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Abstract

Motivation: Clusteringis a useful exploratory technique for
the analysis of gene expression data. Many different heuris-
tic clustering algorithms have been proposed in this context.
Clustering algorithms based on probability models offer a
principled alternative to heuristic algorithms. In particular,
model-based clustering assumes that the data is generated by
a finite mixture of underlying probability distributions such
as multivariate normal distributions. The issues of selecting
a “good” clustering method and determining the “ correct”
number of clusters are reduced to model selection problems
in the probability framework. Gaussian mixture models have
been shown to be a powerful tool for clustering in many ap-
plications.

Results: We benchmarked the performance of model-based
clustering on several synthetic and real gene expression data
setsfor which external evaluation criteriawere available. The
model-based approach has superior performance on our syn-
thetic data sets, consistently selecting the correct model and
the number of clusters. On real expression data, the model-
based approach produced clusters of quality comparableto a
leading heuristic clustering algorithm, but withthe key advan-
tage of suggesting the number of clustersand an appropriate
model. We also explored the validity of the Gaussian mixture
assumption on different transformations of real data.
Availability: McLusT is available at
http: //mww.stat.washington.edu/fral ey/mclust. The soft-
ware for the diagonal model is under development.
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1 Introduction and Motivation

DNA microarrays offer the promise of studying the variation
of many genes simultaneously. Researchers have generated
largeamounts of geneexpression data, but thereisagreat need
to develop analytical methodology to analyze and to exploit
thisinformation (Lander, 1999). Because of the large number
of genes and the complexity of biologica networks, cluster-
ing is auseful exploratory technique for the analysis of gene
expression data.

A wide range of clustering algorithms have been proposed
to analyze gene expression data, including hierarchical clus-
tering (Eisen et al., 1998), self-organizing maps (Tamayo
et al., 1999), k-means (Tavazoie et al., 1999), graph-theoretic
approaches (for example, (Ben-Dor and Yakhini, 1999) and
(Hartuv et al., 1999)), and support vector machines (Brown
et al., 2000). Success in applications has been reported for
many clustering approaches, but so far no single method has
emerged as the method of choicein the gene expression anal-
ysis community. Most of the proposed clustering algorithms
arelargely heuristically motivated, and theissues of determin-
ing the “correct” number of clusters and choosing a “good”
clustering algorithm are not yet rigoroudy solved. (Eisen
et al., 1998) and (Tamayo et al., 1999) used visua display to
determine the number of clusters. (Yeung et al., 2001b) sug-
gested clustering the data set leaving out one experiment a a
time and then comparing the performance of different cluster-
ing algorithmsusing the left-out experiment. The gap statistic
(Tibshirani et al., 2000) estimates the number of clusters by
comparing within-cluster dispersionto that of areference null
distribution. However, in the absence of awell-grounded sta-
tistical modd, it seems difficult to define what is meant by a
“good” clustering algorithm or the “right” number of clusters.

Clustering algorithms based on probability modd s offer a



principled alternative to heuristic-based algorithms. In partic-
ular, the model -based approach assumesthat the datais gener-
ated by afinite mixtureof underlying probability distributions
such as multivariate normal distributions. The Gaussian mix-
ture model has been shown to be a powerful tool for many ap-
plications(for example, (Banfield and Raftery, 1993), (Celeux
and Govaert, 1993), (McLachlan and Basford, 1988)). With
the underlying probability model, the problems of determin-
ing the number of clusters and of choosing an appropriate
clustering method become statistical model choice problems
((Dasgupta and Raftery, 1998), (Fraley and Raftery, 1998)).
Thisprovidesagreat advantage over heuristic clustering algo-
rithms, for which thereis no established method to determine
the number of clusters or the best clustering method. Details
of the model-based approach and the mode! sel ection method-
ologies are discussed in Section 2.

Since the model -based approach isbased on the assumption
that the data are distributed according to a mixture of Gaus-
sian distributions, we explored the extent to which different
transformations of gene expression data sets satisfy the nor-
mality assumption. Dueto space limitations, datatransforma-
tions and normality tests are summarized in Section 5.2, and
described in (Yeung et al ., 2001a) and our supplementary web
site.

In Section 5, we show that the exi sting model -based cluster-
ing implementations produce higher quality clustering results
than a leading heuristic approach when the data is appropri-
ately transformed. The existing model-based clustering meth-
odswere designed for applicationsother than gene expression,
and yet they perform well in this context. We therefore feel
that, with further refinements specifically for the gene expres-
sion problem, the model-based approach has the potential to
become the approach of choice for clustering gene expression
data

Our contributions include demonstrations of the potential
usefulness of the model-based approach by testing the Gaus-
sian mixture assumption for different transformations of ex-
pression data, applying existing model-based clustering im-
plementations to both real expression data and synthetic data
sets, and comparing the performance of different models of
model-based approach to aleading heuristic-based a gorithm.

