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Disclaimer: These notes have not been subjected to the usual scrutiny reserved for formal publications. In
this lecture we will discuss coupling as an important tool in studying Markov chains. First, we will discuss
the Heat-Bath chain as a general rule in designing Markov chains with a given stationary distribution, then
we introduce coupling and see its applications.

4.1

The Heat-Bath Chain

Let us recall the Ising model. Suppose we have a spin system where the spin of each particle i is σi ∈ {+1, −1}
and the weight of a configuration is
P
π(σ) ∝ eβ i∼j σi σj .
where β corresponds to the temperature.
The idea in the Heat-Bath chain is that each time we “re-randomize” an element of the current configuration
with respect to π conditioned on the rest of the configuration. For example, in a spin-system we re-randomize
the spin of a particle conditioned on the spin of the rest of the particles. This chain is typically used to
generate random samples from spin systems. It is also straightforward to study an implementation of these
chains in distributed systems, see [SRO16] for a recent best paper award of ICML studying the behavior of
the Heat-Bath chain in a distributed system.
Let us discuss the details of the Heat-Bath chain in the Ising model. Consider a configuration σ. Let us
write
a(σ)

:= |{i ∼ j : σi = σj }|,

d(σ)

:= |{i ∼ j : σi 6= σj }|.

We can write
π(σ) = eβ(a(σ)−d(σ)) =

e2βa(σ)
.
eβ|E|

So, we can just assume that the weight of each configuration σ is e2βa(σ) .
As discussed above in the Heat-Bath chain, we choose a site i uniformly at random and we replace σi by a
spin chosen from π conditioned on the spins of all neighbors of i.
−
Suppose choose a site i. Say d+
σ (i) is the number of neighbors of i which are + and dσ (i) is the number of
neighbors which are −. It follows that for any sign s ∈ {+, −}
s



−
Pπ σi = s|d+
σ (i), dσ (i) =

e2βdσ (i)
+

−

e2βdσ (i) + e2βdσ (i)

It is not hard to see that this is an aperiodic, and irreducible Markov chain and it is reversible with stationary
distribution π.
As an exercise write down the Metropolis rule for the same Ising model example.
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Coupling

Definition 4.1 (Coupling). Let µ, ν be probability distributions over Ω. A coupling between µ, ν is a probability distribution π on Ω × Ω that preserves the marginals of µ, ν respectively. In particular, for all x ∈ Ω,
X
X
π(x, y) = µ(x) and
π(y, x) = ν(x).
y

y

Let us give an example: Consider the following two distributions over {1, 2, 3}. Consider the following

µ(.)
ν(.)

1
0.2
0.3

2
0.5
0.4

3
0.3
0.3

coupling π(1, 1) = 0.2, π(2, 2) = 0.4, π(3, 3) = 0.3, π(2, 1) = 0.1. Observe that all marginal probabilities are
satisfied; for example π(2, 2) + π(2, 1) = 0.5 = µ(2). Furthermore, if (X, Y ) is a sample of π, we have that
˜ j) = µ(i)ν(j).
Pπ [X = Y ] = 0.9. You can compare this coupling with an independent coupling in which pi(i,
In that case we would have Pπ̃ [X = y] = π(1)ν(1) + π(2)ν(2) + π(3)ν(3) = 0.35.
Lemma 4.2 (Coupling Lemma). Let µ and ν be probability distributions on Ω, and let X and Y be random
variables with distributions µ and ν, respectively. Then
1. P [X 6= Y ] ≥ kµ − νkT V .
2. There exists a coupling between µ and ν such that P [X 6= Y ] = kµ − νkT V .
Proof. We prove the 2nd part, that is we construct the optimal coupling between µ and ν. The coupling
will be very similar to the above example. For any i in the support of these distributions, we let π(i, i) =
min{µ(i), ν(i)}. For all other pairs i 6= j we sequentially choose π(i, j). Obviously, there is a way to match
the remaining mass in the distributions such that all marginals are preserved. For example, when we process
i 6= j we define π(i, j) = min{µ(i) − π(i, .), ν(j) − π(., j)}.
Note that obviously, this coupling has the highest probability that X = Y because for any i, we must have
P(X,Y )∼π [X = i, Y = i] ≤ min{µ(i), ν(i)}
in order to satisfy the marginal of i. Therefore,
X
X
P [X 6= Y ] = 1 −
π(i, i) =
µ(i) − min{µ(i), ν(i)} = kµ − νkT V .
i

