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Abstract

Mostapplicationsof geneticalgorithms(GAs)in handlingcon-
straintsusea straightforwardpenaltyfunction method. Such
techniquesinvolve penaltyparameterswhich mustbesetright
in order for GAs to work. Although many researchersuse
adaptivevariationof penaltyparametersandpenaltyfunctions,
thegeneralconclusionis that thesevariationsarespecificto a
problemandcannotbegeneralized.In this paper, we propose
a niched-penaltyapproachwhich doesnot requireany penalty
parameter. The penaltyfunction createsa selective pressure
towardsthe feasibleregion anda niching maintainsdiversity
amongfeasiblesolutionsfor the geneticrecombinationoper-
ator to find new feasiblesolutions. The approachis only ap-
plicable to population-basedapproaches,therebygiving GAs
(or other evolutionary algorithms)a niche in exploiting this
penalty-parameter-lesspenalty approach. Simulationresults
on a numberof constrainedoptimizationproblemssuggestthe
efficacy of theproposedmethod.

1 Introduction

Real-worldsearchandoptimizationproblemsarewritten
asnonlinearprogramming(NLP) problemof thefollow-
ing kind [2, 16]:

Minimize ������	�
Subjectto 
��
������������ ������������������� �! ����	�"�#��� $%�&�'�������(�*)+���,-"./� - .0��1-2�435�6�'�������(�(7"� (1)

In the above NLP problem,thereare 7 variables(that
is, �� is a vectorof size 7 ), � greater-than-equal-totype
inequalityconstraints,and ) equalityconstraints.The
function ������2� is the objective function, 
 � ����	� is the � -
th inequalityconstraints,and

 ! ����	� is the $ -th equality
constraints.The 3 -th variablevariesin therange8 ��,- �*�91-;: .
A solution �� that satisfiesall theabove equalityandin-
equalityconstraintsandabove variableboundsis called
a feasiblesolution. Othersolutionsarecalledinfeasible
solutions.

Most classicalsearchandoptimizationmethodshan-
dle above NLP problemsby using a penalty function,
where infeasiblesolutionsare penalizeddependingon
theamountof constraintviolation. Althoughthereexist

a numberof otherspecializedconstrainthandlingtech-
niqueswhich areapplicableto only a particulartypeof
constraints[2, 16], the following simple procedureis
genericandmostpopular[2]:< ����=� �> � �?���� �5������2@ AB��C5D > �'E 
 � �������FHG"@0? ! B ! 8  ! ������ : G��

(2)
whereE F denotestheabsolutevalueof theoperand,if the
operandis negative andreturnsa valuezero,otherwise.
The parameter

> � is the penaltyparameterof the � -th
inequalityconstraintand ? ! is thepenaltyparameterfor$ -th equalityconstraint.

The above penalizedfunction
< ����2� �> � �?�� makesthe

constrainedNLP problem of equation 1 into a un-
constrainedminimization problem. Optimization of< ����=� �> � �?�� largely dependson the penaltyparameter �>
and �? . The optimal solution of

< ����2� �> � �?�� is close to
the true constrainedoptimal solution of equation1 for
very large valuesof �> and �? . But using large values
of �> and �? doesnot emphasizethe objective function������2� andthusmosteffort is spentin finding feasibleso-
lutions. Classicalgradient-basedmethodssuffer from
computationof meaninglessgradientsfor large �> and�? values[2]. Although GAs do not use gradients,a
different scenariohappens. Since too much emphasis
is given to feasiblesolutions,GAs usuallyprematurely
convergearoundthefeasiblesolutionsfoundearlyon in
thesimulation.In mostGA simulationsusingtheabove
penalty function approach,researchersusually experi-
ment to find a correctcombinationof penaltyparame-
ters �> and �? . However, in orderto reducethenumberof
penaltyparameters,oftentheconstraintsarenormalized
andonly onepenaltyparameter

>
is used[2]:< ����2� > �I� �5����2�2@ >KJL B � E(M
���������HF�GN@ B ! 8 M 9! ������ : GHOPQ�

(3)
Evenin thiscase,fixing acorrectpenaltyparameter

>
is

anessentialelementof a successfulsimulation.
The importanceof the penaltyparameterin obtain-

ing any reasonablesolution,leave aloneanoptimalsolu-
tion, is evident from a plethoraof researchin designing



penaltyparametersfor a problem. Homaifaret al. [10]
designeda multi-level penalty function, dependingon
thelevel of constraintviolations.JoinesandHauck[11]
useda dynamicpenaltyparameter, which is variedwith
generation.Michalewicz andAttia [13] updatedpenalty
parametersbasedonatemperature-basedevolutionused
in simulatedannealingtechniques. Michalewicz and
Schoenauer[14] suggestedspecificrecombinationop-
eratorswhich preserve feasibility of solutionsfor some
specifictypeof constraints.All theseresearchsuggests
thatconstrainthandlingtechniquesusedin GAs arestill
problem-specificand one techniquemay work in few
problems,but maynot work aswell in otherproblems.