2 Model-based clustering approach
2.1 The model-based framework

The mixture model assumes that each component (group) of
the dataisgenerated by an underlying probability distribution.
Supposethe datay consist of independent multivariate obser-
vationsys,yz, ..., ya. Let G bethe number of components
in the data. The likelihood for the mixture model is

G
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where f;, and 0y are the density and parameters of the kth
component in the mixture, and r, is the probability that an
observation belongs to the kth component (-, > 0 and
Zszl T — 1)

In the Gaussian mixture model, each component % is mod-
eled by the multivariate normal distribution with parameters
1 (mean vector) and X, (covariance matrix):
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Geometric features (shape, volume, orientation) of each
component k£ are determined by the covariance matrix .
(Banfield and Raftery, 1993) proposed a general framework
for exploiting the representation of the covariance matrix in
terms of its eigenval ue decomposition

Y = A Dy A DY (3)

where Dy, isthe orthogonal matrix of eigenvectors, A isadi-
agona matrix whose elements are proportional to the eigen-
valuesof X, and Ay isascaar. Thematrix D;, determinesthe
orientation of the component, A;, determinesitsshape, and A
determinesitsvolume,

Allowing some but not al of the parametersin Equation (3)
to vary results in a set of models within this general frame-
work that is sufficiently flexible to accommodate data with
widely varying characteristics. In this paper, we consider
five such models, outlined below. Constraining Dy, Ay DY to
be the identity matrix I corresponds to Gaussian mixturesin
which each component is spherically symmetric. The equal
volume spherical model (denoted El), which isparameterized
by X = A, represents the most constrained model under
thisframework, with the smallest number of parameters. The
unequal volume spherical modd (VI), X = Agl, adlows
the spherical components to have different volumes, deter-
mined by a different A;, for each component £. The uncon-
strained model (VVV) dlows all of Dy, Ar and A to vary
between components. The unconstrained model has the ad-
vantage that it is the most general model, but has the disad-
vantage that the maximum number of parameters need to be
estimated, requiring relatively more data pointsin each com-
ponent. There are arange of eliptica modelswith other con-
straints and fewer parameters. For example, with the param-
eterization ©;, = ADADT, each component is dliptical, but
all have equal volume, shape and orientation (denoted EEE).
All of these models are implemented in McLUST (Fraley and
Raftery, 1998). (Celeux and Govaert, 1995) also considered
themodel inwhich X, = A; By, where By, isadiagona ma-
trix with | Bx| = 1. Geometrically, the diagonal model cor-
responds to axis-aligned elipticad components.  In the ex-
periments reported in this paper, we considered the equal vol-
ume spherical (El), unequal volume spherical (VI), EEE and
unconstrained (VVV) models as implemented in MCLUST
(Fraley and Raftery, 1999), and the diagona model asimple-
mented by (Muruaet al., 2001).



In both the McLuUST implementation and the diagona
model implementation, the desired number of clusters G is
specified, and then the model parameters (¢, py, and Xy ap-
propriately constrained, for 1 < %k < () are estimated by
the EM dgorithm. In the EM algorithm, the expectation (E)
steps and maximization (M) steps alternate. 1n the E-step, the
probability of each observation belongingtoeach clusterises-
timated conditionally on the current parameter estimates. In
the M-step, the model parameters are estimated given the cur-
rent group membership probabilities. When theEM agorithm
converges, each observationis assigned to the group with the
maximum conditional probability. (The conditional probabil-
ities from EM provide a “soft clustering,” since a data point
may have nonzero probability of belongingto severa clusters
at once, but we do not pursueany analysisthat usesthisinfor-
mation here)) In the clustering context, the EM algorithm for
mixturemodelsisusudly initialized with amodel -based hier-
archical clustering step (Dasguptaand Raftery, 1998), (Fraley
and Raftery, 1998).

