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Meta-learning for few-shot learning [FAL17]

Meta model θ*train

{(x1,j , y1,j)}t1
j=1
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Central goal: generalize to new but similar tasks

Figure: Image Credits: bit.ly/3i5m8ay, bit.ly/3w723ZY, bit.ly/3KHMQ5E, bit.ly/3i7pREJ, bit.ly/34I1ytT
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How to do meta-learning

Suppose that we have access to

(a) Training phase: large number of similar but distinct tasks each with
small data

(b) Test phase: a small amount of data available just prior to deployment
from the deployment environment

Given this setup how should we train our model?

Possible Approach:

(a) Build a model using data from the training phase
(b) Fine-tune the model using the small amount of deployment data

How can we build a model that is easily fine-tunable?

First attempt: Build a model to minimize average training loss, and then
fine-tune for deployment
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Pooling all the data together

Average Risk Minimization (ARM) + Fine-tuning

Set of tasks: T = {Ti}i=n
i=1 coming

from distribution p

Select a model θ∗
train

Average Risk (Loss) Minimization

θ∗
train ∈ argminθ

1
n

∑n
i=1 fi(θ)

A new task Ttest is revealed, drawn
according to dist. p

Fine-tune the model:
θ∗
train → θ∗

new

Performance goal: ftest(θ
∗
new)
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Pooling data has lost the structural information

Suppose we have images from a large number of classes (e.g., Imagenet)

▶ Task = classifying images among a K-subset of these classes, small K

ARM + Fine-tuning has mixed performance [FAL17]
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Model-Agnostic Meta Learning (MAML) [FAL17]

Set of tasks: T = {Ti}i=n
i=1 coming

from distribution p

Select a model θ∗
train such that

New objective

θ∗
train ∈ argmin

θ

1

n

n∑

i=1

fi(θ − α∇fi(θ))

A new task Ttest is revealed, drawn
according to dist. p

Fine-tune the model:
θ∗
train → θ∗

new

Performance goal: ftest(θ
∗
new)

Original motivation: finding the right initialization for adaptation.
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Average Risk Minimization (ARM): minθ
1
n

∑n
i=1 fi(θ)

GD update for ARM: θt+1 = θt − β
n

∑n
i=1∇fi(θt)

Gradient evaluated at same θt for all tasks =⇒ not adaptive

Model-Agnostic Meta-Learning (MAML):
minθ

1
n

∑n
i=1 fi(θ − α∇fi(θ))

GD update on MAML loss can be implemented as follows

θt+1 = θt − β
n

n∑

i=1

(I − α∇2fi(θt))∇fi(θt − α∇fi(θt))

which can be implemented via inner and outer loops

▶ Inner loop: Compute θt,i = θt − α∇fi(θt) for i = 1, . . . , n
▶ Outer loop: Compute θt+1 = θt − β

n

∑n
i=1(I − α∇2fi(θt))∇fi(θt,i)

θt,i adapted to each task =⇒ adaptive
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Empirical observations of MAML

Original motivation: MAML learns models that quickly adapt to
new tasks [FAL17, AES19]

New empirical evidence suggests: MAML learns a good representation
shared across tasks [RRBV20]

▶ Even though it is not designed for representation learning!

HeadRepresentation

Input

O
utput

Can we formally prove this conjecture?
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Meta-learning from linear regression tasks

Setting from multi-task learning and linear representation learning:

Each task i is linear regression with ground truth parameter θ∗,i ∈ Rd:

yi ∼ θ⊤
∗,ixi + zi ,

xi is a random input vector and zi ∈ R is random zero-mean noise.

Solving each task individually requires Ω(d) samples per task.

Questions in representation-based meta-learning

When does solving other tasks help you solve a new task?
What notion of similarities make meta-learning efficient for linear tasks?
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Now suppose the θ∗,i lie in a shared k-dimensional subspace, k ≪ d

Let the columns of B∗ ∈ Rd×k span this subspace, that is, for each
task there exists a corresponding low-dimensional w∗,i ∈ Rk such that

θ∗,i = B∗︸︷︷︸
Representation

w∗,i︸︷︷︸
Head

If we know col(B∗), we can solve new tasks with only O(k) samples

Does GD on ARM learn B∗? Does GD on MAML learn B∗?

10 / 36



Meta-learning from linear regression tasks
Setting from multi-task learning and linear representation learning:

Each task i is linear regression with ground truth parameter θ∗,i ∈ Rd:

yi ∼ θ⊤
∗,ixi + zi ,

xi is a random input vector and zi ∈ R is random zero-mean noise.

Solving each task individually requires Ω(d) samples per task.

Now suppose the θ∗,i lie in a shared k-dimensional subspace, k ≪ d

Let the columns of B∗ ∈ Rd×k span this subspace, that is, for each
task there exists a corresponding low-dimensional w∗,i ∈ Rk such that

θ∗,i = B∗︸︷︷︸
Representation

w∗,i︸︷︷︸
Head

If we know col(B∗), we can solve new tasks with only O(k) samples

Does GD on ARM learn B∗? Does GD on MAML learn B∗?