In thispaper, wedevelopaconstrainthandlingmethod
basedon penaltyfunction approachwhich doesnot re-
quireany penaltyparameter. Thepair-wisecomparison
usedin tournamentselectionis exploited to makesure
that(i) whentwo feasiblesolutionsarecomparedtheone
with betterobjective functionvalueis chosen,(ii) when
onefeasibleandoneinfeasiblesolutionsarecompared,
thefeasiblesolutionis chosen,and(iii) whentwo infea-
siblesolutionsarecompared,the onewith smallercon-
straintviolation is chosen.This approachis only appli-
cableto population-basedsearchmethodssuchasGAs
or otherevolutionarycomputationmethods.

In the remainderof the paper, we presentthe perfor-
manceof GAs with the proposedconstrainthandling
methodon five test problems,including one engineer-
ing designproblem.Theresultsarealsocomparedwith
thebest-known solutionsobtainedusingearlierGA im-
plementationsor usingclassicalmethods.

2 Proposed Constraint Handling Method

Constraintsarehandledby usinga suitablefitnessfunc-
tion which dependson thecurrentpopulation.Solutions
in a populationareassigneda fitnesssothatfeasibleso-
lutions are emphasizedmore than infeasiblesolutions.
The proposedmethodusestournamentselectionopera-
tor wheretwo solutionsarechosenfrom thepopulation
andoneis chosen.Thefollowing threecriteriaaresatis-
fied duringtheselectionoperator:

1. Any feasiblesolutionwins over any infeasibleso-
lution,

2. Two feasiblesolutionsarecomparedonly basedon
their objective functionvalues.

3. Two infeasiblesolutionsarecomparedbasedonthe
amountof constraintviolations.

Although thereexist a numberof implementations[12,
15, 17] wherethesecriteria are imposedin their con-
strainthandlingapproaches,all of theseimplementations

useddifferent measuresof constraintviolations which
still neededa penaltyparameterfor eachconstraint.

In the proposedmethod,we choosea constraintvi-
olationmeasurefrom a practicalstandpoint.In orderto
evaluateasolution,any designerwill firstcheckif theso-
lution is feasible.If thesolutionis infeasible(that is, at
leastoneconstraintis violated),thedesignerwill never
botherto computeits objective function value(suchas
costof the design). It doesnot makesenseto compute
the objective function value of an infeasiblesolution,
becausethe solution simply cannotbe implementedin
practice.Motivatedby this argument,we device thefol-
lowing penaltytermwhereinfeasiblesolutionsarecom-
paredbasedononly theirconstraintviolationvalues:R ����9���TS �5������U� if 
 � ����	�N�����WV��YXZ�����[�\H] @_^ A��C5D E 
 � �������FU� otherwise.

(4)
The parameter� [�\H] is the maximumfunction valueof
all feasiblesolutionsin thepopulation.Let us illustrate
this constrainthandling techniqueon a single-variable
constrainedminimizationproblem,shown in Figure 1.
In thefigure,theunconstrainedminimumsolutionis not
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Fig. 1: Theproposedconstrainthandlingschemeis illustrated.
Six solidcirclesaresolutionsin a GA population.

feasible. The objective function �5����2� , constraintviola-
tion E 
W����2��F , andthe fitnessfunction

R ����	� areshown in
the figure. It is importantto notethat

R �������� ������2� in
the feasibleregion. Whentournamentselectionopera-
tor is appliedto a sucha fitnessfunction

R ������ , all three
criteriamentionedabove will besatisfiedandtherewill
be selective pressuretowardsthe feasibleregion. The
figure alsoshows how the fitnessvalueof six arbitrary
solutionswill becalculated.Thus,underthis constraint
handlingscheme,the fitnessvalueof an infeasibleso-
lution may changefrom onegenerationto another, but
thefitnessvalueof a feasiblesolutionwill alwaysbethe
same. Sincethe above constrainthandlingmethodas-
signsa hierarchyto infeasiblesolutionsandtournament



selectiondoesnotdependontheexactfitnessvalues,in-
steadtheir relative differenceis important,any arbitrary
penaltyparameterwill work thesame.In fact,thereis no
needof any explicit penaltyparameter. This is a major
advantageof the proposedmethodover earlierpenalty
function implementations.However, to avoid any bias
from any particularconstraint,all constraintsarenormal-
ized (a usualpracticein constrainedoptimization[2])
andequation4 is used.It is importantto notethatsucha
constrainthandlingschemewithouttheneedof apenalty
parameteris possiblebecauseGAs usea populationof
solutionsandpair-wisecomparisonof solutionsis pos-
sible usingthe tournamentselection.For the samerea-
son,suchschemescannotbe usedwith classicalpoint-
by-pointsearchandoptimizationmethods.

Theabove constrainthandlingmethodseemsinterest-
ingandeliminatetheneedof any penaltyparameter. But,
therearetwootheraspectsthatmustalsobeusedtoqual-
ify this methodasanefficient constrainthandlingmeth-
ods.