The classical iterative k-means clustering algorithm, first
proposed as a heuristic clustering a gorithm, has been shown
to bevery closely related to model-based clustering using the
equa volumespherical model (El), as computed by the EM al-
gorithm (Celeux and Govaert, 1992). K-means has been suc-
cessfully used for a wide variety of clustering tasks, includ-
ing clustering of gene expression data. Thisisnot surprising,
givenk-means' interpretationasaparsimoniousmodel of sim-
pleindependent Gaussians, which isadeguate to describe data
arising in many contexts. However, there are circumstances
inwhich themodel underlying k-means may not be appropri-
ate. For example, the unequal volume spherical modd (V1)
would make more sense if some groups of genes are much
more tightly co-regul ated than others. Similarly, the diagonal
model also assumes that experiments are uncorrel ated, but al-
lowsfor unequal variancesin different experiments, as might
be the case in a stress-response experiment or atumor/normal
comparison. We have aso observed considerable correlation
between sampl esin time-series experiments, coupled with un-
equa variances. One of the more genera eliptica models
may better fit the data in these cases. One of the key advan-
tages of the model-based approach is the availability of ava
riety of models that distinguish between these scenarios (and
others). However, there is a tradeoff in that the more general
model's require more parameters to be estimated. 1n the worst
case — that of allowing the orientation to vary between clus-
ters— thereare O(p?) parameters to be estimated per cluster,
where p isthe number of experimentsinthedata. Another key
advantage of model-based clustering is that there is a princi-
pled, data-driven way to approach the latter problem. Thisis
the topic of the next subsection.

2.2 Modd sdlection

Each combination of a different specification of the covari-
ance matrices and a different number of clusters corresponds
to a separate probability model. Hence, the probabilistic
framework of model-based clustering alows the issues of
choosing the best clustering algorithm and the correct number
of clustersto be reduced simultaneously to a model selection
problem. Thisisimportant because thereisatradeoff between
probability mode (and the corresponding clustering method),
and number of clusters. For example, if one uses a complex
model, asmall number of clusters may suffice, whereasif one
usesasimplemodel, one may need alarger number of clusters
to fit the data adequately.

Let D be the observed data, and M; and M, be
two different models with parameters ¢; and 6, re
spectively. The integrated likelihood is defined as
p(D|Mk) = fp(D|9k,Mk)p(9k|Mk)d9k where k = 1,2
and p(f;|My) is the prior distribution of §;. The inte-
grated likelihood represents the probability that data D
is observed given that the underlying model is M. The
Bayes factor (Kass and Raftery, 1995) is defined as the
ratio of the integrated likelihoods of the two moddls, i.e,
Bis = p(D|M7)/p(D|Ms). Inother words, the Bayes factor
Bio represents the posterior odds that the data were dis-
tributed according to model M; against model A5 assuming
that neither model isfavored apriori. If Byis > 1, modd M,
isfavored over M,. The method can be generalized to more
than two models. The main difficulty in using the Bayes
factor isthe evaluation of the integrated likelihood. We used
an approximation called the Bayesian Information Criterion
(BIC) (Schwarz, 1978):

2log p(D|My) ~ 21og p( D\, My,) — vy log(n) = BIC}
(4)
wherevy, Lsthe number of parametersto be estimated in model
My, and 8, isthe maximum likelihood estimate for parameter
fy. Intuitively, thefirst term in Equation 4, which isthe maxi-
mized mixturelikelihood for the model, rewards amodel that
fitsthe datawell, and the second term discourages overfitting
by penalizing models with more free parameters. (Theformal
derivation of the BIC approximation does not rely on thisin-
tuition.) A large BIC score indicates strong evidence for the
corresponding model. Hence, the BIC score can be used to
compare model swith different covariance matrix parameteri-
zations and different numbers of clusters. Usually, BIC score
differences greater than 10 are considered as strong evidence
favoring one model over another (Kass and Raftery, 1995).

2.3 Prior Work

We are aware of only two published papers attempting model -
based formulations of gene expression clustering. (Holmes
and Bruno, 2000) formulate amodel that appearsto be equiv-
alent to the unconstrained model defined above. (Barash and



Friedman, 2001) define amodel similar to the diagonal model
above. The main focus of both papersisincorporation of ad-
ditional knowledge, specifically transcription factor binding
motifs in upstream regions, into the clustering model, and so
do not consider model -based clustering of expression profiles
per se in the depth or generality that we do. Our results are
complementary to those efforts.

3 Data sets

We used two gene expression data sets for which externa
evaluation criteriawere available, and three sets of synthetic
data to compare the performance of different clustering algo-
rithms. We used the term class or component to refer to a
groupintheexterna criterion. Theword cluster refersto clus-
ters obtained by a clustering algorithm.