10 / 36



Prior work use matrix completion/sensing techniques

,
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<latexit sha1_base64="1nqL03LijN0mQTO7Ru6PPgo+dT4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoscxLx4nuDlYS0nTdAtLk5KkQinzq3jxoIhXP4g3v43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD48GSmQSkz4WTMhhiBRhlJO+ppqRYSoJSkJGHsLpTek/PBKpqOD3Ok+Jn6AxpzHFSBspsJteKFik8sRcRTfwkNKzwG45bWcOuErcirRAhV5gf3mRwFlCuMYMKTVynVT7BZKaYkZmDS9TJEV4isZkZChHCVF+MQ8/g6dGiWAspDlcw7n6e6NAiSrzmckE6Yla9krxP2+U6fjaLyhPM004XjwUZwxqAcsmYEQlwZrlhiAsqckK8QRJhLXpq2FKcJe/vEoG5233su3cXbQ63aqOOjgGJ+AMuOAKdMAt6IE+wCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gBg65U9</latexit>

B⇤

<latexit sha1_base64="PnymayIDOuZ8kpvhUFBVqP61XAc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQejm9xvP1KlmRT3ZpxQP8YDwSJGsLHSQy+QPNTj2F7Z6aRfqbo1dwq0SLyCVKFAo1/56oWSpDEVhnCsdddzE+NnWBlGOJ2Ue6mmCSYjPKBdSwWOqfazaeoJOrZKiCKp7BEGTdXfGxmOdR7NTsbYDPW8l4v/ed3URFd+xkSSGirI7KEo5chIlFeAQqYoMXxsCSaK2ayIDLHCxNiiyrYEb/7Li6R1VvMuau7debV+XdRRgkM4ghPw4BLqcAsNaAIBBc/wCm/Ok/PivDsfs9Elp9g5gD9wPn8A4ROSwQ==</latexit>,
<latexit sha1_base64="s/tLAJ2O3Iu+QxE7COrZ5B6wPik=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzJTEF0W3bisYB/QlpJJ77ShSWZIMmoZ6sZfceNCEbf+hTv/xkw7C209EDic+8i5J4g508bzvp2l5ZXVtfXCRnFza3tn193bb+goURTqNOKRagVEA2cS6oYZDq1YAREBh2YwusrqzTtQmkXy1oxj6AoykCxklBgr9dzDkYzuJRZAdKJAgDRYEKPYQ88teWVvCrxI/JyUUI5az/3q9COaZCsoJ1q3fS823ZQowyiHSbGTaIgJHZEBtC2VRIDuptMLJvjEKn0cRso+a2Gq/p5IidB6LALbae0N9XwtE/+rtRMTXnRTJuPEgKSzj8KEYxPhLA7cZwqo4WNLCFXMesV0SBShxoZWtCH48ycvkkal7J+VvZtKqXqZx1FAR+gYnSIfnaMqukY1VEcUPaJn9IrenCfnxXl3PmatS04+c4D+wPn8AQ6Ll0U=</latexit>

known measurement matrix

<latexit sha1_base64="NiscAa5+e/ERuGVpxMHsHyGPV+Q=">AAACC3icbVA9T8MwEHX4LOUrwMhitUJiqhIEgrGChbFI/ZLaEDmO01p17Mh2EFXUnYW/wsIAQqz8ATb+DU6bobQ8yfK7d3e6uxckjCrtOD/Wyura+sZmaau8vbO7t28fHLaVSCUmLSyYkN0AKcIoJy1NNSPdRBIUB4x0gtFNnu88EKmo4E09TogXowGnEcVIG8m3K/1AsFCNY/NljxOfzsfExPdN3646NWcKuEzcglRBgYZvf/dDgdOYcI0ZUqrnOon2MiQ1xYxMyv1UkQThERqQnqEcxUR52fSWCTwxSggjIc3jGk7V+Y4MxSpfz1TGSA/VYi4X/8v1Uh1deRnlSaoJx7NBUcqgFjA3BoZUEqzZ2BCEJTW7QjxEEmFt7CsbE9zFk5dJ+6zmXtScu/Nq/bqwowSOQQWcAhdcgjq4BQ3QAhg8gRfwBt6tZ+vV+rA+Z6UrVtFzBP7A+voF5uOcOA==</latexit>

xie
T
i

<latexit sha1_base64="ANwuepWAuRGA8WlVgMEg6EPDbZU=">AAAB/3icbVDNS8MwHE39nPOrKnjxEhyCp9GKosehF48T9gVrLWmabmFpUpJUGHUH/xUvHhTx6r/hzf/GdOtBNx+EPN77/cjLC1NGlXacb2tpeWV1bb2yUd3c2t7Ztff2O0pkEpM2FkzIXogUYZSTtqaakV4qCUpCRrrh6Kbwuw9EKip4S49T4idowGlMMdJGCuxD6IWCRWqcmCvvTgIPKX3fCuyaU3emgIvELUkNlGgG9pcXCZwlhGvMkFJ910m1nyOpKWZkUvUyRVKER2hA+oZylBDl59P8E3hilAjGQprDNZyqvzdylKgioZlMkB6qea8Q//P6mY6v/JzyNNOE49lDccagFrAoA0ZUEqzZ2BCEJTVZIR4iibA2lVVNCe78lxdJ56zuXtSdu/Na47qsowKOwDE4BS64BA1wC5qgDTB4BM/gFbxZT9aL9W59zEaXrHLnAPyB9fkDQlSWQg==</latexit>