2.1 Use real-coded GAs

It is intuitive that the feasibleregion in constrainedop-
timization problemsmay be of any shape(convex or
concave andconnectedor disjointed).In real-parameter
constrainedoptimization using GAs, schemataspeci-
fying contiguousregions in the searchspace(suchas
(110 d . . . d ) may be consideredto be generallymore
importantthanschemataspecifyingdiscreteregions in
the searchspace(suchas( d 1 d 10 d ... d ). In a binary
GA under a single-pointcrossover operator, all com-
mon schematacorrespondingto both parentstringsare
preserved in both childrenstrings. Since,any arbitrary
contiguousregion in the searchspacecannotbe repre-
sentedby a singleHolland’s schemaandsincethe fea-
siblesearchspacecanusuallybeof any arbitraryshape,
it is expectedthat thecrossover operatorusedin binary
GAs maynot alwaysbeableto createfeasiblechildren
solutionsfrom two feasibleparentsolutions.

However, the floating-point representationof vari-
ablesin a GA anda searchoperatorthat respectscon-
tiguousregionsin the searchspacemay be ableto per-
form betterthanbinaryGAs in constrainedoptimization
problemswith continuoussearchspace. In this paper,
we usereal-codedGAs with simulatedbinarycrossover
(SBX) operatoranda parameter-basedmutationopera-
tor [3], for thispurpose.We presentproceduresof these
operatorsin theAppendix.SBX operatoris particularly
suitablehere,becausethe spreadof children solutions
aroundparentsolutionscanbecontrolledusinga distri-
bution index egf . A large valueof e;f allows only near-
parentsolutionsto becreated,whereasa small valueof

e;f allowsdistantsolutionsto becreated.Anotheraspect
of this crossover operatoris that it is adaptive, allowing
any solutionto becreatedin thebeginningandallowing
to have a morefocussedsearchwhenthe populationis
converging.

2.2 Use a Niching Technique

With real-codedGAshaving SBX operatorany arbitrary
contiguousregion can be searched,provided thereare
enoughdiversity maintainedamongthe feasibleparent
solutions.Therearea numberof waysdiversitycanbe
maintainedin apopulation.Amongthem,sharingmeth-
ods[4] anduseof mutationarepopularones.In thispa-
per, weuseeitheror bothof theabove methodsof main-
tainingdiversityamongthefeasiblesolutions.A simple
sharingstrategy is implementedin thetournamentselec-
tion operator. Whencomparingtwo feasiblesolutions( 3
and � ), a normalizedEuclideandistanceh - � is measured
betweenthem. If this distanceis smallerthana critical
distance Mh , thesolutionsarecomparedwith their objec-
tive functionvalues.Otherwise,they arenot compared
andanothersolution � is checked.The normalizedEu-
clideandistanceis calculatedasfollows:h - � � ijjk �7mlB! C5Don �2p -rq!ts �2p � q!�91! s ��,!&u G � (5)

Thisway, thesolutionsthatarefar away from eachother
arenotcomparedto eachotheranddiversityamongfea-
siblesolutionsis maintained.

3 Results

In this section,we apply GAs with the proposedcon-
strainthandlingmethodto five differentconstrainedop-
timizationproblemsthathave beenstudiedin thelitera-
ture.

In all problems,we run GAs 50 timesfrom different
initial populations. Fixing a correctpopulationsize in
a GA is as importantasanything else. Taking the cue
from previousstudiesonpopulationsizing[6, 7], weuse
a populationsizewhich linearly varieswith thenumber
of variables(weusev �&����7 , where7 is thenumberof
variablesin a problem). In all problems,we usebinary
tournamentselectionoperatorwithout replacement.We
usea crossover probabilityof 0.9. SBX operatorwith a
distributionindex of e;f �&� . In thereal-codedmutation,
theamountof perturbationin avariablecanbecontrolled
by fixing a parametere;w [5]. The probability of mu-
tation is variedwith generationnumberso that initially
only onevariableis expectedto getmutatedfor eachso-
lution with largerperturbanceandat thespecifiedmaxi-



mumgeneration,all variablesaremutatedwith asmaller
perturbance.For sharingoperator, we use Mh �x���y� .
3.1 Test Problem 1

To investigatethe efficacy of the proposedconstraint
handling method, we first choosea two-dimensional
constrainedminimizationproblem:

Minimize z;{(|U}~��2� | ~
� {	� ~ �"����� ��� � | ~ { � ~
�� ��� ���;�
Subjectto �'{U|U}~��5�Z��� ��� � ~ � { � | ~ �"��� � ��� ����� �� � |U}~��5� | ~ { � � � � ��� � � | ~ � ��� ����� � � ��� ��� �Q� ���� ~ { �Q� � ��� ~ � ��� �

(6)
The unconstrainedobjective function � D ������ hasa mini-
mumsolutionat ���� ��� �*��� with a functionvalueequal
to zero.However, dueto thepresenceof constraints,this
solutionis nomorefeasibleandtheconstrainedoptimum
solution is ������ � �����g�� '¡��' 9�*�9� � ¡
��¡� '¢;� with a function
valueequalto � �D �K� � ��¢'£'��¡'¢ . The feasibleregion is a
narrow crescent-shapedregion (approximately0.7% of
the total searchspace)with the optimumsolutionlying
on thesecondconstraint,asshown in Figure3.

