(z, y),
hence g () = v (y) because x and y belong to the same equivalence class of X, , in (11) we
have used |7 (z)|l2 < 287 and ||vk||Lip < 1 from Theorem 3.3, and in (12) we evaluated a
geometric sum. It follows that ||®]|L;, < O(y/logn).

Now, fix € X, and k € Z. Observe that by (9), we have d(z,y) > 2¢ = d. (7,9) >
2k=1 Tt follows that

disty (‘I’(ﬂ?%Spaﬂ{@(ﬂ)heX\B@,zk)) > disty (’kal(x)aSpan{’ykfl(y)}yeX\B(z,Qk)>

> disty (%-1(5),Span{%q(ﬂ)}gexgk\&k (Mk,l))
2k’

>
- Hey (BEk (j72k71)):|>
O <1 + log [—M%(B%(mk_3))
2k
>

z,2k '
19 (1 +log [—| ;?;};,L'ND

3.1.2 Multi-scale gluing

In this section, we prove some multi-scale gluing lemmas for volume-preserving embeddings,
and finish the proof of Theorem 3.1. The following theorem adapts a construction of the
author [Lee05] to the case of volume-preserving maps.

Theorem 3.5 (Gluing for rigidity). Let (X,d) be an n-point metric space and A, B > 1,
n > 0, and for every m € Z, let ¢, - X — Lo be a 1-Lipschitz map such that ||¢m(z)||2 <
n-2"/B for every x € X. Then there is a map ¢ : X — Ly satisfying

1. lellup < O(ny/lognlog(AB)).
2. For everyx e X, meZ, andY C X,

dists (p(z), span {eW)}yey ) > \/{log %J ~dists (¢, (), span {6m (W)} ey ).

13



Proof. First, we restate the construction of [Lee05] in a slightly modified form. Let p: X —
R>g be any 2B-Lipschitz map with p = 1 on [1/B,2A], and p = 0 outside [1/2B,4A]. For
r € X and t > 0, define

R(x,t) = sup{R : |B(z, R)| < 2'},

and observe that R(-,t) is 1-Lipschitz for every value of t. And for each m € Z, define

pmi(T) = p (%) :

Now, for each t € {1,2, ..., [log,n]}, define 1, : X — £5(Ls),

V(@) = P pma(@) - ().

meEZ
Fina’HYa let Y = ¢1 ) ¢2 D---D wﬂogQ nj-
First, we bound ||¢¢||Lip as follows.
[¢e(2) = ve(y)ll3 = > [10m.t(2)6m (%) = Pt (¥) b ()] ]3-

meZ
Pt (T)+pm,t(y)>0

The number of non-zero summands above is at most O(log A + log B). Furthermore, each
summand can be bounded as follows.

[19m,e () D (2) = it () D (y) |2 16 (@)2|pmt () = Prne W] + |G (2) = Dra(W)]|2] P (¥)]
(ol + ol ) dte.)

< (2n+1)d(z,y),

IN

IA

where we have used ||ppm.llLip < 27"|pllLip < 27" B. Thus |[]|Lp < O(ny/1og(AB)). Tt
follows that ||¢||Lip, < O(ny/lognlog(AB)), as claimed.
To verify (2), fix z € X, m € Z, and real constants ¢, for y € Y. Then,

2 flogn] 2
p() =Y o] = D |[tilx) =D ethly)
yey 9 t=1 yey 9
[log n] 2
> 3 |omi@dm(@) =D cypmi(y)dm(y)
t=1 yey 2

Now observe that when p,,(z) = 1, we have

pm,t(x)gbm(x) - Z Cypm,t(y)¢m(y)

yey

> dist; (gbm(x),span {¢m(y)}er) (13)
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Hence it suffices to count the number of values of ¢ for which p,,(z) = 1. By our
definitions we have that

m

2
pmi(x) =1 = 5 < R(z,t) < 2™ A <« t € [log|B(z,2™/B)|,log |B(x, 2™ A)|].

|B(z,2m ! A)|

This completes the proof since the lower bound (13) holds for {log BaaB)|

J values of .
O

Now we complete the proof of Theorem 3.1, along the lines of [KLMNO5].