W T
⇤

<latexit sha1_base64="VyPWTcquLTOZSfQVRxx5L7jal8U=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCjeEuIFoGbSwjmA9IjrC3mSRL9naP3T1DOFLY+FdsLBSx9UfY+W/cJFdo4oOBx3szzMwLY8608bxvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFoU4ll6oVEg2cCagbZji0YgUkCjk0w9HNzG8+gNJMinsziSGIyECwPqPEWKnrFhMxEnIsMJfjc0XECMdEkQgMKNx1S17ZmwOvEj8jJZSh1nW/Oj1JkwiEoZxo3fa92AQpUYZRDtNCJ9EQEzoiA2hbKuweHaTzJ6b41Co93JfKljB4rv6eSEmk9SQKbWdEzFAvezPxP6+dmP5VkDIRJwYEXSzqJxwbiWeJ4B5TQA2fWEKoYvZWTIc2BGoz0AUbgr/88ippVMr+Rdm7q5Sq11kceVREJ+gM+egSVdEtqqE6ougRPaNX9OY8OS/Ou/OxaM052cwx+gPn8werLpgX</latexit>

unknown low-rank parameter

<latexit sha1_base64="W9gCPZvK3zYXT6No/z+O6w6SAxM="></latexit>

yi ' xT
i B⇤w⇤,i =

[TJJ21,CHMS21,TJNO21] show that although the standard
assumptions are not satisfied, i.e.,

,
<latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h <latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h

<latexit sha1_base64="PnymayIDOuZ8kpvhUFBVqP61XAc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQejm9xvP1KlmRT3ZpxQP8YDwSJGsLHSQy+QPNTj2F7Z6aRfqbo1dwq0SLyCVKFAo1/56oWSpDEVhnCsdddzE+NnWBlGOJ2Ue6mmCSYjPKBdSwWOqfazaeoJOrZKiCKp7BEGTdXfGxmOdR7NTsbYDPW8l4v/ed3URFd+xkSSGirI7KEo5chIlFeAQqYoMXxsCSaK2ayIDLHCxNiiyrYEb/7Li6R1VvMuau7debV+XdRRgkM4ghPw4BLqcAsNaAIBBc/wCm/Ok/PivDsfs9Elp9g5gD9wPn8A4ROSwQ==</latexit>,

,
<latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h <latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h

<latexit sha1_base64="PnymayIDOuZ8kpvhUFBVqP61XAc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQejm9xvP1KlmRT3ZpxQP8YDwSJGsLHSQy+QPNTj2F7Z6aRfqbo1dwq0SLyCVKFAo1/56oWSpDEVhnCsdddzE+NnWBlGOJ2Ue6mmCSYjPKBdSwWOqfazaeoJOrZKiCKp7BEGTdXfGxmOdR7NTsbYDPW8l4v/ed3URFd+xkSSGirI7KEo5chIlFeAQqYoMXxsCSaK2ayIDLHCxNiiyrYEb/7Li6R1VvMuau7debV+XdRRgkM4ghPw4BLqcAsNaAIBBc/wCm/Ok/PivDsfs9Elp9g5gD9wPn8A4ROSwQ==</latexit>,

Restricted Isometry Property 
for matrix sensing

Incoherence property 
for matrix completion

sample efficient learning is possible as long as we have
task diversity = small condition number of W∗.

Can a single parameter algorithm, such as ARM and MAML, learn
the ground truth (linear) representation?
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Prior work use matrix completion/sensing techniques

,
<latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h <latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h

<latexit sha1_base64="P4QVsteoznrb2UTyvFVGdzC1mUk=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJCYkBVgkAwVrAwFok+pCaKHMdtrTp2ZDugKsrCr7AwgBArn8HG3+C0GaDlSJaPzrlX994TJowq7TjfVmVpeWV1rbpe29jc2t6xd/c6SqQSkzYWTMheiBRhlJO2ppqRXiIJikNGuuH4pvC7D0QqKvi9niTEj9GQ0wHFSBspsA+8ULBITWLzZY9B5iGlT2meB3bdaThTwEXilqQOSrQC+8uLBE5jwjVmSKm+6yTaz5DUFDOS17xUkQThMRqSvqEcxUT52fSAHB4bJYIDIc3jGk7V3x0ZilWxo6mMkR6pea8Q//P6qR5c+RnlSaoJx7NBg5RBLWCRBoyoJFiziSEIS2p2hXiEJMLaZFYzIbjzJy+SzlnDvWg4d+f15nUZRxUcgiNwAlxwCZrgFrRAG2CQg2fwCt6sJ+vFerc+ZqUVq+zZB39gff4Awy2XJw==</latexit>w⇤,i

<latexit sha1_base64="1nqL03LijN0mQTO7Ru6PPgo+dT4=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EhyCp9GKoscxLx4nuDlYS0nTdAtLk5KkQinzq3jxoIhXP4g3v43p1oNuPgh5vPf7kZcXpowq7TjfVm1tfWNzq77d2Nnd2z+wD48GSmQSkz4WTMhhiBRhlJO+ppqRYSoJSkJGHsLpTek/PBKpqOD3Ok+Jn6AxpzHFSBspsJteKFik8sRcRTfwkNKzwG45bWcOuErcirRAhV5gf3mRwFlCuMYMKTVynVT7BZKaYkZmDS9TJEV4isZkZChHCVF+MQ8/g6dGiWAspDlcw7n6e6NAiSrzmckE6Yla9krxP2+U6fjaLyhPM004XjwUZwxqAcsmYEQlwZrlhiAsqckK8QRJhLXpq2FKcJe/vEoG5233su3cXbQ63aqOOjgGJ+AMuOAKdMAt6IE+wCAHz+AVvFlP1ov1bn0sRmtWtdMEf2B9/gBg65U9</latexit>