Sharingandmutationoperatorsarenotusedhere.We
have run GAs till 50 generations. Table 1 shows the
consequenceof 50 runsof threedifferentGAs. First, a
binary-codedGA is usedwith single-pointcrossoverop-
erator. Variablesarecodedin 20bitseach.Theproposed
constrainthandlingmethodis used. The tablepresents
thenumberof times(out of 50 runs)a GA findsa solu-
tion within ¤ % of thebest-knownoptimalfunctionvalue.
Dif ferentvaluesof ¤ is used,asshown in thetable.

Sincethe feasiblespaceis non-convex, binary-coded
GAs with single-point crossover cannot find a near-
optimalsolutionmany times.Whereas,real-codedGAs
with theproposedconstrainthandlingmethodfind a so-
lution within 1% of true optimal solution in 29 of 50
GA runs. Whena similar constrainthandlingtechnique
[15] (termedas‘PS’ in thetable)is usedwith real-coded
GAs, the performanceis not as good as the proposed
method.In 11of 50GA runs,no infeasiblesolutionwas
found.

To show theworkingof theproposedconstrainedhan-
dling technique(comparedto PS technique),we show
the populationhistoriesin generations0, 10, and50 in
Figures2 and 3. The initial populationof 50 random
solutionsshow that initially solutionsexist all over the
searchspace(no solution is feasiblein the initial pop-
ulation). After 10 generations,GAs with Powell and
Skolnick’s constrainthandlingstrategy (with

> �¥� )
could not drive the solutionstowardsthe narrow feasi-
ble region. Instead,thesolutionsgetstuckat a solution��&� � ����¡'£9�'��� � �(���y����¡ � £�� with a function value equal
to 0.41708,which is closerto the unconstrainedmini-

mum (albeit infeasible)solution at ��¦� ��� �(�'� . When
a real-codedGA with the proposedconstrainthandling
strategy (TS-R)is appliedontheidenticalinitial popula-
tionsof 50 solutions(restall parametersettingsarealso
thesameasthatusedin thePowell andSkolnick’salgo-
rithm), theGA distributeswell its populationaroundand
insidethefeasibleregion (Figure2) after10generations.
Finally, GAs converge near the true optimum solution
at (2.243636,2.342702)with a function valueequalto
13.66464(within 0.54%of thetrueoptimumsolution).

3.2 Test Problem 2

This problemhaseightvariablesandsix inequalitycon-
straints[12]:

Minimize z � |U}~��2�§~ { � ~ � � ~
¨
Subjectto �'{(|U}~���� ��� � � ��� � � | ~
© � ~
ª«� ��� �� � |U}~���� ��� � � ��� � � | ~
¬ � ~
­ � ~
©U� ��� �� ¨ |U}~���� ��� � � � � | ~
® � ~ ¬ � ��� �� © |U}~�����~ { ~ ª � ��¯�¯�� ¯�¯ � � � ~ © ��� ��� ~ {� ��¯�¯�¯�¯'� ¯�¯�¯ ��� �� ¬ |U}~�����~ � ~
­ ���U� � � ~�¬ � ~ � ~
© � �U� � � ~
© ��� �� ª |U}~�����~
¨(~
® � ~
¨(~ ¬ � � � ��� ~ ¬ ���U� � ����������� �� ����� ~ { � � ������� �� ������� ~ � �°~ ¨ � � ������� �� ��� ~�± � � ����� �³²	�����(�(�U�(�´���

(7)
Theoptimumsolutionis�� � � � ¢'µ�£�� � �� 'µ9�I� � ¢�£���£;� � �2¢�����������µ��'�5��¡���������µ;�	��'£'¢9��¢'£'¡�¢��2����µ���£'µ�£'£9�	�'¡� �� �	�� '�9� � £'¢9� ¢�£'µ�£'�U�� �G � µ'�;�
£�� �'� �'£�� � �
All six constraintsareactive at thissolution.

Table2 shows theperformanceof GAs with different
constrainthandlingmethods.Michalewicz [12] experi-
encedthat this problemis difficult to solve. The best
solutionobtainedby any methodusedin thatstudy(with
approximately350,000functionevaluations)hadanob-
jective functionvalueequalto µ � µ�µ���£'µ�  , which is about
4.66% worse than the true optimal objective function
value. The proposedapproachconsistentlyfinds solu-
tions very closeto the true optimum with only 80,080
functionevaluations(populationsize80,maximumgen-
erations1,000).However, thebestsolutionobtainedby
GAs with sharingandmutationandwith a maximumof
320,080function evaluations(populationsize80, max-
imum generations4,000)hasa function valueequaltoµ'�� '��������� , which is only about0.15%morethanthetrue
optimal objective function value. This shows the effi-
cacy of the proposedapproachon this rathercomplex
constrainedoptimizationproblem.



