
Chapter 2 .

Elementary asymptotics
Vdv Chap -2 and 3

.

Setup {Xi, Xu - - - . An , - - i }

Xi i Cr .# , P)→ (IR d.931Rd1)

Def [ as,& in prob]
A-Si P( him Nn - ✗ 11=0) = 1
in n→•

II
for P- almost everywer,

him llxncw)- Xlw) 11 = o
n→•

Written as Xn ✗

lnpnb=_ V-E > 0 ,
him P ( 11 Xn -✗11 > E) = o
n→ is

written as Xn ✗



Ilm '

(a) If ✗n ✗ and

✗n -% I ,

Then × F

Lii) If XnP→x and

✗n B- IT .

then × Ñ
.

Ciii) Xn , ✗
I

Xn P→ ×

Def [KÉ, convergence in aliso .]

An Rd_ valued RV Xn is said weakly converge
to (some RV) ×

if tf bounded continuous fame ,
find ↳ IR

we have

E-[ f- ( Xn )]⇒ E-[fix)]

We write Xn⇒ ✗

( xnᵈ→ × , ink, ✗In



Tim , [ Portmanteau]

Consider [ Xn] to a seq . of RVs ,
and ✗ to be one RV .

The following are equivalent .

( i ) V-b. c. time f- ,

E- [flint] E-[f-(XD

(ii) tcon-IEE.tt/RdofP(✗≤ .)
pcxn ≤ e) EE PC ✗≤e)

Liii)
i.
(✓¥)

Lecture note

(IX) Levy's continuity theorem i

ft c-Rd ,
E- [expli.ttXn )]

"

E- [exp ( i. E'xD

(X) Cramer- Wald device

tee IRD
,

ti Xn ⇒ tix .

[ Proof left to us ]



Tim , ( identifiersility )

if Xn ⇒ × & Xn⇒ * ,

then ✗ =ᵈÑ
'

cant

-1hm C Continuous mapping Them .)

consider
gird→ Rm

sit . g is continuous ( no need differentiable likeab)
only on support of ✗ .

Then
(E) Xn ⇒ ✗ uinply qcxn) ⇒ gcx)

cii) Xn#✗ implies gcxn) P→ glx)

Liii) Xn ✗ implies g ( Xn) gcxj

Liv) if Xn⇒ ✗ and
"

7 a couple of {Xn} , {Yn } se,
11 Xn -Yn 11 P→ 0

"

then
yn ⇒ ×

(v) If Xn⇒✗ and YnP→ e

Then (Xn/ Yn) ⇒ (X, c)

Proof = Left to us,



-1hm , ( Slutsky -1hm ,)

{✗n } is IRD - valued seq of RVs ,
and Xn⇒ × .

Li ) If {Yn } is IRd- valued sea of RVs sit ,
lYÉ ,

then

✗n+ Yn ⇒ ✗+ o

Lii) tf EYn} is Rd_ valued seq . sa ,
Yn -7 e-

Yn - Xn ⇒ c. ×

Liii) if { Yn } is -
-
- -

-

- sit , YnP→eCc≠d,
then

x⇒ ⇒ %

Proof i CMT .



LLN & CLT
←
fixed

If ✗i. in , ✗n Éᵈ P of support in IR

then
①
if TE[XD <is

(WUN) In ↳ Ep [ X]

(SLLN) In É Erp [ ×]

② if E-[ ✗i] <°
,

then

(CLT) rñ( In - Ep[✗3)⇒ NCO > Varp [×])

Examples [ Asymptotic Normality of t-statistics]
ASN

"
Xi , Kim,XnÉᵈ P sit , Ep [ ✗F) < b

"

[ñ;nEt] ← In

where Sn?# ¥,
( Xi - In 12

Goal : rn Én ⇒ No , 1)

Proof i C.Ltt Slutsky
which is the CLT .

①
rn
É ⇒ v10 , 1)
0

[ : = Varp [×]]



② If 015N 1
, we are done .

On equivalently [← think about why ]

Sn
≥ P→ C CMT)

③
NTS "

9,2 02

Sn
≥
=# ¥

,

[ ✗ i - In]
2

= 'ÉÉ ,

✗ i - n x-p]
= nⁿ⑦H]÷Éi-]

P ↓ WLLN ↓WLLN-1cm -1

Sn
-P→ ¥ . [Ep[✗

2

] - [Epl✗1)
2]

"

VarpEX]

We have shown

5h2 warp [X]

Qi How fast is Sriconverging to Varpl XD ? ??