B⇤

<latexit sha1_base64="PnymayIDOuZ8kpvhUFBVqP61XAc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQejm9xvP1KlmRT3ZpxQP8YDwSJGsLHSQy+QPNTj2F7Z6aRfqbo1dwq0SLyCVKFAo1/56oWSpDEVhnCsdddzE+NnWBlGOJ2Ue6mmCSYjPKBdSwWOqfazaeoJOrZKiCKp7BEGTdXfGxmOdR7NTsbYDPW8l4v/ed3URFd+xkSSGirI7KEo5chIlFeAQqYoMXxsCSaK2ayIDLHCxNiiyrYEb/7Li6R1VvMuau7debV+XdRRgkM4ghPw4BLqcAsNaAIBBc/wCm/Ok/PivDsfs9Elp9g5gD9wPn8A4ROSwQ==</latexit>,
<latexit sha1_base64="s/tLAJ2O3Iu+QxE7COrZ5B6wPik=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCqzJTEF0W3bisYB/QlpJJ77ShSWZIMmoZ6sZfceNCEbf+hTv/xkw7C209EDic+8i5J4g508bzvp2l5ZXVtfXCRnFza3tn193bb+goURTqNOKRagVEA2cS6oYZDq1YAREBh2YwusrqzTtQmkXy1oxj6AoykCxklBgr9dzDkYzuJRZAdKJAgDRYEKPYQ88teWVvCrxI/JyUUI5az/3q9COaZCsoJ1q3fS823ZQowyiHSbGTaIgJHZEBtC2VRIDuptMLJvjEKn0cRso+a2Gq/p5IidB6LALbae0N9XwtE/+rtRMTXnRTJuPEgKSzj8KEYxPhLA7cZwqo4WNLCFXMesV0SBShxoZWtCH48ycvkkal7J+VvZtKqXqZx1FAR+gYnSIfnaMqukY1VEcUPaJn9IrenCfnxXl3PmatS04+c4D+wPn8AQ6Ll0U=</latexit>

known measurement matrix

<latexit sha1_base64="NiscAa5+e/ERuGVpxMHsHyGPV+Q=">AAACC3icbVA9T8MwEHX4LOUrwMhitUJiqhIEgrGChbFI/ZLaEDmO01p17Mh2EFXUnYW/wsIAQqz8ATb+DU6bobQ8yfK7d3e6uxckjCrtOD/Wyura+sZmaau8vbO7t28fHLaVSCUmLSyYkN0AKcIoJy1NNSPdRBIUB4x0gtFNnu88EKmo4E09TogXowGnEcVIG8m3K/1AsFCNY/NljxOfzsfExPdN3646NWcKuEzcglRBgYZvf/dDgdOYcI0ZUqrnOon2MiQ1xYxMyv1UkQThERqQnqEcxUR52fSWCTwxSggjIc3jGk7V+Y4MxSpfz1TGSA/VYi4X/8v1Uh1deRnlSaoJx7NBUcqgFjA3BoZUEqzZ2BCEJTW7QjxEEmFt7CsbE9zFk5dJ+6zmXtScu/Nq/bqwowSOQQWcAhdcgjq4BQ3QAhg8gRfwBt6tZ+vV+rA+Z6UrVtFzBP7A+voF5uOcOA==</latexit>

xie
T
i

<latexit sha1_base64="ANwuepWAuRGA8WlVgMEg6EPDbZU=">AAAB/3icbVDNS8MwHE39nPOrKnjxEhyCp9GKosehF48T9gVrLWmabmFpUpJUGHUH/xUvHhTx6r/hzf/GdOtBNx+EPN77/cjLC1NGlXacb2tpeWV1bb2yUd3c2t7Ztff2O0pkEpM2FkzIXogUYZSTtqaakV4qCUpCRrrh6Kbwuw9EKip4S49T4idowGlMMdJGCuxD6IWCRWqcmCvvTgIPKX3fCuyaU3emgIvELUkNlGgG9pcXCZwlhGvMkFJ910m1nyOpKWZkUvUyRVKER2hA+oZylBDl59P8E3hilAjGQprDNZyqvzdylKgioZlMkB6qea8Q//P6mY6v/JzyNNOE49lDccagFrAoA0ZUEqzZ2BCEJTVZIR4iibA2lVVNCe78lxdJ56zuXtSdu/Na47qsowKOwDE4BS64BA1wC5qgDTB4BM/gFbxZT9aL9W59zEaXrHLnAPyB9fkDQlSWQg==</latexit>

W T
⇤

<latexit sha1_base64="VyPWTcquLTOZSfQVRxx5L7jal8U=">AAACBHicbVA9SwNBEN2LXzF+nVqmWQyCjeEuIFoGbSwjmA9IjrC3mSRL9naP3T1DOFLY+FdsLBSx9UfY+W/cJFdo4oOBx3szzMwLY8608bxvJ7e2vrG5ld8u7Ozu7R+4h0cNLRNFoU4ll6oVEg2cCagbZji0YgUkCjk0w9HNzG8+gNJMinsziSGIyECwPqPEWKnrFhMxEnIsMJfjc0XECMdEkQgMKNx1S17ZmwOvEj8jJZSh1nW/Oj1JkwiEoZxo3fa92AQpUYZRDtNCJ9EQEzoiA2hbKuweHaTzJ6b41Co93JfKljB4rv6eSEmk9SQKbWdEzFAvezPxP6+dmP5VkDIRJwYEXSzqJxwbiWeJ4B5TQA2fWEKoYvZWTIc2BGoz0AUbgr/88ippVMr+Rdm7q5Sq11kceVREJ+gM+egSVdEtqqE6ougRPaNX9OY8OS/Ou/OxaM052cwx+gPn8werLpgX</latexit>

unknown low-rank parameter

<latexit sha1_base64="W9gCPZvK3zYXT6No/z+O6w6SAxM="></latexit>

yi ' xT
i B⇤w⇤,i =

[TJJ21,CHMS21,TJNO21] show that although the standard
assumptions are not satisfied, i.e.,