Table1: Numberof runs(out of 50 runs)convergedwithin ¶ % of the optimumsolutionfor GAs with two constrainthandling
techniques—proposedmethodwith binaryGAs (TS-B) andwith real-codedGAs (TS-R)andPowell andSkolnick’s method[15]
(PS)with · � � on testproblem1. ¶

Meth- � � � � � � ¸ Infea-
od 1% 2% 5% 10% 20% 50% 50% sible Best Median Worst

TS-B 2 2 5 6 9 13 37 0 13.59658 37.90495 244.11616
TS-R 29 31 31 32 33 39 11 0 13.59085 13.61673 117.02971

PS( · � � ) 17 19 20 20 24 32 7 11 13.59108 16.35284 172.81369

Fig. 2: Populationhistory at initial generation(markedwith
opencircles),at generation10 (markedwith ‘x’) andat gener-
ation50(markedwith openboxes)usingtheproposedscheme.
The populationconvergesto a solutionvery closeto the true
constrainedoptimumsolutionon a constraintboundary.

Fig. 3: Populationhistory at initial generation(markedwith
opencircles),at generation10 (markedwith ‘x’) andat gener-
ation50(markedwith openboxes)usingPowell andSkolnick’s
[15] method( · � � ). The populationconvergesto a wrong,
infeasiblesolution.

3.3 Test Problem 3

This problemhasfive variablesandsix inequalitycon-
straints[8, 14]:

Minimize z ¨ |U}~��2�¹�g� ¯;� � �;�U� � ~ �¨ � � � ��¯º� � ��» � ~ { ~ ¬� ¯ � � � »�¯ � ¯�»�~ { � � � � » � � � � � �
Subjectto �'{U|U}~��5�Z�;�;� ¯�¯���� � � � � � ��� � � �;�U��~ � ~
¬� � � ������� � � � ~ { ~
© � � � ��� ��� � ��¯�~ ¨ ~
¬ ��� �� � |U}~��5�Z�;�;� ¯�¯���� � � � � � ��� � � �;�U��~ � ~ ¬� � � ������� � � � ~ { ~
© � � � ��� ��� � ��¯�~ ¨ ~
¬ � » � �� ¨ |U}~��5�Z� � ��� �U� ��» � � � ��� �g� ¯ �U� ~ � ~
¬� � � ��� � »�»;����~ { ~ � � � � ��� �g� � � ¯�~ �¨ � » � �� © |U}~��5�Z� � ��� �U� ��» � � � ��� �g� ¯ �U� ~ � ~ ¬� � � ��� � »�»;����~ { ~ � � � � ��� �g� � � ¯�~ �¨ � ��� � �� ¬ |U}~��5�Z»�� ¯ ��� » � � � � � ��� � � � � � ~ ¨ ~
¬� � � ��� �«� ��� � ~ { ~
¨ � � � ��� � » � �;�U~
¨U~ © � � � �� ª |U}~��5�Z»�� ¯ ��� » � � � � � ��� � � � � � ~
¨U~ ¬� � � ��� �«� ��� � ~ { ~ ¨ � � � ��� � » � �;�U~ ¨ ~
© � � �g�� � � ~ { � � � � �¯�¯ � ~ � � �º�g���� � ~�± � �;�;�³²��§¯'�°���*�g�

(8)

Thebest-known optimumsolution[8] is�� � � � µ�¡������ �'� �����(�;£���£;£'¢9�°��¢9� ��� �  ���µ;µ� '�U�� �¼ � s � �9�* � '¢���¢9�
At this solution,constraints
 G and 
�½ are active. The
best-known GA solutionto this problemobtainedelse-
where[10] usinga multi-level penaltyfunctionmethod
is ���¾2¿ � � ¡'�9� �
£�� � ¢9� ��µ�� � ��� �'¢��À����� �'� � �'� � � �
�U�� ¾=¿¼ � s � ���(�'�'¢9��µ��
which is about2.15%worsethanthe best-known opti-
mumsolution.

Table3 presentstheperformanceof GAswith thepro-
posedconstrainthandlingmethodwith apopulationsize���ÂÁ�¢ or 50. Thepresenceof sharingandmutationpro-
ducesthebestperformance.Thebestsolutionis asfol-
lows: ��Ã� � µ�¡�� �'� �(�'£9��£'£;¢��H�'¢�� �  ���µ;µ� '�U�



Table2: Numberof runs(outof 50runs)convergedwithin ¶ % of thebest-known solutionusingreal-codedGAswith theproposed
constrainthandlingschemeontestproblem2. ¶

Muta- Shar- � � � � � � ¸ Infea-
tion ing �UÄ ��Ä � Ä � � Ä � � Ä � � Ä � � Ä sible Best Median Worst

Maximumgeneration= 1,000
No No 2 3 8 14 29 47 3 0 7063.377 8319.211 13738.276
No Yes 3 5 7 14 29 47 2 1 7065.742 8274.830 10925.165

Maximumgeneration= 4,000
Yes Yes 17 23 33 36 42 50 0 0 7060.221 7220.026 10230.834

Table3: Numberof runs(outof 50runs)convergedwithin ¶ % of thebest-known solutionusingreal-codedGAswith theproposed
constrainthandlingschemeontestproblem3. ¶

