
CSE P531: Computability and Complexity Theory (Spring, 2016) 
Homework 1             Out: Wednesday, 30-Mar.  Due: Friday, 8-Apr (9pm in the Dropbox) 

 

 

Instructions:   
 

Your proofs and explanations should be clear, well-organized and as concise as possible. 
 
You are allowed to discuss the problems with fellow students taking the class.  However, you must write 
up your solutions completely on your own. Moreover, if you do discuss the problems with someone else, 
I am asking, on your honor, that you do not take any written material away from the discussion. In 
addition, for each problem on the homework, I ask that you acknowledge the people you discussed that 
problem with, if any. 
 
Most of the problems require only one or two key ideas for their solution – spelling out these ideas should 
give you most of the credit for the problem even if you err in some finer details. So, make sure you clearly 
write down the main idea(s) behind your solution. 
 
A final piece of advice:  Begin work on the problem set early and don’t wait until the deadline is only a 
few days away. 
 

  



1. Programming a Turing machine (for the first and last(!) time) 
 

Give a full and detailed description (including a complete description of the transition function) of a 
single-tape Turing machine with the following behavior:  The input is a number written binary.  If the 
input corresponds to the number 𝑛, your Turing machine should move the tape head to the 𝑛th location 
and enter the accept state. 
 
 

2. Cardinality of solutions to integral quadratic equations 
  

Let 𝑄 be the set of complex numbers 𝑧 such that 𝑎𝑧2 + 𝑏𝑧 + 𝑐 = 0 for some integers 𝑎, 𝑏, 𝑐.  Show that 
the set 𝑄 is countable. 

 
 

3. Cardinality of infinite strings over a finite alphabet 
 
Suppose that Σ is a finite alphabet.  Consider the set Σℕ of all infinite strings over Σ.  These are infinite 
sequences 𝑠1𝑠2𝑠3 ⋯  such that 𝑠𝑖 ∈ Σ for every 𝑖 ∈ ℕ. 
 

When is Σℕ countable?  When is it uncountable?  Prove your answers. 

 
 

4. Decidability under concatenation 
 
Suppose we have a finite alphabet Σ and a language ℒ ⊆ Σ∗.  In this case, we can define another language 
 

ℒ∗ = { 𝑤1𝑤2 ⋯  𝑤𝑘 ∶  𝑤𝑖 ∈ ℒ for 𝑖 = 1,2, … , 𝑘 and some 𝑘 ∈ ℕ } 
 
Prove that if ℒ is decidable, then so is ℒ∗. 
 
Note that the notation 𝑤1𝑤2 refers to concatenation of the two strings 𝑤1, 𝑤2 ∈ Σ∗.  For this problem, 
you can describe the behavior of your Turing machine using pseudocode (see Section 3.3 of Sipser). 

 

  



Extra credit problems (three problems) 

 
1. Does there exist a way to draw an uncountable number of ‘B’s in the plane such that none of them 

intersect?  (Here you may assume that the line segment and the two “bumps” are simple one-
dimensional curves.  The copies can be rotated or scaled.)   If so, give a recipe for drawing them!  
If not, provide a proof that no such drawing exists. 

 

 

 

 

 
2. Show that every infinite Turing-recognizable language has an infinite decidable subset.  (You will 

need to consult Sipser, Chapter 3 for the definition of Turing-recognizable.) 
 

3. Let 𝐶 be a language.  Prove that 𝐶 is Turing-recognizable if and only if there is a decidable language 

𝐷 such that 𝐶 = { 𝑥 ∶ there is a string 𝑦 with 〈𝑥, 𝑦〉 ∈ 𝐷 } 