3.1 Geneexpression data sets

Ovary data: We used a subset of the ovary data obtained
by (Schummer et al., 1999), (Schummer, 2000). The ovary
data set was generated by hybridizationto arandomly selected
cDNA (clone) library arrayed on nylon membranes. The sub-
set of the ovary datawe used contains 235 clonesand 24 tissue
samples (experiments), some of which are derived from nor-
mal tissues, and some from ovarian cancers in various stages
of malignancy. The 235 clones were sequenced, and discov-
ered to correspond to 4 different genes. These 4 genes were
represented 58, 88, 57, and 32 times on the membrane ar-
rays, respectively. ldeally, clustering algorithms should sep-
arate the clones corresponding to these four different genes.
Hence, the four genes form the four classes in thisdata.
Yeast cell cycle data: The yeast cell cycle data (Cho et al.,
1998) showed the fluctuation of expression levels of approxi-
mately 6000 genes over two cell cycles (17 time points). We
used two different subsets of this data with independent ex-
ternal criteria. The first subset (the 5-phase criterion) con-
sists of 384 genes whose expression levels peak at different
time points corresponding to thefive phases of cell cycle (Cho
et al., 1998). We expect clustering resultsto approximate this
five class partition. Hence, we used the 384 genes with the 5-
phase criterion as one of our data sets. The second subset (the
MIPS criterion) consists of 237 genes corresponding to four
categories in the MIPS database (Mewes et al., 1999). The
four categories (DNA synthesis and replication, organization
of centrosome, nitrogen and sulphur metabolism, and riboso-
mal proteins) were shown to be reflected in clusters from the
yeast cell cycle data (Tavazoie et al., 1999).

3.2 Syntheticdata sets

Since red expression data sets are expected to be noisy and
their clusters may not fully reflect the class information, we
complemented our study with synthetic data, for which the

classes are known. Modeling gene expression data sets is
an ongoing effort by many researchers, and there is no well-
established model yet. We used the three synthetic data sets
proposed in (Yeung and Ruzzo, 2001). Each of the three syn-
thetic data sets has different properties. By using al three
sets of synthetic data, we hope to evauate the performance
of the model-based approach in different scenarios. The first
two synthetic data sets replicate different aspects the origina
ovary data set. The last synthetic data set models expression
datawith cyclic behavior.

Mixture of normal distributions based on the ovary data:
Each class in this synthetic data was generated according to
amultivariate norma distributionwith the sample covariance
matrix and the mean vector of the corresponding class in the
standardized ovary data (each genein a standardized data set
has mean 0 and standard deviation 1, see Section 5.2 for more
details). A total of 2350 observationswere generated for each
datareplicate. Thesizeof each classinthesynthetic dataisten
times that of the corresponding class in the ovary data. This
synthetic data set preserves the mean vector and the covari-
ance matrix between the experiments in each class, but it as-
sumes that the underlying distribution of expression levelsin
each classismultivariate normal.

Randomly resampled ovary data: In contrast to the pre-
vious synthetic data set, this one preserves the margina em-
pirical distributions of the real ovary data, but not its covari-
ance structure. Specifically, the value for an observation in
class ¢ (where ¢ = 1,...,4) under experiment j (where
j=1,..., 24) wasgenerated by randomly sampling (with re-
placement) the expression levels under the same experiment
Jj in the same class ¢ from the standardized ovary data. The
size of each classin thissynthetic dataset isthe same asinthe
real ovary data. Due to the independent random sampling of
the expression levels from each experiment, any possible cor-
relation between experiments (for example, the normal tissue
samples may be correlated) islost. Hence, the resulting sam-
ple covariance matrix of each classfrom thissynthetic data set
iscloseto diagond.

Cyclic data:  This synthetic data set models sinusoidal
cyclic behavior of genes over time. Classes are modeled as
genesthat have similar peak times (phase shifts) over thetime
course. Let z;; be the simulated expression level of gene ¢
under experiment j, wherei = 1...235and j = 1...24.
Let Tij = (S]' + /\]' * (Ozl' + ﬁzqf)(l,j)), where (f)(l,j) =
sin(252 — wy, + €) (Zhao, 2000). «; represents the average
expression level of gene ¢, which is chosen according to the
standard normal distribution. j; is the amplitude control for
gene:, whichischosen according toanormal distributionwith
mean 3 and standard deviation 0.5. ¢(¢, j) modelsthe cyclic
behavior. Each cycleisassumed to span 8 time points (exper-
iments). Thereareatotal of 10 classes, and  isthe class num-
ber. The sizes of the different classes are generated according
to Zipf’'sLaw (Zipf, 1949). Different classes are represented
by different phase shiftswy,, which are chosen according to the



uniform distributionin theinterval [0, 2x]. The random vari-
able ¢, which represents the noise of gene synchronization, is
generated according to the standard normal distribution. The
parameter A; isthe amplitude control of condition j, and is
simulated according to the normal distribution with mean 3
and standard deviation 0.5. The quantity ¢;, which represents
an additive experimenta error, is generated from the standard
norma distribution. Each observation (row) isstandardized to
have mean 0 and variance 1.