Muta- Shar- � � � � � �
tion ing �«Ä ��Ä � Ä � � Ä � � Ä � � Ä Best Median Worst

No No 18 34 50 50 50 50 � ¯ ��� � �'� � � � � ¯ � � » � � � � � �Å� » ����� � ��» �
No Yes 28 44 50 50 50 50 � ¯ ��� � � � � � � � ¯ � ¯ � � � » ��� �Å� »�» � ¯�� � ¯º�
Yes Yes 47 48 50 50 50 50 � ¯ ����� �;���U¯ � � ¯ ����� �g� ��¯;� �Å� »���� � � � �U�

As many as 47 or 50 GA runs have found solutions
within 1%of thebest-known solution.It is alsointerest-
ing to notethatall GAs usedherehave found solutions
betterthanthatreportedearlier[10], solvedusingbinary
GAs with a multi-level penaltyfunctionmethod.

3.4 Test Problem 4

Thisproblemhas10variablesandeightconstraints[12]:

Minimize z © |U}~��2�Z~
� {	� ~��� � ~ { ~ �Æ��� ��~ { �+� � ~ �� | ~�¨ ��� � � � � � | ~ © � ��� � � | ~ ¬ � ¯º� �� � | ~ ª ��� � � � �U~ �­ � � | ~
® �Q��� � �� � | ~
Ç ��� � ��� � | ~ {ÉÈ �Ê� ��� � �;�g�
Subjectto � { |U}~��5� � � � � ��~ { � �U~ � � ¯�~ ­ � »�~
® ��� �� � |U}~��5� ��� � ~ { � ��~ � � �«� ~ ­ �Ë� ~
® �Q� �� ¨ |U}~��5�Z��~ { �Ê� ~ � � ��~ Ç � � ~ {ÉÈ � �«� ��� �� © |U}~��5� � ¯ | ~ { �Ê� ��� � � | ~ ��� ¯;��� ��� ~
�¨� � ~
© � �«� ���Q� �� ¬ |U}~��5� � ��~ � { � ��~ � � | ~
¨ � � � �� � ~
© � � ����� �� ª |U}~��5� � ~
� { �Ë� | ~ ����� ��� � � ~ { ~ ���� ��~ ¬ � � ~ ª �Q� �� ­ |U}~��5� � � � � | ~ { � �º� � �Ê� | ~ � � �;� � � ¯�~ �¬� ~ ª � ¯ ����� �� ® |U}~��5�Z¯�~ { � � ~ �����U� | ~
Ç � �º��� � � ~ {ÉÈ ��� ���� ��� ~ { � � � �³²�� � �(�(�*�(� � � �

(9)
Theoptimumsolutionto this problemis asfollows:�� � � � ���y��µ9��£'£� ������ �   �  '¡ � �2¡���µ�µ � £��' 9�W¢9���'£'¢�£'¡g�	�����£'£��' '¢g��¡9���'� � � �'¢�µ;������� � �9�� g�;�	�	£9��¡'�'¡�µ'�� ��

¡����'¡��'�'£����2¡�� � µ'¢'£��'µ��U� � �Ì �#�;��� � �' ��'�'£9�'�
Thefirst six constraintsareactive at this solution.

Table4 shows theperformanceof GAs with thepro-
posedconstrainthandlingschemewith apopulationsize���ÍÁÎ��� or 100. In this problem,GAs with andwithout
sharingperformedequallywell. However, GA’s perfor-
manceimproves drasticallywith mutation,which pro-
vided the necessarydiversity amongthe feasiblesolu-
tions. This problem was also solved by Michalewicz
[12] by different constrainthandling techniques. The
bestreportedmethodhadits best,median,andworstob-
jective function valuesas 24.690,29.258,and 36.060,
respectively, in 350,070 function evaluations. This
was achieved with a multi-level penalty function ap-
proach. With a similar maximumnumberof function
evaluations,GAs with theproposedconstrainthandling
methodhave found bettersolutions(best: 24.372,me-
dian: 24.409,andworst: 25.075). The bestsolution is
within 0.27% of the optimal objective function value.
Most interestingly, 41 out of 50 runshave founda solu-
tion having objective functionvaluewithin 1% (or ������2�
smaller than 24.549)of the optimal objective function
value.

3.5 Welded beam design

Next, we apply theproposedmethodto solve a welded
beamdesignproblem,whichhasbeenattemptedto solve
by using a numberof classicaloptimization methods



Table4: Numberof runs(outof 50runs)convergedwithin ¶ % of thebest-known solutionusingreal-codedGAswith theproposed
constrainthandlingschemeontestproblem4. ¶

Muta- Shar- � � � � � � ¸ Infea-
tion ing �UÄ ��Ä � Ä � � Ä � � Ä � � Ä � � Ä sible Best Median Worst

Maximumgeneration= 1,000
No No 0 0 8 16 28 47 3 0 24.81711 27.85520 42.47685
No Yes 0 0 9 25 36 45 5 0 24.87747 26.73401 50.40042

Maximumgeneration= 3,500
Yes Yes 41 41 50 50 50 50 0 0 24.37248 24.40940 25.07530