,
<latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h <latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h

<latexit sha1_base64="PnymayIDOuZ8kpvhUFBVqP61XAc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQejm9xvP1KlmRT3ZpxQP8YDwSJGsLHSQy+QPNTj2F7Z6aRfqbo1dwq0SLyCVKFAo1/56oWSpDEVhnCsdddzE+NnWBlGOJ2Ue6mmCSYjPKBdSwWOqfazaeoJOrZKiCKp7BEGTdXfGxmOdR7NTsbYDPW8l4v/ed3URFd+xkSSGirI7KEo5chIlFeAQqYoMXxsCSaK2ayIDLHCxNiiyrYEb/7Li6R1VvMuau7debV+XdRRgkM4ghPw4BLqcAsNaAIBBc/wCm/Ok/PivDsfs9Elp9g5gD9wPn8A4ROSwQ==</latexit>,

,
<latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h <latexit sha1_base64="yPNku09m5fN9Tjjv3ziFjEZH2HE=">AAAB+nicbVC7TsMwFL0pr1JeKYwsFhUSU5UgKhgrWBiLRB9SE1WO67RWHSeyHVAV+iksDCDEypew8Tc4bQZoOZKlo3PutY9PkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY18yKsx0GIPI7FiNPZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRsx9FS9VNMFkgke0b6jAEVV+No8+Q6dGGaIwluYIjebq740MR0pNo8BM5jnVspeL/3n9VIdXfsZEkmoqyOKhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+SznndbdSdu4ta87qoowzHcAJn4MIlNOEWWtAGAo/wDK/wZj1ZL9a79bEYLVnFzhH8gfX5A1lJlA4=</latexit>h

<latexit sha1_base64="PnymayIDOuZ8kpvhUFBVqP61XAc=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBFcSJkRRZdFNy4r2Ae0Y8lkMm1oJhmSjFKG/ocbF4q49V/c+Tdm2llo64GQwzn3kpMTJJxp47rfztLyyuraemmjvLm1vbNb2dtvaZkqQptEcqk6AdaUM0GbhhlOO4miOA44bQejm9xvP1KlmRT3ZpxQP8YDwSJGsLHSQy+QPNTj2F7Z6aRfqbo1dwq0SLyCVKFAo1/56oWSpDEVhnCsdddzE+NnWBlGOJ2Ue6mmCSYjPKBdSwWOqfazaeoJOrZKiCKp7BEGTdXfGxmOdR7NTsbYDPW8l4v/ed3URFd+xkSSGirI7KEo5chIlFeAQqYoMXxsCSaK2ayIDLHCxNiiyrYEb/7Li6R1VvMuau7debV+XdRRgkM4ghPw4BLqcAsNaAIBBc/wCm/Ok/PivDsfs9Elp9g5gD9wPn8A4ROSwQ==</latexit>,

Restricted Isometry Property 
for matrix sensing

Incoherence property 
for matrix completion

sample efficient learning is possible as long as we have
task diversity = small condition number of W∗.

Can a single parameter algorithm, such as ARM and MAML, learn
the ground truth (linear) representation?
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MAML for linear representation learning

Loss function for task i at round t:

fi(B,w) := 1
2Exi,yi [(⟨Bw,xi⟩ − yi)

2]

.MAML is called a gradient-based meta-learning algorithm
(as opposed to representation-based meta-learning)

Algorithm (MAML)

(Outer loop) For t = 1, . . . , T :

• Sample n linear tasks
• (Inner loop) For each task i ∈ {1, . . . , n}:

• Adapt:

[
wt,i

Bt,i

]
=

[
wt

Bt

]
− α

[
∇wfi(Bt,wt)
∇Bfi(Bt,wt)

]
•
[
wt+1

Bt+1

]
=

[
wt

Bt

]
− β

n

∑n
i=1(I−α∇2

w,B̄
fi(Bt,wt))

[
∇wfi(Bt,i,wt,i)
∇Bfi(Bt,i,wt,i)

]

12 / 36



MAML vs. ANIL (Almost No Inner Loop)
Loss function for task i at round t:

fi(B,w) := 1
2Exi,yi [(⟨Bw,xi⟩ − yi)

2]

.MAML is a gradient-based meta-learning algorithm

ANIL is a representation-based meta-learning algorithm

Algorithm (MAML and ANIL)

(Outer loop) For t = 1, . . . , T :

• Sample n linear tasks
• (Inner loop) For each task i ∈ {1, . . . , n}:

• MAML adapts both:

[
wt,i

Bt,i

]
=

[
wt

Bt

]
− α

[
∇wfi(Bt,wt)
∇Bfi(Bt,wt)

]
• ANIL adapts only head:

[
wt,i

Bt,i

]
=

[
wt

Bt

]
− α

[
∇wfi(Bt,wt)

0

]
•
[
wt+1

Bt+1

]
=

[
wt

Bt

]
− β

n

∑n
i=1 Ht,i,Alg(Bt,wt)

[
∇wfi(Bt,i,wt,i)
∇Bfi(Bt,i,wt,i)

]

where Ht,i,Alg(·) is a Hessian that differs between MAML and ANIL
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MAML: Evidence of representation learning
We consider four meta-learning algorithms:

▶ ANIL (representation-based meta-learning),
▶ MAML (gradient-based meta-learning),
▶ their first-order approximations (FO-MAML and FO-ANIL).