4 Independent Assessment of Clusters

The major contribution of this paper is the demonstration of
the potential usefulness of the model-based approach, both
in terms of the quality of the clustering results and the qual-
ity of models selected using the BIC criterion. We compare
the performance of the model -based approach to CAST (Ben-
Dor and Yakhini, 1999), a leading heuristic-based clustering
algorithm. (Yeung et al., 2001b) compared the performance
of many heuristic-based clustering approaches, including sev-
era hierarchica clustering algorithms, k-means, and CAST,
and concluded that CAST and k-means tend to produce rela
tively highquality clusters. Sincek-meansisclosaly related to
the EM algorithm for the equal volume spherical model (El),
we compared the quality of clusters obtained from the model -
based approach to that of CAST using correlation as the sim-
ilarity metric. A summary of CAST can be found in (Yeung
et al., 20018). In order to assess the clustering results and the
number of clustersinferred by the BIC scores independently,
we used synthetic data sets in which the classes are known
as well as real gene expression sets with external criteria de-
scribed in Section 3.

Measure of agreement: A clustering result can be consid-
ered as a partition of objects into groups. Thus, comparing a
clustering result to the externa criterion is equivalent to as-
sessing the agreement of two partitions. The adjusted Rand
index (Hubert and Arabie, 1985) assesses the degree of agree-
ment between two partitions. Based on an extensive empiri-
ca study, (Milligan and Cooper, 1986) recommended the ad-
justed Rand index as the measure of agreement even when
comparing partitions with different numbers of clusters. In
this paper, we used the adjusted Rand index to assess the clus-
tering results by comparing to the corresponding external cri-
terion.

The Rand index (Rand, 1971) is defined as the fraction of
agreement, i.e., the number of pairs of objects that are either
in the same groupsin both partitionsor in different groupsin
both partitions, divided by thetotal number of pairsof objects.
The Rand index lies between 0 and 1. When the two parti-
tions agree perfectly, the Rand index is 1. The adjusted Rand
index (Hubert and Arabie, 1985) adjusts the score so that its
expected value in the case of random partitionsis 0. A high
adjusted Rand index indicates a high level of agreement be-
tween the two partitions. Please refer to (Yeung et al., 2001a)

for adetailed description of the adjusted Rand index.

5 Resaultsand Discussion

In this section, we show how model-based clustering per-
formed when applied to both synthetic and real gene expres-
sion data. Due to space limitations, only selected results are
shown. Please refer to our supplementary web site or (Yeung
et al., 2001a) for more results. In the model-based approach,
parameter estimation becomes difficult whentherearetoofew
datapointsin each cluster. Asaresult, the BIC scores of some
of the models are not available when the number of clusters
islarge. For example, with the unconstrained model (VVV),
therearep+p(p+1)/2 parametersto be estimated per cluster,
where p isthedimension of the data. With the ovary data, we
havep = 24, so that the number of parameters to be estimated
for the unconstrained model (VVV) is 324, which is greater
than the number of observations (235) in the data set. Even
for themixture of normal distributionsbased on theovary data
with 2350 observations, when the number of clustersisgreater
than 7, the number of parameters to be estimated for the un-
constrained model (VVV) would exceed the number of data
points (2350). Since CAST is an iterative algorithm with a
parameter that indirectly controlsthe number of clusters pro-
duced, the algorithm may not produce a result for every num-
ber of clusters. So, inthefollowing result graphs, not dl data
pointsare available for CAST.

51 Syntheticdata sets

In this subsection, we present results from our synthetic data
sets. In each case, the results presented are the average values
over 10 replicates.

Mixture of normal distributions based on the ovary data:

Figure 1 (top) shows the average adjusted Rand indices of
CAST and four different models using the model-based ap-
proach over arange of different numbers of clusters. The av-
erage adjusted Rand indices reach the maximum at 4 clusters,
with the unconstrained model (VVV), the diagona mode and
CAST having comparabl e average adjusted Randindices. The
spherical models (El and V1) achieve lower quality clustering
resultsthantheelliptica models. Inspection of the covariance
meatrices of the four classes shows that the covariance matri-
ces are dliptical, and the unconstrained modd (VVV) fitsthe
datathe best.