[16] andby usingGAs [1].
Theobjectiveof thedesignis to minimizethefabrica-

tion costof a beamwhich is requiredto be weldedin a
column. Therearefour designvariables ���� �  �ÀÏ'�°Ð��(ÑU�
andfiveconstraintsinvolvingstress,deflectionandbuck-
ing restrictions. The resultingNLP problemis shown
below:

Minimize z�Ò5|U}~
��� � � � � � �g�*Ó �(Ô � � � � ��� ���UÕÉÖ | � ��� � � Ô �H�
Subjectto �'{U|U}~��5� � ¯'� ����� �Ê× |«}~�� ��� �� � |U}~��5�Z¯ � � ����� �ÊØ |U}~�� ��� �� ¨ |U}~��5� Ö"��Ó ��� �� © |U}~��5�¹Ù2Ú |U}~�� � � � ��������� �� ¬ |U}~��5� � � � � �ËÛ |U}~�� ��� �� � �«� � � Ó � � � �� � � � Ô � Õ � Ö � � � �

(10)
Theterms Ü2������ , Ý"������ , < f������� , and Þ�����	� aregivenbelow:Ü2������ß� à Ü
á G @ Ü
á�á G @ZÏ Ü
áÉÜ
á�áyâ�ã �����'¢ � Ï G @ �  @�Ð*� G ���Ý"������ß� ¢��;���*���'�Ð G Ñ �< f;������ß�  g�	�(µ;�
 ����'��� � � s �������'¡'� � �
 �Ð*��Ð*Ñ ¼ �Þ�������ß� �9�y��£'¢��Ð ¼ Ñ �
whereÜ á �  9�*���'�ä �  Ï �Ü á�á �  9�*���'� � �U��@¹�9��¢�Ï�� ã �����'¢ � Ï G @ �  @§Ð*� G �� � ����µ��'µ  Ï � Ï G â ���N@0�9���'¢ �  @�Ð*� G � � �
The optimized solution reportedin the literature [16]
is
 �¥� �9� �g�'��� , Ï��¥�  �������¡'µ , Ð*�¥� ¡����'£9��¢ ,

and Ñ��å� �����g�'�'� with a function value equal to� �æ � �9� � ¡�����  . Binary GAs are applied on this
problem in an earlier study [1] and the solution��/� � �����g��¡'£9�* 9�y��µ � �9�*¡
�y��µ;¡'£��H�����;¢ ��� � with � æ �4�9� � �
(within 2%of theabovebestsolution)wasobtainedwith
a populationsizeof 100. However, it wasobservedthat

theperformanceof GAslargelydependentonthechosen
penaltyparametervalues.

We use the proposedconstrainthandling technique
here. Table5 presentsthe performanceof GAs with a
populationsize80. Real-parameterGAs without shar-
ing is goodenoughto find a solutionwithin 2.6%of the
optimalobjective functionvalue. However, with the in-
troductionof sharing,28 runsout of 50 runshave found
a solution within 1% of the optimal objective function
valueandthis hasbeenachieved with only a maximum
of 40,080function evaluations.Whenmorenumberof
functionevaluationsareallowed,realGAswith thepro-
posedconstrainthandlingtechniqueandmutationoper-
atorperformmuchbetter—all 50 runshave founda so-
lution within 0.1%of thetrueoptimalobjectivefunction
value. This meansthatwith theproposedGAs, onerun
is enoughto find a satisfactorysolutioncloseto thetrue
optimalsolution. In handlingsuchcomplex constrained
optimizationproblems,any designerwould like to use
suchanefficient yet robustoptimizationalgorithm.

3.6 Summary of Results

Here,we summarizethebestGA resultsobtainedin this
paperandcomparethatwith thebestreportedresultsin
earlierstudies.For testproblems2 and4, earliermeth-
odsrecordedthe best,median,andworst valuesfor 10
GA runs only. However, the correspondingvaluesfor
GAs with theproposedmethodhave beenpresentedfor
50 runs.

It is clear that in mostcasesthe proposedconstraint
handling strategy has performedwith more efficiency
(in termsof getting closerto the best-known solution)
andwith more robustness(in termsof morenumberof
successfulGA runsfinding solutionscloseto the best-
known solution)thanpreviousmethods.Sincesolutions
are comparedeither with objective function valuesor
with the amountof constraintviolation, penaltycoeffi-
cientsarenot neededin theproposedapproach.



Table5: Numberof runs(out of 50 runs)convergedwithin ¶ % of thebest-known solutionusingreal-codedGAs (TS-R)with the
proposedconstrainthandlingscheme. ¶

Muta- Shar- � � � � � � ¸
Method tion ing �UÄ ��Ä � Ä � � Ä � � Ä � � Ä � � Ä Best Median Worst

Maximumgenerations= 500
TS-R No No 0 0 1 4 8 16 34 2.44271 3.83412 7.44425
TS-R No Yes 28 36 44 48 50 50 0 2.38119 2.39289 2.64583

Maximumgenerations= 4,000
TS-R No Yes 28 37 44 48 50 50 0 2.38119 2.39203 2.64583
TS-R Yes Yes 50 50 50 50 50 50 0 2.38145 2.38263 2.38355

Table 6 Summaryof resultsof thisstudy. A ‘–’ indicatesthat informationis notavailable.