Ai ln shore, under E-[X
"] < is

,

Srt is converging to var in

¥ rate .



Def [Big-0 and small- o]

Consider [xn3n? , and {rn }%
to be 2 IR- valued Seg, of fixed numbers .

a) Xn=O(rn ) it

limsup /¥ / < Pn→ is

Cii ) Xn= ◦ ( rn) ilf

limsup /≈- / = ◦
(translate nosing e-g)

n →is

Def [ Big - Op and small- op]

Consider {2*4} and { Rn } to be

2 seq of IR- valued RVs .

Ii) Xn = Op ( Rn ) it HE > 0,

7 some AA≥ Me > 0 sit ,

limnf P[ I Xnl ≤Me - I Rnl] > 1- E
Lii) Xn= opcRn ) ett VM > 0

,

y•P( I Xnl ≤MI Rn 1) = I



[ Good exercise ]
Xn = op(1)⇔ ✗n F- 0

Remade we can extend the above def , to Bed .

-1hm [ Prokhorov] Consider { In } to be

a seq . of Rd- valued RVs .

Li ) tf Xn⇒ (some ) ✗ , then

✗n= Op (1)

Lii ) If ✗n = Op(1) , then 7 a subsea

[ nj] of [ n ]

✗a; ⇒ (some 1 ×

[ If Xn= Opc1) , we say Xn isuniformly tight ]

Tbm
,
[ Operations on Op C.) and op c.)]

( i) Op (1) • Op (1) = Op (1)

i

i



-

Example [ sample mean]
Xi , - i. , Xn Ed p

Ep [ ✗
2 ] < no

⇒ Tn ( In - Ep [×] ) ⇒ NC 0
,
07

⇒ rncxi-T-p-xp-fojij.fm
⇒ In - Epix] = Op [Yrn]

= Op C 1)

Ex . [sample variance]
Xi , _ _ . . ✗n Ed p

E-p [ ✗
4] < D

¢
Yn : = 'n-É

,

✗it

Sri = # ( Yn - In 2)
⇒ Yn = Ep [✗

2] -1 Opcilrn)

Ñn = Ep[ ×] -1 Op C Ka)

⇒ In
≥
= [ Ep (X)]

2

+ Op Cbrn)

⇒ Sn? (1+0-14)) ( Ep ( X2 ) - p (xD?Op (Yrn))
⇒ Snk Varp(X ) + OpCn✓,

don't necessary best .

Op i Stochastically bounded . Bert : minimax rate of convergence



-hLm[ Rd- CLT]
Hi , - - i. Xn Éᵈ P supported oriented

E-pill/1) < is
⇒ rnlin -m ) ⇒ v10 . E)
A- EX - E= Cortex]

= E-[4-µ) - (XM)
-1 ] c-Rᵈ×d

Proof Cramer- Wald device 1- 1RʰeLT

We have Ft c-Rd,

rnfixn - t.tn ) ⇒ NCO , -6-2-4
1-

n÷ÉlEXi )

ThmiLindeberg -Teller -1hm . ]

Setup = Trasingrlar - array ,
nil Xii

n =2 ✗21 ✗22

n =3 ✗31 ✗32 ✗33

i.

n= n ✗ ni 11ns - -
- Xnn



① 9Xn, i =i=1 , . . . .3 are R-valued and indep
mutally.

② Mui i=ECXn=7 <0, (May not identically distributed
On= Var [ Xni] <0.

Then, define
Pretty stain it- very largesmall

③Lindberg cord."

vaco.YECY.AQMn=17,33]
Then,

Yui -> N10, 11



Goal today:Asymptotic Normality ofOLS.
Often random design can be truncted down

Thm. [ASN for simple (R under fixed designto
tR -ASetup: YI=BEASTYRRs
" ne p ↑

response coef, covariates random noise

Es are II with Eqi" < 0.

Remark =Yi = Y* Cor Yri) didn
-

Goal: to derive a necessary & sufficient cord,
for -

Do== (XnTNn)"XnTY with

I .... 1. T

An= ( X, XC ..- Xn ( -A
"* (d+1)

to be ASN.

Bap)
-M10.Id)

~ i =olnaFil



Claim:Define
H =(HM) = NnCAnTXn)"XnT

=

It" i:::t IHa, Hr. ... Han
with I's called the leverage score

for the j-th sample point.

Then, the "iff" cord, for ASN of On is
max Hi"*, o
= =1, . . . .