Proof of Theorem 3.1. In the applications of Theorem 3.5 that follow, we set A =2, B = 8,
and n = 16. Let {¢},>0 be as in the statement of the theorem, and let ¥ : X — Ly
be the map resulting from the application of Theorem 3.5 to the ensemble {¢om }nez. Let
v+ X — Ly be the maps from Theorem 3.3 applied to X, and let I' : X — Ly be the result
of applying Theorem 3.5 to {Yam }mez. Finally, let ® : X — Ly be the map from Theorem
3.4. Consider p =V &' @ .

First, we have ||¢llLip < [[¥]lLip + 1T Lip + [Pl < O(V1logn). Now fix z € X, and

Y € A. Let m € Z be such that d(z,Y) € (2™,2™"]. Observe that if log% <1,
then

dists (cp(x), span{go(y)}yey> > dists (CID(J:), Span{fb(y)}yey) > Q1) - 2" = Q(1) - d(z,Y).

|B(z,2m 43|

So we may assume that log Blzam) =

> 1 in the arguments that follow. In this case,

dists (go(ac), span{so(y)}yEY>2

2 2
> disty (W(2), span{W(y)}yey )+ dist (T(x), span{T(y)}yev )
B(x,2m+3 2 ] 2
> iom 5| [diste (v (o). spantmn ()ey )+ disa (s (), span(oam (1)) e ) |
2
| Bz, 2 )J ( )2 2"
> 10g7 + —
it 0 (14 1ox ff53m)
log [Ze2 2l 1 d(x,Y)?
> Q1) -d(z,Y)? i + — gz | 2 20—
108 |5z 3m=o]

where the last line follows from the AM-GM inequality. If we now replace ¢ by ch,
where ||¢||Lip < O(y/logn), then ¢ becomes 1-Lipschitz, and the proof is complete. O

One corollary of Theorem 3.1 is the optimal bound for general n-point metric spaces.
Corollary 3.6. For any n-point metric space (X,d), one has ro(X) < O(logn).

Proof. Apply Theorem 3.1 with A = 2% to the ensemble of maps {7,} from Lemma 3.3
(with the counting measure pu(-) = |- |). O
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3.2 Proof of Theorem 3.2

The proof of Theorem 3.2 requires most of the results of the previous section, along with a
number of other ideas. Our approach follows [ALNO8], but with new machinery to deal with
volume-preserving embeddings. The following claim gives a way of extending our embeddings
to larger distances by dampening out the effects of distant points.

Claim 3.7. Let (X, d) be a metric space, and suppose that for some number € > 0, we have
a map ¢ : X — Lo such that ||[¢||Lp < 1, and ||¢(x)||s < €L for allx € X. Let S,U C X,

and suppose that for x € S, we have

dists <w(x), span{w(y)}y€U> > €.

Define U = U U (X \ Ner(S)). Then there exists a map ¢ : X — Lo which satisfies
ollLip < 1, |lo()|l2 < €L for every x € X, and for any x € Neu(S5),

distsy (@(x), span{@(y)}yeU/> > e/4.

Proof. Let p(x) = max (0,1 —d(z,S)/(eL)) so that |[p||Lp < 1/eL, and define p(x) =
so(x)i(z). Then for every z,y € X,

(@) —e@)ll2 < 3 (IP(SC)I Nl + [ W) - ||P||Lip> d(z,y) < d(z,y).

Now, suppose that € N¢/4(5), and {c,}ycrr € R. Let 2’ € S be such that d(z, z") < €/4,
and recall that y ¢ N (S) implies p(y) = 0, hence

le@) = S el = e@) = Zyer ]|, - lle@) — @)lla
> o) = Zyer o) - e/
> Jdisty (v(a"), span{ub(y)}yev ) — €/4
> ¢/2—¢€/d=¢/4

]

The first step is to reduce the number of points we need to embed by randomly sampling
a reasonably dense subset of our space. We will need to use different sampling rates in
different regions of the space (depending upon the local volume growth), and thus we arrive
at different guarantees corresponding to the various subsets T, (A; k) defined below.

Lemma 3.8. Assume that X satisfies the conditions of Theorem 3.2, and suppose that
AC X and k > 2. Define

TT(A;k):{meA:|A|§k: ‘B (g;waTk))‘} (14)
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Then there exists a 1-Lipschitz map Aay : X — Lo such that

. T
dists (AA,k;(x), Span{)\A,k(y)}yeX\B(x,r)> > @,

whenever v € T.(A; k). Furthermore, for all x € X, |[Aax(x)]l2 < LigT.