Prob True Best-known GA Resultsof this study
No. optimum Best Median Worst Best Median Worst
1 13.59085 – – – 13.59085 13.65413 117.02971
2 7049.331 7485.667 8271.292 8752.412 7060.221 7220.026 10230.834
3 s 30665.5 s 30005.7 – – s 30665.537 s 30665.535 s 29846.654
4 24.306 24.690 29.258 36.060 24.372 24.409 25.075

Weld 2.381 2.430 – – 2.381 2.383 2.384

4 Conclusions

The major difficulty in handling constraints using
penaltyfunction methodsin GAs andin classicalopti-
mizationmethodshasbeento setan appropriatevalue
for penaltyparameters.This often requiresusersto ex-
perimentwith different valuesof penalty parameters.
In this paper, we have developeda constrainthandling
methodfor GAs which doesnot requireany penaltypa-
rameter. Infeasiblesolutionsarepenalizedin awaysoas
to provideasearchdirectiontowardsthefeasibleregion.
Thishasbeenpossiblemainlybecauseof thepopulation
approachof GAs andability to have pair-wisecompari-
sonof solutionsusingthetournamentselectionoperator.
On a numberof testproblemsincludinganengineering
designproblem,GAs with theproposedconstrainthan-
dling methodhave repeatedlyfound solutionscloserto
the trueoptimalsolutionsthanearlierGAs. Theresults
of thisstudyareinterestingandshow promisefor a reli-
ableandefficient constrainedoptimizationtaskthrough
GAs.
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Appendix

A Simulated Binary Crossover (SBX) and
Parameter-based Mutation

Theprocedureof computingchildrensolutionsç�D and ç G
from two parentsolutionsè D and è G underSBX operator
is asfollows:

1. Createa randomnumberé between0 and1.

2. Findaparameterê�ë usingapolynomialprobability
distribution, developedin [3] from a schemapro-
cessingpoint of view, asfollows:ê ë �íìî ï ��é�ð �òñó�ô�õ ñ � if é . Dö �÷ DG�ø 1 ö2ù ñó�ô�õ ñ � otherwise� (11)

where ð �ú� s ê ø püû ô�ý D q and ê is calculatedas
follows:ê ����@ �è G s è DÅþ ÿ � 8y��è D s è , �U� ��è 1 s è G � : �
Here,theparameterè is assumedto vary in 8�è , � è 1 : .
Theparameteregf is thedistribution index for SBX
andcantakeany non-negativevalue.A smallvalue
of e;f allows solutionsfar away from parentsto be
createdaschildrensolutionsanda large valuere-
stricts only near-parentsolutionsto be createdas
childrensolutions.

3. The children solutionsare then calculatedas fol-
lows:ç D � ����¢ 8ü��è D @ è G � s ê ë � è G s è D � : �ç G � ����¢ 8ü��è�D @ è G �2@ ê�ë � è G s è�D � : �

It is assumedherethat è D�� è G . A simplemodification
to the above equationcan be madefor è D�� è G . For
handlingmultiplevariables,eachvariableis chosenwith
a probability0.5andtheabove SBX operatoris applied
variable-by-variable. In all simulationresultshere,we
have usede f �&� .

A polynomialprobabilitydistributionis usedto create
a solution ç in the vicinity of a parentsolution è under
the mutationoperator[5]. The following procedureis
usedfor a parameterè X 8�è , � è 1 : :

1. Createa randomnumberé between0 and1.

2. CalculatetheparameterÞ ë asfollows:

Û�� � ì		î
		
ï 
 ��� � | �Æ�Ë�
� � | ��� Û ������� {�� ñó � õ ñ ��� �

if � �Q� � � ,��� 
 � | ����� � � � | ��� � � ��� | ����Û � � � � {�� ñó � õ ñ �
otherwise,

(12)
whereÞ � þ ÿ � 8y��è s è , ��� ��è 1 s è � : â9��è 1 s è , � . The
parametere w is thedistributionindex for mutation
andtakesany non-negativevalue.

3. Calculatethemutatedchild asfollows:ç � è @ Þ ë ��è 1 s è , �U�
Using above equations,we can calculatethe expected
normalizedperturbance( ��ç s è � â���è 1 s è , � ) of themu-
tatedsolutionsin bothpositive andnegative sidessepa-
rately. We observe that this valueis �Ã� � â'e w � . In order
to geta mutationeffect of 1% perturbancein solutions,
we set e;w � �����o@§Ð andtheprobabilityof mutationis
changedasfollows:

� w � �7 @ ÐÐ [�\H] � � s �7�� �
whereÐ and Ð [�\H] arecurrentgenerationnumberandthe
maximumnumberof generationsallowed, respectively.
Thus,in theinitial generation,we mutateon anaverage
onevariable(� w � � â 7 ) with an expected1% pertur-
banceandasgenerationsproceed,we mutatemorevari-
ableswith lesserexpectedperturbance.