4.3

i

Mixing Time

For a state x and time t > 0 let
∆x (t) := kK t (x, .) − πkT V .
For a state x, let
τx () = min{t : ∆x (t) ≤ }
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be the first time that the total variation distance of the walk started at x from the stationary distribution
drops below . Now, define
τ () = max τx ().
x

Observe that if start the walk from a probability distribution p the time to reach total variation distance 
is at most τ (). This is because for any t,
X
kpK t − πkT V = k
p(x)(K t (x, .) − π)kT V
i

≤

X

p(x)kK t (x, .) − πkT V ≤ max ∆x (t).
x

x

Definition 4.3 (Mixing Time). For any Markov chain the mixing time is defined as τ (1/2e). In other
words, this is the time that the total variation distance of the walk started at the worst possible starting point
drops be low 1/2e.
The choice of constant 1/2e is for algebraic convenience but as we will see this will only change the mixing
time up to a constant.
We start by proving the following lemma:
Lemma 4.4. For any state x and any time t,
∆x (t) ≥ ∆x (t + 1).
Proof. Let Xt be the location of the Markov chain started at X0 = x and Yt be the location of the chain
started at Y0 ∼ π. Note that since π is stationary Yt is also distributed as π.
By the coupling lemma there is a coupling Xt , Yt such that P [X 6= Y ] = ∆x (t). Now we define a coupling of
Xt+1 , Yt+1 such that P [Xt+1 6= Yt+1 ] ≤ ∆x (t).
• If Xt = Yt , then set Xt+1 = Yt+1 .
• Otherwise, construct Xt+1 , Yt+1 running the two chains independently for one step.
Obviously,
∆x (t + 1) = kK t+1 (x, .) − πkT V ≤ P [Xt+1 6= Yt+1 ] ≤ P [Xt ≤ Yt ] = ∆x (t).
The first inequality follows by the coupling lemma and the second one by the above construction.
The above lemma shows that once the total variation distance is small it will never gets big. To prove the
fundamental theorem of Markov chains we need to show that for any chain there is a large enough t such
that the total variation distance gets small.
Lemma 4.5. Let K ∈ RΩ×Ω
be such that for all x, y, K(x, y) > 0. Then,
+
τmix ≤

1
||Ω| minx,y K(x, y)2

Proof. Let kmin := minx,y K(x, y). We show that for any state x and any t ≥ 0,
2
∆x (t + 1)) ≤ ∆x (t)(1 − |Ω| · kmin
).
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This will prove the lemma because for t =

1
2
|Ω|·kmin

we get

2
∆x (t)) ≤ (1 − |Ω · kmin
)t ≤ 1/e.

Similar to Lemma 4.4 let Xt be the location of the chain started at x and Yt be the location of the chain
started at Y0 ∼ π. Also, suppose we have a coupling of Xt , Yt such that P [Xt 6= Yt ] = ∆x (t). Consider
the same coupling for Xt+1 , Yt+1 : If Xt = Yt then Xt+1 = Yt+1 otherwise, we run each of these chains
independently.
P [Xt+1 6= Yt+1 ]

=

P [Xt+1 6= Yt+1 |Xt 6= Yt ] P [Xt 6= Yt ]

(1 − P [Xt+1 = Yt+1 |Xt 6= Yt ])∆x (t)
X
= (1 −
K(Xt , x)K(Yt , x))∆x (t)

=

x

≤

2
(1 − |Ω| · kmin
)∆x (t).

2
Therefore, by coupling lemma ∆x (t + 1) ≤ ∆x (t)(1 − |Ω| · kmin
) as desired.

Recall that in the last lecture we discussed that for any aperiodic irreducible chain there exists t = t0 such
that K t (x, y) > 0 for all x, y. Say K̃ = K t0 . Then, by the above lemma there exists t > 0 such that for all
x, kK̃ t (x, .) − πkT V ≤ 1/2e. But this means that
kK t0 ·t (x, .) − πkT V ≤ 1/2e,
as desired. This completes the proof of the fundamental theorem of Markov chains.
The following theorem can be proven using the above techniques and we leave it as an exercise.
Theorem 4.6. For any Markov chain, τ () ≤ O(τmix log(1/)).