Proof. Let S be a uniformly random subset S C A with |S| = min{|A[, k}. Let hg : X — Lo
be the map defined by applying Claim 3.7 to the map s, : X — Ls. Let pu be the
distribution over which the random subsets S C A are defined, and let Aa; : X — Lo(u) be
given by Aax(x) = hg(x). Observe that ||Aax|lLip < 1 because this is true of each g ,, and
hence by Claim 3.7, it is also true of each hg.

Fix x € T;(A; k). Then by the definition of T,(A; k), with probability at least 1/e, we
have

SNB (.7: ZL(ETTM) + 0. (15)

Letting € = dg7, we see that conditioned on (15), x € N¢/4(S). Setting U = N1,(S)\ B(z,7),
we have in this case (by assumption (2) on the map g, in Theorem 3.2),

dists (s, (), span {5, (1)}, ) > bs7 = €.
It follows that in the statement of Claim 3.7, U' = U U (X \ N..(S)) = X \ B(x, 7). So that
with probability 1/e, we have

. Bt
dists (hs(x)vSpan{hS(y)}yeX\B(x,T)) > w-

Hence for any = € T (A; k),

) 1 BT 6T
dist, (AA,k(x), Span{)\A,k(y)}yeX\B(x,T)) > % : 1(log k)? > Sllog h)F

]

Our next step is to construct embeddings separately for different localities of the space.
These local embeddings are stitched together in a smooth way using partitions of unity
derived from random partitions of the space.

Fix a finite metric space (X, d), and for K > 1, 7 > 0, define

S (K) = {x € X :|B(x,8max)| < K ’B (w %) ‘} ,

where we recall that ax is the modulus of decomposability of X.
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Lemma 3.9 (Localization). Assume that X satisfies the conditions of Theorem 3.2. Then
for every T > 0,k > 1, there exists a 1-Lipschitz map A,y : X — Lo such that for every

x € Sy(k),
. BT
dlSt2 <AT,k<x)>Span{AT,k(y)}yGX\B(:r,T)> 2 Ma
and ||A; g(x)||2 < LogT for all z € X.

Proof. Let D = 41ax and take Pp to be a random partition from the ax-padded bundle
for X with diameter bound D. Define a random mapping p : X — R by

5(2) = min {1’ d(z, X\ PD(Z))} .

Clearly ||p|lLip < 1/7. For each U € Pp, let Ay : X — Ly be the corresponding map from
Lemma 3.8. Also, for every such U, let oy be a {0,1}-valued Bernoulli random variable
independent of all other variables in the proof. Finally, define a random map A : X — Lo
by

Ari(2) = 50(2) - Opp() - App(2)k(2)-

Clearly ||Arx(2)]l2 < [[App@)k(®)]|2 < LigT for every x € X. Moreover, we claim that
A kllLip < 1. Indeed, fix u,v € X. If Pp(u) = Pp(v) = U then

1Ak (u) = Arp(@)ll2 < glp(u) = p(0)] - [[Avk(W)ll2 + 5lAvk(w) = Advs(@)]]2 - [p(v)]
< 5(llpllup + [ Avlluip) d(u, v)
< d(u,v).

Otherwise, assume that Pp(u) # Pp(v). In particular,
d(u,v) > max{d(u, X \ Pp(u)),d(v,X \ Pp(v))}.

It follows that

[Ark(u) = Ak ()]l < (A7 k(w2 + [[Ark(0)]]2
< d(u, X2\TPD(u)) o d(v, X2\TPD(U)) -
< d(u,v).