Figure 1 (bottom) showsthe average BI C scores of four dif-
ferent model's using the model-based approach over a range
of different numbers of clusters. The maximum average BIC
scoreisachieved by theunconstrained model (VVV) at 4 clus-
ters, which is the number of classes in this data set. More-
over, thediagonal model produces higher BIC scores than the
spherical models, which is in line with the results from the
adjusted Rand index. Therefore, the BIC analysis selects the
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Figure 1: Average adjusted Rand indices (top) and average
BIC scores (bottom) for the mixture of normal synthetic data

right model and the correct number of clusters on this syn-
thetic data set.

Randomly resampled ovary data:

Figure 2 (top) shows the average adjusted Rand indices
for the randomly resampled ovary data. The diagonal model
achieves clearly superior clustering results compared to other
modelsand CAST. Figure2 (bottom) showsthat theBIC anal-
ysis selects the diagona model at the correct number of clus-
ters (4). Due to the independent sampling of expression lev-
els between experiments, the covariance matrix of each class
in thissynthetic data set is very closeto diagonal. Our results
show that the BIC analysis not only selects the right model,
but a so determines the correct number of clusters.

Cyclic data:

Figure 3 (top) showsthat the average adjusted Rand indices
of CAST and several of the models from the model-based ap-
proach are comparable. This synthetic data set contains ten
classes. The adjusted Rand indices from CAST are higher
than any of the model-based approaches at 10 clusters. In
practice, however, onewould not know the correct number of
clusters, so its performance at the number of clustersthat one
would select isthe most relevant. Furthermore, all of the a-
gorithms show average adjusted Rand indices peaking around
6 or 7 clusters. This set of synthetic data consists of classes
withvarying sizes, with somevery small classes, which can be
problematic for most clustering methodsincluding the model-
based approach (small clusters make estimation of parameters
difficult). In Figure 3 (bottom), the BIC scores of the models
also peak around 6 to 7 clusters, with the EEE model showing
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Figure 2: Average adjusted Rand indices (top) and average
BIC scores (bottom) for the randomly resampled ovary data.

higher BIC scores (there are too few data points to compute
BIC scores for the unconstrained model). Our results show
that the BIC scores select the number of clusters that maxi-
mizesthe adjusted Rand indices, and the quality of clustersare
comparableto CAST at 6 or 7 clusters.

5.2 Data transformations and the Gaussian
mixture assumption

The model-based clustering methodswe havetried all assume
that the data come from a Gaussian mixture. In practice, the
methods are reasonably robust to deviations from this model
(see the results above, for example) but work best when the
data are, or can be transformed to be, nearly Gaussian. Con-
sequently, we tested the validity of the Gaussian mixture as-
sumption for both the ovary data (radiolabeled cDNAs on ny-
lon membranes) and the yeast data (Affymetrix oligo arrays).
We considered both the raw expression values and the data
values after applying each of three commonly used transfor-
mations: logarithm, squareroot, and standardization (wherein
the raw expression levels for each gene are transformed by
subtracting their mean and dividing by their standard devia-
tion).

We used a variety of tests suggested by (Aitchison, 1986)
to assess multivariate normality in each class. As the sm-
plest example, we tested whether the marginal distributions
for any of the experiments deviated from (univariate) normal-
ity. More elaborate tests looked at the angular distribution of
pointsin each pair of experiments and the radia distribution
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Figure 3: Average adjusted Rand indices (top) and average
BIC scores (bottom) for the cyclic data.

of points from al experiments. We aso applied the skew-
ness and kurtosis tests (Jobson, 1991) in which the symme-
try and flatness of the distribution are compared to the normal
distribution. From our results, the square root transformed
ovary data showed relatively lessdeviation from the Gaussian
mixture assumption. For example, athough one of the four
classes failed to satisfy the skewness and kurtosis tests (un-
der all of thetransformations, in fact), and afew of the exper-
iments failed the marginal tests for each class, the square root
transformed datasatisfied al theremaining testsat the 1% sig-
nificance level. For the yeast cell cycle data with both crite-
rig, the log transform satisfied the Gaussian mixture assump-
tion relatively well. For al three data sets, the raw values fit
the Gaussian model poorly, hence suitabledatatransformation
is an important step in analysis of such data. In the interest
of space, detailed results are omitted; please refer to (Yeung
et al., 2001a) or our supplementary web site.