Proof Cramer-Wold
-

1 - F*CLT

D" + ( Dominated convergence Thm.)
① Bn =

$
+ (nTxn)"XnT
~.
=

),"),



② B-B= An)"XnT
-

CXnTXn)'* (P.-B) = CXnTXn)"YXnTS
(p.-B)=."MnTan

O

WLOG, we can assume 0= 1,

var (20)
⑤ Define

Uni:= inth column of
CXnTAnDIR XnT

(Please verity (anili= Hii)

⑦ HtERLOdT.,Caucane. anin
=2 Itanil

1 in the L-FCLT



⑤ Define

On== Var) (t+ ani) 31)
- Itt@ne]"1

on" - on."
&I

· Ittani)
"

It Ik
please verity

⑥ Define

End-Fani)e
CnceFand.

EYSEn." 191ZniKs, 23]
plug
S

In
- out.Eltiani)"Fiss". Asltian: 1:(zelIOn 27

1It152
)

I oit. max ECS.15--.3]cttanas"
↑ = 1, . ... U ↓1 +112

=man Isis."i



Goal: can dragler inside using DCT.
=ll+Illanil)

↓ " max ECar: 19/12130n.2]mem

a max ECE:"ACL ani(121> rr-33]

max ECS:
"Adllqnill (31c, 23]

== 11qn:11)
⑦ If max His so as -0.

=,. .. .

CNTis max 1qnill->0.
c =1,. . . ..

Lastly, since

:"A93<s," and EE,"u

ADCT

emEC.] = E (tm.] = 0

To ↓
sufficient.

i



Chap 2.6 fetea Method (Multi-variace]
X1. ... in id Po.tQP0:09]

allowed to bemulti-
or infinite-dimensional

Fi* - Rd

EEopocommmniisthecpFofs
in

to is just the population mean

Unit an estimator of 4 GIRd

Assume 7aseg In/D, sit,

(*) Uultr -Ho)-xawell-definedisapid.



eg: to
=Epo. [s]

Pr=+No
Un = n

as long as Eposti.)CO,

= (4n -to) *N(0.27, c0r(X)

1:Suppose () is true, and we have

fild-IR.
is "smooth enough". Then what is the
limit of
Ctn)-flto) ???

A: It depends on the smoothness cord,
Assume 7 of 10) at to sit,

(**) Sim sup
f(o)-3Ch,Sf14) to

<To held
IHIEA



emark "sup" is "uniform convergence"

(**) is true if
(i) f is partially differentiable surrounding to i

(ii) the partial derivatives are cost at to

Thm. [Multi-Delta] Suppose (*). (**) are true,
Then

(i) fC4n)-f10) - <4n-to, >f140)>

slui*))= opcr,s
W
(ii) In (f14n) -f1401) - <2, 5f1401)

#(I) -> (vi)

(i) (**) +(*) + Prokhoror + CNT

him sup
f(o)-3Ch,Sf14) to

<To held
IHIEA

5"Top fundamental tricks in March Stats"



If (4n)-fC40) -<n-tn,xf140K /
= If (Potantal - flo) - In Jha, $f10K /

=11 4n-4olla

CnixSIto, if ande
Ihnll =1 aslong as Into

Sup/flot Ent) - f14o)
hillfll=1

- En <h, 5A140) > 1

= En. 9(2n)

with gistS
sup

1h)-fIdolfora
"Ell-

8.20,

By (**, g is cost, at0,

It remains to show

Englan) = Op (Url)

(i) Prok over

In 14r-Ho) -2
H

In = Op (raY



(ii) Since g is cost, at 0 and

En = 0p(1)
*CMT

9 (G)
= 0p(1)

(ii) Eng)(n) = 0pCrat) op(1)
=opCra" (

I

The most general version:

f = RRdRP, PC2. smoothness
cord,

***iscalleddifferentautofox-11=0=o halted

11211-]

for a RIRd Jacobian matrix If.



Thm, (Multi-Delta, RdRP)
Thm. 2.6.3 in Lest2 proof,

Ex. [Relative risk)
E90, 13

x=(T,Y) Y is usually
↑ A ↑ dependent on T.

data treatment outcome

&id
Data (XI,X2, .. . . Xn) - X

Ho is to [YT7
=4o,

&

S #oo[Y(1-T] ( -R
=Po,2

relative risk:=
40,2

To estimate RRI
YE, YiTi

Yo &

↑ S-YILITa))
aness ofto calculate

~14n-40) =N(0,2)
Use f = (E12) -f



Verify of satisfies (**) smooth,
N

↑(f14n) - f(40)=>N10,0j)
num

the ess, ofRI