Now suppose that € S;(k). Observe that since diam(Pp(z)) < D, we have Pp(z) C
B(z,2D). It follows that since x € S, (k), we have x € T, (Pp(x); k) (recall equation (14)).
Moreover, using the defining property of the ax-padded bundle, with probability at least %,
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we have d(x, X \ Pp(x)) > 7, which implies p(z) = 1. If {¢,}yex\B(,) C R, then

2

- Z cyAT,k(y>
Y 2
2
> %E ‘ AT,k(«T) - chAT,k(y) ’p((E) =1
Y 2
2
= E { TPy (z) ()‘PD(x),k(x) - Z Cyp(y))‘PD(m),k(y)) - Z TPy (y) CyPY)APp ()6 (V) ] ,
yEPD(z) y¢Pp(x) 2

where E'[] = E[- | p(x) = 1], and we recall that y € Pp(x) = Pp(y) = Pp(z). Now,
observe that the values {op, ), p(¥), App(y k(y)}y ¢Pp () BT€ independent of the random vari-
able op, (). We use the following simple fact: If A, B are (possibly dependent) real-valued
random Varlables and ¢ is an independent {0, 1}-valued Bernoulli random variable, then
ElcA — B> > 1E|AJ]* (in particular, by integrating, the same holds if A, B are random
elements in some Hilbert space). It follows that the last line of the above expression is at
least

2

%]E’ App(2)k(T) — Z cyp(Y) APy () .k (V)

yEPD(I) 2

. 2 1 6T 2
> %E/ ldlstg </\PD(I)7]C(ZE),Span{)\PD(x),k(y)}yEX\B(a:,T)) ] > 3 <W) )

where the final line follows from Lemma 3.8.
Denoting by (€2, ) the probability space on which A,y is defined, we can think of A,
as a mapping of X into the Hilbert space Lo(Lq, i) for which we have just argued that

dists (AT,k(:L’), span{A- i (y) byex\B( T)> 8\/—(ﬁ10g k) = (1?); k)e

Now we complete the proof of Theorem 3.2 along the lines of [ALNO0S].

Proof of Theorem 3.2. We claim that for every K € [2,n] there exists a map fx : X — Lo
which satisfies

L || fxllup < O(Ly/logn - loglogn).

2. For every m € Z and = € Som (K), we have

. |B(x, 2m+3ay )| Fom
disty <fK(x),Span{fK(y)}yeX\B(x72m)> > \/Llog |B(:B,ﬁ2m*2/(log K)5)|J . 24(10g K)E.
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Indeed, ff is obtained from an application of Theorem 3.5 to the mappings {Aom g }mez from
Lemma 3.9 with A = 4ax and B = 4(log K)¢/ (and using the fact that ax = O(logn)).
Observe that for every m € Z, Som(n) = X. Hence, defining Ky = n and K, = /K
as long as K; > 4, we obtain mappings fo,..., fj : X — Lo satisfying
L || fillup < O(Ly/1logn - loglog n).

2. For all x € Som(K;) \ Sam (K11), we have

: |B(z, 2may))| B2
disty (fj(x),span {fj(y)}yeX\B($72m)) > \/{bg Bz, 3272/ (log K])E)|J . (log K, )

B2
> 4/ log Kjt1] - 2(log K, )7 (16)

_ s
48(log K;)*~2

> , (17)

where in (16) we used the fact that x ¢ Som(Kj41), and in (17) we used the fact that

Kj+1 - \/Kj 2 2

This procedure ends after N steps, where N < O(loglogn). Every x € Som (K ) satisfies
|B(x, 2" ax)| < 4]B(x, 52 /[4(log K)])|.

In particular, |B(x,2™)| < 4|B(x,2™73)|. By Theorem 3.4, there is a mapping fy;1: X —
Ly with || fx+1llip < O(V1logn) and such that for x € Som(Ky), we have

dists <fN+1(:)s),span{fNH(y)}yeX\B(x’zm)) > 2™ /0(1).

(This follows because, for such z, we have log % =0(1).)
Let M = maxj—__n+1 ||fjllLip- Consider the map ¢ = M\/ﬁ ;.V:JBI fj, which has

|®|lLip < 1. Recall that M/ N +1 < O(y/lognloglogn). Let x € X, Y C X be arbitrary,
and choose m € Z such that d(z,Y) € (2™,2™"]. If z € Sym(Ky), then

disty (@(x), span{q)(y)}yey> > disty (@(x), span{@(y)}yGX\B(wm))

> m disty <fN+1(a:), span {fNH(y)}yeX\B(x,?m))
OMMVN+1 ~ O(Viognloglogn)

Otherwise, without loss of generality there is j € {0,..., N — 1} such that z € Som (K;) \
Som (Kj+1), in which case by (17)

dist, <q>(g;), span {q)(y)}yey)

v

v

disty <(I)(‘T)7 span {(I)(y)}yEX\B(w,2m))

sy dists (f3(2).span {50 e x o )
d(z,Y)
O(logn)¢ loglogn

v

v
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It follows that rigidity(®) < O(logn)®loglogn. O

4 Upper bounds for rigid embeddings

4.1 The transference theorem

Now we finish our proof of the transference theorem (Theorem 1.4). For the sake of simplicity,
we may assume that h(d) > 50 for all d > 1.