5.3 Geneexpression data sets

Ovary data:

Figure 4 (top) shows that the spherica models (ElI and
V1) and the EEE model produce higher quality clusters than
CAST and the diagonal and unconstrained models at 4 clus-
ters (which is the correct number of classes) on the square
root transformed ovary data. However, the rate of decline of
the adjusted Rand index from CAST is less steep than that
from the model -based approach so that the adjusted Rand in-
dex from CAST is higher than that from the model-based ap-
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Figure 4: Adjusted Rand indices (top) and BIC scores (bot-
tom) for the square root transformed ovary data.

proach when the number of clustersislarge. InFigure4 (bot-
tom), the EEE model hasitsfirst local maximum BIC score at
4 clusters (the correct number of classes), the diagona model
has its global maximum BIC score at 4 clusters, and the BIC
curves of the spherical models (El and VI) show abend at 4
clusters. However, the spherica models (El and V1) at 8 clus-
tersachieve the highest BIC scores. Even though real expres-
sion datamay not fully reflect the class structure due to noise,
the BIC analysisfavorsthe spherical (El and V1) and the EEE
models over the diagona models, which is in line with the
adjusted Rand indices. Furthermore, closer inspection of the
datarevea sthat the 8 cluster solutionselected by BIC analysis
is gtill a meaningful clustering — it differs from the external
criterion mainly inthat thelarger classes have been splitinto 2
or 3 clusters (which may reflect differencesin the constituent
cDNAs, for example).

The results onthelog transformed ovary data show that the
elliptica models produce clusters with higher adjusted Rand
indices than CAST. The BIC curves on the log transformed
ovary dataal so show a bend at 4 clusters (figures not shown).
On the standardized ovary data, the adjusted Rand indices of
clusters produced by EEE and El are comparable to that from
CAST. The BIC curves start to flatten at around 4 clusters
on the standardized ovary data, but the maximum occurs at
around 7 clusters.

Yeast cell cycle data with the 5-phase criterion:

With the exception of the EEE model, al the other mod-
els show considerably lower adjusted Rand indicesthan those
from CAST (Figure 5 top) on the log transformed yeast cell
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Figure 5: Adjusted Rand indices (top) and BIC scores (bot-
tom) for the log transformed yeast cell cycle datawith the 5-
phase criterion.

cycle datawiththe 5-phasecriterion. Figure5 (bottom) shows
that the BIC analysis selects the EEE model at 5 clusters,
which is the number of classes in this data. Although the
model-based approach on this data set produces lower ad-
justed Rand indices than CAST, the BIC analysis selects the
correct number of clusters and a model with relatively high
quality clusters.

Thestandardized yeast cell cycledataset (Figure6) showsa
very different picturefromthelogtransformed data: theequal
volume spherical model (El) achieves comparable adjusted
Rand indicesto CAST at 5 clusters. A careful study of the na-
ture of the data shows that thisis no surprise. The yeast cedll
cycledataset consistsof timecourse data, and so all 17 experi-
mentsare highly correlated (unlikethe ovary data). Visuaiza
tion of thelog transformed data shows that the five classes are
not well-separated, and the data points are scattered along a
line. Hence, the model-based approach cannot easily recover
the class structure. The classes in this data set are based on
peak times of the five phases of cell cycle, and so the classes
capture the “genera patterns’ across the experiments and not
the absolute expression levels of the genes. Standardization
captures this information better than log transformation. In
contrast, CAST uses correlation coefficients as the similar-
ity measure, and correlation captures the “generd patterns’
across experiments even when the data set islog-transformed
(without standardization). Visualization of the standardized
data shows that the data points of each of the five classes are
more spread out and are spherical in shape. Hence, the spheri-
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Figure 6: Adjusted Rand indices for the standardized yeast
cell cycle data with the 5-phase criterion.

cal model (El) captures the class information on the standard-
ized data. The BIC analysis (figure not shown) sel ects model
EEE at 5 clusters.

In addition, we experimented with another data transfor-
mation that captures the “general patterns’ across the exper-
iments. Specificaly, we took the logarithm of the ratio of
the expression level of a gene to the total expression level
of the gene over all experiments, i.e., log(xi;/ S 1, zix),
where z;; is the expression level of gene ¢ under experiment
Jj. Theresults of thistransformation are similar to those from
standardization (figure not shown): themodel -based approach
achieves comparable adjusted Rand indicesto CAST. Hence,
if the god of clustering is to capture the “general patterns’
across experiments and not the absolute expression levels, the
data set should be appropriately transformed to reflect thisob-
jective before applying model-based clustering.