4.4

Coupling for Bounding Mixing Time

In the last section we saw the coupling as a technique to prove upper bound on the mixing time. The coupling
proof that we constructed was very general and used no structure about the underlying chain. Here, we
make this more formal, and we will see many examples on how to use this idea to bound the mixing time of
a chain.
Definition 4.7. A coupling of a Markov chain is a pair process Xt , Yt such that each process in isolation
looks like an honest simulation of the chain, i.e., for all states x, y,
P [Xt+1 = y|Xt = x] = K(x, y) = P [Yt+1 = y|Xt = x] ,
and for all t ≥ 0, if Xt = Yt , then Xt+1 = Yt+1 .
We need another definition before we prove a bound on mixing time using a Markov chain coupling.
Definition 4.8 (Stopping Time). A stopping time with respect to a sequence of random variables X1 , X2 , . . .
is an integer random variable T with the property that for each t ∈ {1, 2, . . . }, the occurrence or nonoccurrence of the event T = t depends only on the values of X1 , X2 , . . . , Xt .
For example, consider a random walker on a line who starts from the origin. Consider the first time that he
is distance n away from the origin. This is a stopping time.
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Lemma 4.9. Let Xt , Yt be a coupling of a Markov chain where X0 = x and Y0 ∼ π. Let
TX,Y = min{t : Xt = Yt },
be the stopping time until the two process meet. Then,
∆x (t) ≤ P [TX,Y > t] .
Proof. This is just by the coupling lemma.
∆x (t) = kK t (x, .) − πkT V ≤ P [Xt 6= Yt ] = P [TX,Y > t] .
The last equality is by the definition of the coupling.
In the next section we prove a bound on the mixing time of a hypercube using this idea.

4.5

Simple Random Walk on a Hypercube {0, 1}n

Consider the n dimensional hypercube with 2n where every vertex is labelled with an n bit string. Two
vertices are adjacent if their n bit strings differ in exactly one bit. Consider the following Markov chain.
i) At any vertex x, with probability 1/2 do nothing (self-loop)
ii) Otherwise, pick a uniformly random coordinate and flip it.
Equivalently, we can consider the following Markov chain: At any vertex x choose a uniformly random
coordinate i and substitute it with a uniformly random bit b ∈ {0, 1}.
Having the second description, considering the following coupling between Xt , Yt : Xt and Yt choose the same
coordinate i and the same bit b.
Observe that this is a valid coupling, because each Xt , Yt is following the same random walk. Furthermore,
observe that TX,Y is at most the time by which each coordinate is chosen at least once. This is because once
we choose a coordinate i from that moment Xt , Yt will agree on that coordinate.
So, it is enough to find the expected time that it takes to choose each coordinate at least once, and then we
can use the Markov’s inequality.
This problem is known as the coupon collector problem: At each time step, the collector gets one out of n
coupons uniformly at random. His aim is to continue till he has seen every coupon at least once. Let Tk
be the time it takes to see k coupons assuming he has already seen k − 1 coupons. Obviously T1 = 1, and
P
n
1
i=1 Ti is the time to take all coupons. It turns out that for each k, E [Tk+1 ] = 1−k/n . This is because
he has already seen k coupons; so the next coupon will be new only with probability 1 − k/n. This is a
1
geometric random variable, so its mean is 1−k/n
. By linearity of expectation we get
E [T1 + · · · + Tn ] =

n
X
k=1

n

X
1
n
=
= nHn .
1 − (k − 1)/n
n−k+1
k=1

In general, it is not hard to see that the coupon collector time is highly concentrated around its expectation,
in the sense that
P [T1 + · · · + Tn > n ln n + cn] ≤ e−c .
So, in this case we get a very tight upper bound on the mixing. For this Markov chain with a

4-6

4.6

Lecture 4: Coupling

Random-to-Top Card Shuffling

The random-to-top card shuffling is
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