0 1000 2000 3000 4000 5000
Number of iterations t

10−13

10−10

10−7

10−4

10−1

di
st

(B
t,B

*)

FO-ANIL
Exact ANIL
FO-MAML
Exact MAML
Avg. Risk Min.

Figure: MAML learns the true (linear) representation, col(B∗), while ARM
does not.

We only evaluate the training phase, assuming that failure to learn
the representation leads to failure in few-shot fine-tuning.
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Main Results (informal)
Under the linear representation learning setting

Informal theorem

Under standard assumptions, MAML, ANIL and their first-order
analogues recover col(B∗) exponentially fast when run on the task
population losses.

ANIL and FO-ANIL require m = Ω(( dn + 1)k3)≪ d samples per task
to recover col(B∗).

The key is that MAML and ANIL’s adaptation of the head harnesses
task diversity to improve the representation in all directions.

First results showing that MAML and ANIL provably learn effective
representations!

Informal negative result from [CHMS22]

There exist problems for which ARM fails to learn col(B∗).
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Principal Angle Distance

We use the principal angle distance to measure the distance
between representations.

Formally,

dist(B1,B2) := ∥B̂
⊤
1,⊥B̂2∥2,

where B̂1,⊥ and B̂2 are orthonormal matrices s.t.
col(B̂1,⊥) = col(B1)

⊥ and col(B̂2) = col(B2).
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Average Risk Minimization (ARM) fails to recover col(B∗)

Let’s focus on the population case to simplify the expressions

ARM: min
B,w

1
n

n∑

i=1

fi(B,w)

Dynamics of GD on ARM:

Bt+1 ← Bt

(
Ik − βwtw

⊤
t︸ ︷︷ ︸

prior weight

)
+ βB∗

(
1
n

n∑

i=1

w∗,i

)
w⊤

t

︸ ︷︷ ︸
signal weight

Two issues:

1. Prior weight only reduces Bt in one direction ⇒ slow in forgetting B0

2. Column space of signal weight is rank one and does not change over
time ⇒ we only improve in one fixed direction of the true signal B∗.
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Average Risk Minimization (ARM) fails to recover col(B∗)
Let’s focus on the population case to simplify the expressions

ARM: min
B,w

1
n

n∑

i=1

fi(B,w)

Dynamics of GD on ARM:

Bt+1 ← Bt

(
Ik − βwtw

⊤
t︸ ︷︷ ︸

prior weight

)
+ βB∗

(
1
n

n∑

i=1

w∗,i

)
w⊤

t

︸ ︷︷ ︸
signal weight

Formal Theorem from [CHMS22]

For any δ ∈ (0., 0.5], α, T, {w∗,i} and full rank B0, there exists a B∗
whose column space is δ-close to col(B0), i.e., dist(B0,B∗)=δ, while its
distance from the representation learned by ARM is at least 0.7δ, i.e.,
dist(BARM

T ,B∗)>0.7δ.
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Dynamics of ANIL, MAML, and FO variations

For FO-ANIL under population loss, we have

Bt+1 ← Bt

(
Ik − β

n

n∑

i=1

wt,iw
⊤
t,i

︸ ︷︷ ︸
prior weight

)
+ βB∗

(
1
n

n∑

i=1

w∗,iw
⊤
t,i

)

︸ ︷︷ ︸
signal weight

Suppose
▶ 1

n

∑n
i=1 w∗,iw⊤

∗,i has small condition number (task diversity), and
▶ wt,i’s are close to w∗,i’s (head adaptation), then:

Key observation

Prior weight reduces energy from Bt, and signal weight boosts energy
from B∗ in all directions.
=⇒ Head adaptation and task diversity are critical!
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Challenges in proving representation learning
Need to show head adaptation, that the wt,i’s are close to the true
heads w∗,i’s

From the inner loop of ANIL/MAML:

wt,i ←
prior weight︷ ︸︸ ︷

(Ik − αB⊤
t Bt)wt︸ ︷︷ ︸

shared for all tasks

+

signal weight︷ ︸︸ ︷
αB⊤

t B∗ w∗,i︸ ︷︷ ︸
unique for each task i

In order to show the unique part dominates, we must show three
things hold for all t:

1. ∥Ik − αB⊤
t Bt∥2 is small

2. ∥wt∥2 is small

3. σmin(B
⊤
t B∗) is lower bounded

Difficult because the algorithms lack explicit regularization and a
normalization step.

Leads to an intricate 6-way induction....
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Population case result

Main Theorem [Collins-Mokhtari-O-Shakkottai, ICML 2022]

Suppose there are m =∞ samples/task, the ground-truth heads satisfy
µ2
∗Ik ⪯ 1

n

∑n
i=1w∗,iw

⊤
∗,i ⪯ L2

∗Ik (Task Diversity), and the step sizes α,
β are sufficiently small. Then after T iterations, ANIL, FO-ANIL, MAML,
and FO-MAML learn a representation BT that satisfies:

dist(BT ,B∗) ≤
(
1− Ω(βαµ2

∗)
)T−1

as long as:

ANIL, FO-ANIL: dist(B0,B∗) ≤ c for a constant c.