Yeast cell cycle datawith the MIPS criterion:

For theyeast cell cycle datawiththe MIPScriterion, there-
sultsarevery similar to that with the 5-phase criterion: CAST
produces much higher quality clusters than the model -based
approach for log-transformed data (figure not shown). How-
ever, the model-based approach works well on standardized
data—standardization again captures the class structure, and
hence enabl es the model -based approach to recover the class
structure. As with the yeast cell cycle data with the 5-phase
criterion, the equal volume spherical (EI) model produces
comparable adjusted Rand indicesto CAST (Figure 7 top) on
the standardized data. The BIC curve of model El shows a
bend at 4 clusters, which isthe number of classesin thisdata
(Figure7 bottom). However, theBIC analysis selectsthe EEE
model at 4 clusters. Note that although the BIC anaysis does
not select the best mode, it does select the second-best model
and the correct number of clustersin this data set. Further-
more, careful inspection shows that the clustering result se-
lected by the BIC analysis till captures most of the classin-
formation.
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tom) for the standardized yeast cell cycle datawith the MIPS
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6 Conclusions

Summary: With our synthetic data sets, the model -based ap-
proach not only showed superior performance, but aso se-
lected the correct model and the right number of clustersusing
the BIC analysis. On the mixture of normal distribution syn-
thetic data sets, the unconstrained model (VVV) produced the
highest quality clusters and the BIC analysis chose the right
model and the number of clusters. On the randomly resam-
pled synthetic data setswith closeto diagonal covariance ma-
trices, the diagona model produced much higher quality clus-
ters, and the BIC analysis again selected the right model and
the correct number of clusters even though the synthetic data
sets showed considerabl e deviation from the Gaussian mixture
assumption. On thecyclic data sets (which showed significant
deviations from the Gaussian mixture assumption and con-
tained very small classes), we showed that the model-based
approach and CAST (aleading heuristic-based approach) pro-
duced comparable quality clusters, and the BIC andysis se-
lected the number of clusters that maximized the average ad-
justed Rand index.

We aso showed the practicality of the model-based ap-
proach on real gene expression data sets. On the ovary data,
the model -based approach achieved dlightly better resultsthan
CAST, and the BIC analysis gave a reasonable indication of
the number of clustersin the transformed data. On two dif-
ferent subsets of the yeast cell cycle datawith different exter-
nal criteria, the equal volume spherical model (El) and EEE

model produced comparableresultsto CAST on the standard-
ized data. The BIC scores from the EEE model were maxi-
mized at the correct number of clusters. The results are sum-
marized in Table 1.

Conclusions: We showed that data transformations can
grestly enhance normality in expression data sets, and mod-
elshavevarying performance on data setsthat are transformed
differently. Although real expression data sets do not per-
fectly satisfy the Gaussian mixture assumption even after vari-
ousdatatransformations, themodel-based approach neverthe-
less produces dightly higher quality clusters, and suggeststhe
numbers of clusters. It isinteresting to note that simple mod-
els, like the equal volume spherical mode (El) and the ellip-
tical EEE model, produced relatively high quality clusterson
all of our transformed data sets. The EEE model even deter-
mined the right number of clusters on two different subsets
from the yeast cell cycle data set with different externa cri-
teria. Onthe ovary data set, the BIC scores overestimated the
number of clustersand did not sel ect the model with the high-
est adjusted Rand indices. However, inspection of theclusters
showed that the clustering result selected by the BIC analysis
is nevertheless meaningful.

In our study, we showed that data sets should be appropri-

ately transformed to reflect the god of clustering. In particu-
lar, if the goal isto capture the genera patterns across experi-
mentswithout considering theabsoluteexpressionlevels, data
transformations such as standardization are helpful.
Future work: Our results suggest the potential useful ness of
model-based clustering even with existing implementations,
which are not tailored for gene expression data sets. We be-
lieve that custom refinements to the model-based approach
would be of great value for gene expression analysis. There
are many directions for such refinements. One direction is
to design models that incorporate specific information about
the experiments. For example, for expression data sets with
different tissue types (like the ovary data), the covariances
among tissue samples of the same type are expected to be
higher than those between tissue samples of different types.
Hence, ablock matrix parameterization of the covariance ma
trix would be a reasonable assumption. Another advantage
of customized parameterizations of the covariance matricesis
that the number of parametersto be estimated could be greatly
reduced. Another crucia direction of futureresearch istoin-
corporate missing data and outliersin the model. We believe
that the overestimation of the number of clusters on the ovary
data may be due to noise or outliers. In this paper, we used
subsets of datawithout any missing values. With the underly-
ing probability framework, we expect the ability to model out-
liers and missing values explicitly to be another potentia ad-
vantage of the model-based approach over the heuristic clus-
tering methods.
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data #classes transformation | max adj Rand BIC analysis

at # classes model selected notes
ovary 4 log EEE VI a 9 clusters El,VI,diagonal: bend at 4 clusters
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Table 1: Summary of resultsonreal expression data. The method givingthe highest adjusted Rand index at the number of classes
is shown in the fourth column. When the adjusted Rand indices from two methods are approximately the same, two methods

are shown.
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