Lemma 4.1. There exists a constant C > 1 such that the following holds. Let H be a Hilbert
space, and suppose that S C H with |S| = k. Let T > 0 be given and let 6 = 7/(4-h(C'log k)),
where h(-) is from Definition 1.3. Then there exists a map ¢ : H — Ly such that ||¢||Lip < 1
and ||p(z)|l2 < 300 for all x € H, and such that for all x € S, we have

disty <g0(x),span {¢(y) : y € N3p5(S) \ B(z, 7')}) > 0.

Proof. Using the Johnson-Lindenstrauss flattening lemma [JL84], there exists amap g : S —
R? with d = Clogk such that ||g||Li, < 1 and ||¢7!|Lip < 2, where C' > 1 is a universal
constant. By the Kirszbraun extension theorem [Kir34], there exists § : H — R? with
1|1]|ip < 1 and g(x) = g(x) for x € S.

Now, let Z C R? be a compact set which contains N, (Im(g)) (this set is bounded because
S, and hence Im(g), is finite). Let F': RY — Ly be a 1-Lipschitz map satisfying the following.

1. For every x € R, || F(2)]]2 < % = 300.

2. For every x € Z,

disty (F(a:), span{F(y)}yeZ\B(LTﬂ)) > = 4. (18)

Such a map follows immediately from the definition of h(:) after scaling by 7/4. Finally,
define ¢ : H — Lo by p(x) = F(g(z)). We now make the following observations.

L lellip < [FlLip - [19]|uip < 1.
2. For every x € H, ||¢(x)]|2 = [|F(g(x))]]2 < 300.
3. For every z € S,
dists (gp(a:), span{p(y) : y € N3o5(S) \ B(z, T)}) >0

To see this, fix © € S, and suppose that y € N3ps(S) \ B(x,7). Let v/ € S satisfy
ly = ¢/lla < 306. Then clearly [|g(y) — 9(¢')ll2 < lly — ¥/lx < 7, implying that
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g(y) € N.(Im(g)) C Z. Furthermore,

19(x) = gl = 19(x) = 32 = 19(y) — 3|2
Y (19
> 3l =yl —lly —y'llz) — 30
> 7/2—456 > 7/4, (20)

where in (19), we use the fact that ||¢g7"||Li, < 2, and in (20), we use the assumption
that h(d) > 50.

To finish, write
dists (ip(x), span{p(y) : y € Naos(S) \ Blz,7)})
= dists (F(3(x)), span{ F(3(y)) : y € Naas(S) \ B(z,7)})
> disty (F(3(x)),span{F(y) : y € Z\ B(§(x),7/4)}) =6,

where in the final line, we use the fact that for every y € N3o5(S) \ B(z,7), we have
shown above that g(y) € Z \ B(g(x),7/4), and to finish we have employed estimate
(18).

O
Now we can finish the proof of Theorem 1.4.

Proof of Theorem 1.4. Suppose that h(d) < C - d® for some constant C' > 1 and & > %, and
let X C Ly with | X| = n. In this case, applying Lemma 4.1 to a subset S C X and a value
7 > 0 yields a 1-Lipschitz map g, : X — Lo satisfying [|1s-(z)|l2 < 30057 and

disty (1#577(56), span {1 (y) : y € Napser(S) \ B(:L‘,T)}) > 0gT

for € S, and some dg > 1/O(log|S|)°. Applying Theorem 3.2 to this ensemble of maps
shows that rigidity(X) < O(logn)® log log n. O

Applying Theorem 1.4 with the result of Theorem 1.5 immediately yields our desired
bound.

Corollary 4.2. For any n-point subset X C Lo, rigidity(X) < O(y/lognloglogn).