MAML: dist(B0,B∗) = O((L∗/µ∗)
−0.75).

FO-MAML: dist(B0,B∗) = O((L∗/µ∗)
−1) and

∥ 1n
∑n

i=1w∗,t,i∥2 = O((L∗/µ∗)
−1.5).

We also show finite-sample results in the paper.
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MAML vs. ANIL
Recall that our result requires
1. stronger initialization for MAML and FO-MAML than for ANIL and

FO-ANIL, and
2. for FO-MAML, 1

n

∑n
i=1 w∗,i ≈ 0.

We empirically show these conditions are tight:

0 5000 10000 15000 20000
t

10−13

10−10

10−7

10−4

10−1

di
st

t

FO-ANIL
ANIL
FO-MAML
MAML

0 5000 10000 15000 20000
t

10−13

10−10

10−7

10−4

10−1

0 5000 10000 15000 20000
t

10−13

10−10

10−7

10−4

10−1 FO-ANIL
ANIL
FO-MAML
MAML

(Left) Random initialization leads MAML and FO-MAML to fail

(Right) Even with good initialization, 1
n

∑n
i=1w∗,i far from zero leads

FO-MAML to fail
=⇒ MAML/FO-MAML’s updates Bt in the inner loop, which can
inhibit representation learning.
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Proof sketch - FO-ANIL (1/4)

Bt+1 = Bt

(
Ik − βΨt︸ ︷︷ ︸
prior weight

)
+ βB∗

(
1
n

n∑
i=1

w∗,iw
⊤
t,i

)
,

wt,i = ∆t︸︷︷︸
prior weight

wt + αB⊤
t B∗w∗,i

Inductive hypotheses:

Bounded Head Weight
A1(t) := {∥wt∥2 = O(

√
α)}

Small Head Prior Weight
A2(t) := {∥∆t∥2 = ρ∥∆t−1∥2 +O(β2α2 dist2t−1)}
A3(t) := {∥∆t∥2 = O(1)}

Small Representation Prior Weight
A4(t) := {κ(Ψt) = O(1)}

Progress
A5(t) := {∥B⊤

∗,⊥Bt∥2 = ρ∥B⊤
∗,⊥Bt−1∥2}

A6(t) := {distt ≤ ρt−1}
where, ∆t := Ik − αB⊤

t Bt, Ψt :=
1
n

∑n
i=1 wt,iw

⊤
t,i, and ρ := 1− Ω(βα)

22 / 36



Proof sketch - FO-ANIL (2/4)
Inductive logic:

A6(t) : distt := ∥B̂⊤*,⊥B̂t∥2 ≤ ρt−1

A3(t) : ∥Δt∥2 ≤ 0.1

A2(t) : ∥Δt∥2 ≤ ρ∥Δt−1∥2 + α2β2L4*dist2t−1

A4(t) : 0.9αE0μ2*Ik ⪯ Ψt ⪯ 1.2αL2*Ik

A1(t) : ∥wt∥2 ≤ 0.1 α min(1,μ2* /η2*)η* A5(t) : ∥B̂⊤*,⊥Bt∥2 ≤ ρ∥B̂⊤*,⊥Bt−1∥2

           (Implications up to t)     (t+1)

            (Implications up to t+1)     (t+1)

Bt+1 = Bt

(
Ik − βΨt︸ ︷︷ ︸
prior weight

)
+ βB∗

(
1
n

n∑
i=1

w∗,iw
⊤
t,i

)
︸ ︷︷ ︸

signal weight

, ∆t := Ik − αB⊤
t Bt

Notable implications (1/3):

A4(t) =⇒ A5(t+ 1)
A3(t+1)
=⇒ A6(t+ 1)

▶ well-conditioned Ψt implies small prior weight and hence per-step
improvement

▶ per-step improvements imply geometric convergence
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Proof sketch - FO-ANIL (3/4)

Inductive logic:

A6(t) : distt := ∥B̂⊤*,⊥B̂t∥2 ≤ ρt−1

A3(t) : ∥Δt∥2 ≤ 0.1

A2(t) : ∥Δt∥2 ≤ ρ∥Δt−1∥2 + α2β2L4*dist2t−1

A4(t) : 0.9αE0μ2*Ik ⪯ Ψt ⪯ 1.2αL2*Ik

A1(t) : ∥wt∥2 ≤ 0.1 α min(1,μ2* /η2*)η* A5(t) : ∥B̂⊤*,⊥Bt∥2 ≤ ρ∥B̂⊤*,⊥Bt−1∥2

           (Implications up to t)     (t+1)

            (Implications up to t+1)     (t+1)

wt,i = ∆twt︸ ︷︷ ︸
shared for all i

+ αB⊤
t B∗w∗,i︸ ︷︷ ︸

unique for each i

, Ψt :=
1
n

n∑
i=1

wt,iw
⊤
t,i

Notable implications (2/3):

A1(t+ 1), A3(t+ 1), A6(t+ 1) =⇒ A4(t+ 1)
▶ Small ∥∆t∥2, ∥wt∥2, and distt(Bt,B∗) implies adapted heads are

diverse
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Proof sketch - FO-ANIL (4/4)

Inductive logic:

A6(t) : distt := ∥B̂⊤*,⊥B̂t∥2 ≤ ρt−1

A3(t) : ∥Δt∥2 ≤ 0.1

A2(t) : ∥Δt∥2 ≤ ρ∥Δt−1∥2 + α2β2L4*dist2t−1

A4(t) : 0.9αE0μ2*Ik ⪯ Ψt ⪯ 1.2αL2*Ik

A1(t) : ∥wt∥2 ≤ 0.1 α min(1,μ2* /η2*)η* A5(t) : ∥B̂⊤*,⊥Bt∥2 ≤ ρ∥B̂⊤*,⊥Bt−1∥2

           (Implications up to t)     (t+1)

            (Implications up to t+1)     (t+1)

Notable implications (3/3):

A2(t) +A6(t) =⇒ A1(t+ 1)
▶ This is tricky as it relies on showing that ∥∆t∥2 and distt are

summable to show that ∥wt∥ is bounded
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Discussion

We have obtained the first results showing that ANIL and MAML
learn effective representations.∗

Inner loop adaptation of the head is key to MAML and ANIL’s
ability to learn representations.

Inner loop adaptation of the representation restricts representation
learning for MAML.

∗L. Collins, A. Mokhtari, S. Oh, S. Shakkottai. MAML and ANIL Provably Learn
Representations, ICML 2022
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Connections to federated learning

27 / 36



Connections to federated learning†

Distributed Stochastic Gradient Descent (D-SGD)

Server

Client 1 Client n

<latexit sha1_base64="Ep5WFMcDyqmJfIz8e8JqeBjoeo0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WNRDx4r2A9oY9lsJ+3SzSbsToQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqOTR4LGPdDpgBKRQ0UKCEdqKBRYGEVjC6mfqtJ9BGxOoBxwn4ERsoEQrO0Eqd7i1IZD31iLRXrrhVdwa6TLycVEiOeq/81e3HPI1AIZfMmI7nJuhnTKPgEialbmogYXzEBtCxVLEIjJ/NTp7QE6v0aRhrWwrpTP09kbHImHEU2M6I4dAselPxP6+TYnjlZ0IlKYLi80VhKinGdPo/7QsNHOXYEsa1sLdSPmSacbQplWwI3uLLy6R5VvUuqu79eaV2ncdRJEfkmJwSj1ySGrkjddIgnMTkmbySNwedF+fd+Zi3Fpx85pD8gfP5A8+VkPE=</latexit>

�t
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Federated implementation of Average Risk Minimization (ARM):

θt+1 = θt − αβ
1

n

n∑

i=1

∇θfi(θ
t)

Major difference: Data never leaves the client device for privacy
†L. Collins, A. Mokhtari, H. Hassani, S. Shakkottai. ”FedAvg with Fine-tuning:

Local Updates Lead to Representation Learning”, NeurIPS 2022
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Connections to federated learning

Federated Average (FedAvg)‡ performs multiple local updates
similar to MAML

Server

Client 1 Client n
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Original motivation: communication rounds ≪ number of gradient
updates

New observation: effective representation learner
‡introduced in [MMRHA17]
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Local updates help in personalization [CHMS22]

Left plot: Models trained on 80 classes from CIFAR-100 (with C
classes/client) and fine-tuned on new clients from 20 new classes from
CIFAR-100

Right plot: Models trained on CIFAR-100 (with C classes/client) and
fine-tuned on new clients from CIFAR-10

Tτ = 125000 for both.
(FedAvg τ = 50, T = 2500, DSGD τ = 1, T = 125000)
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Representation learned by FedAvg changes less in
fine-tuning [CHMS22]

The early layers of FedAvg’s pre-trained model (corresponding to the
representation) change much less than those of D-SGD

Local updates enable learning the common representation across the
clients.
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Local updates help in personalization [JKRK19]

Personalization in FL: Federated trained model is further fine-tuned
on client data and evaluated on client data

FedAvg (left) achieves higher personalization accuracy compared to
D-SGD (right)
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FedAvg provably learns representations

Theorem (informal) [CHMS22]

Under the linear representation learning setting, if the number of local
updates is more than one, i.e., τ ≥ 2, FedAvg recovers col(B∗)
exponentially fast when run on the task population losses.

The key insight is that FedAvg local updates harness task diversity
to improve the representation in all directions.

Bt+1 ≈ Bt

(
Ik − α

n

n∑

i=1

τ−1∑

s=0

wt,i,sw
⊤
t,i,s

︸ ︷︷ ︸
prior weight

)
+B∗

(
α
n

n∑

i=1

τ−1∑

s=0

w∗,iw
⊤
t,i,s

︸ ︷︷ ︸
signal weight

)

Prior weight reduces energy from Bt, and signal weight boosts energy
from B∗ in all directions

Local updates and task diversity are critical.
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Discussion

We have obtained the first results showing that ANIL and MAML
learn effective representations.§

Inner loop adaptation of the head is key to MAML and ANIL’s
ability to learn representations.

Inner loop adaptation of the representation restricts representation
learning for MAML.

Follow-up work by [CMHS22]¶ shows that Federated Averaging also
learns effective representations.

§L. Collins, A. Mokhtari, S. Oh, S. Shakkottai. MAML and ANIL Provably Learn
Representations, ICML 2022

¶L. Collins, A. Mokhtari, H. Hassani, S. Shakkottai. ”FedAvg with Fine-tuning:
Local Updates Lead to Representation Learning”, NeurIPS 2022
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