4.2 Optimal bounds for constant values of k

Now we prove Theorem 1.2. In fact, we prove a slightly stronger estimate (see the beginning
of Section 3 for the definition of rigidity_,). We recall that for k£ = O(1), the theorem is
optimal up to a universal constant since rigidity,(P,) > c(P,) > Q(v/Iogn) where P, is
the path metric on an n-point path [DV01, KLMO04], and clearly rigidity_,(P,) = co(P,) = 1.
(Map the kth point of P, to (k,£) € R? and let £ — oo. The rigidity goes to 1.)
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Theorem 4.3. For any n-point subset X C Ly, we have rigidity ,(X) < O(y/logn(log k)'/*).

Proof. We may clearly assume that X C R". Let Pn,d : R* — R? be a projection onto
a random d = O(log k)-dimensional subspace, let P, 4 = \/g . Pmd, and let Z, 4 C R? a
compact set such that P, 4(X) C Z,q. Let Fy, : R? — L, be a random 1-Lipschitz map
satisfying the following conditions for some 55 > § > 1/ O(Vd).

1. For every x € R?, || Fy,(z)|]2 < 3067 < 7.

2. For every z € Z,, 4,

dist (Fd,T(x), span{Fd,T(y)}yeznﬁd\B(%T/A‘)) > 0T.

The existence of such a map follows from Theorem 1.5. (For those worried about
measurability, note that since X is finite, we may actually choose a finite collection of
projections Pé’l,z, . ,PXZ) in the arguments that follow. In fact, N = O(logn) suffices;
see [JL84, MS86]. In this case, choosing a random projection consists of choosing some

PS,)C uniformly at random.)

Observe that for every @ € X, Fy.(P,q(x)) is an Lo-valued random variable. Let H
be the Hilbert space of Ls-valued random variables over the probability space on which
{Fy.(P,a(x))}sex is defined, equipped with norm [|[X||gz = /E|[X|3 We define ¢, :
X — H by ¢.(v) = Fyr(P,a(x)). First, we have, for every z € X, ||[¢-(x)||g < 7T since
| Far(y)|l2 < 7 for every y € RY. Secondly, for z,y € X,

107 () = -WE = EllFar(Poa() = Far(Poa(y)ll3
< E”Pn,d(x) _Pmd(y)Hg
= |z —yl3,

implying that |1, ||Lip < 1.

Now, fix x € X, and consider any subset S C X with |S| = k. From [JL84], by choosing
d = O(logk) large enough, we know that with probability at least % over the choice of
P,q:R" — R% we have, for every y € S, ||Pya(x) — Paa(y)ll2 > ||z — y||o. Call this event

Ers. It follows that

2
diStg (@ZJT (flf), Span{@br (y)}yGS\B(fE»T)>

= E |:di$t2 (Fﬂd(Pn,d(x)), span{FT,d(Pn,d(Z/))}yeS\B(w,7)>2]

2
> 4 [dists (Fra(Prale) span{ P Pra) st [ ns]

v

2
sE [diStz <Ff,d(Pn,d($)), Spaﬂ{FT,d(Z)}zezn,d\B(Pn,d(a:),TM)>

1¢2 2
5(57’,

gx,5:|

v

23



where the penultimate line follows from the fact that, conditioned on &, 5,y € S\B(z,7) =
P,ily) € Z\ B(P,4(z), 7/4). We conclude that

O(logk)’

Applying Theorem 3.1 to the ensemble {¢, : X — Lo}, >0, with A ={S C X :|S| <k}, we
conclude the existence of a map ¢ : X — Ly with rigidity,(¢) < O(vIogn(logk)/*). O

disty (%(x)a Span{¢7(y)}y€S\B(x,r)> >

4.3 Discussion

We remark that to prove r5(X) < O(y/log|X|) for any finite subset X C Lo, it suffices to
show the existence of the following ensemble of maps. For every 7 > 0, there should exist a
1-Lipschitz map v, : X — Ly satisfying both |4, (x)||2 < O(1)7 for all z € X, and

dist; (Zﬁr(ﬂf), Span{¢7(y)}y€S\B(z,r)) >

.

Q1) -
o 1+ log Baanl’
+ 108 [B(z57)]

for every x € X, and with a > 3 > 0 two fixed constants. One may now apply Theorem 3.5
to finish.
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