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Eigenfunction approximation methods
for linearly-solvable optimal control problems
Emanuel Todorov
Abstract— We have identified a general class of nonlinear
stochastic optimal control problems which can be reduced to
computing the principal eigenfunction of a linear operator.
Here we develop function approximation methods exploiting
this inherent linearity. First we discretize the time axis in a
novel way, yielding an integral operator that approximates not
only our control problems but also more general elliptic PDEs.
The eigenfunction problem is then approximated with a finitedimensional eigenvector problem – by discretizing the state
space, or by projecting on a set of adaptive bases evaluated
at a set of collocation states. Solving the resulting eigenvector
problem is faster than applying policy or value iteration. The
bases are adapted via Levenberg-Marquardt minimization with
guaranteed convergence. The collocation set can also be adapted
so as to focus the approximation on a region of interest.
Numerical results on test problems are provided.

I. I NTRODUCTION
Optimal control in its generic formulation is a hard problem. This motivates a search for more structured formulations
making the problem easier. We and others [4], [5], [1],
[3] have identified a class of nonlinear stochastic optimal
control problems which are inherently linear, in the sense
that the exponentiated optimal cost-to-go function can be
found as the principal eigenfunction of a certain linear
operator. The optimal control law can then be computed
analytically given the optimal cost-to-go. Despite its inherent
linearity this problem class is surprisingly general; the only
unusual restriction is that the noise and the controls must act
in the same subspace. Computing eigenfunctions in highdimensional spaces is still hard, yet it is more tractable
than approximating non-linear HJB equations or using other
ADP/RL methods aimed at generic problem formulations.
The goal of this paper is to develop function approximation methods that have the potential to handle complex
control problems within our class. Section II summarizes
the necessary mathematical background. Section III describes
a grid-based approximation scheme which we use to solve
low-dimensional test problems with high accuracy. Section
IV adapts the Gaussian RBF approximation framework to
our problem class and shows how relevant quantities can be
computed analytically. Section V develops fitting methods
that exploit the ideas of collocation, eigensolvers, quadratic
programming and Levenberg-Marquardt optimization. Section VI presents numerical results.
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II. L INEARLY- SOLVABLE OPTIMAL CONTROL PROBLEMS
The control problems we aim to solve are continuous in
space and time. Yet the best approximations are obtained
by discretizing the time axis and solving the corresponding
continuous-space discrete-time problem. Therefore we need
both continuous and discrete-time problem formulations.
A. Continuous-time formulation
Consider a system with state x ∈ Rn , control u ∈ Rm
and continuous-time stochastic dynamics
dx = a (x) dt + B (x) (udt + σdω)

(1)

ω (t) is Brownian motion. The cost rate function1 is
(x, u) = q (x) +

1
2
kuk
2σ 2

(2)

The functions q (x) ≥ 0, a (x) and B (x) can be arbitrary.
Let v (x) denote the optimal cost-to-go and vx (x) its gradient. It can be shown that the optimal control law is
u∗ (x) = −σ2 B (x)T vx (x)

(3)

v satisfies the minimized HJB equation
1
T
c = q (x) + L [v] (x) − vx (x) Σ (x) vx (x)
2
where the linear differential operator L is defined as

1
trace (Σ (x) vxx (x))
2
and Σ is the noise covariance matrix:
T

L [v] (x) = a (x) vx (x) +

Σ (x) = σ 2 B (x) B (x)

T

(4)

(5)

(6)

In an infinite-horizon average-cost-per-step setting, c > 0
is the unknown average cost-per-step and v is the differential
cost-to-go2 . In a first-exit setting, c = 0 and v is the actual
cost-to-go. Our methods will apply to both settings.
Although (4) is nonlinear in v, it becomes linear when
written in terms of the following function:
z (x) = exp (−v (x))

(7)

1 The noise amplitude σ and control weight 1/2σ 2 must be related in
this way to make the math work. If we wish to find the optimal control
law for a different control weight, say r, we simply replace q (x) with
qh (x) = q (x) /2rσ 2 . The cost rate (and therefore the optimal cost-to-go)
are now scaled by 1/2rσ 2 relative to what we want, however scaling by a
constant does not affect the optimal control law.
2 Suppose t starts negative and ends at 0 and v
e (x, t) is the optimal costto-go for the corresponding finite horizon problem. Then the average costper-step is c = − limt→−∞ v
e (x, t) /t, and v
e (x, t) ≈ v (x) − ct.

Exponentiating (4) and expressing it in terms of z yields
(q (x) − c) z (x) = L [z] (x)

(8)

This linear differential equation will be the point of departure
for the differential approximation methods developed later.
From the Krein-Rutman theorem, (8) has a unique positive
solution z (x) corresponding to the smallest eigenvalue c.
The constraint q (x) ≥ 0 was needed to apply this theorem.

B. Discrete-time formulation
The time axis is now discretized with step h. Thus x (k) in
discrete time corresponds to x (hk) in continuous time. The
controller specifies the transition probability π (y|x) directly.
Thus the discrete-time stochastic dynamics are

It is known that the generator of the diffusion process (1)
with u = 0 is the operator L defined in (5). At the same
time the expectation in (15) is the operator G defined in
(12). Thus L is a functional linearization of G:
¡ ¢
G [z] (x) = z (x) + hL [z] (x) + o h2
(16)

If we now substitute (16) in (13), subtract z from both sides,
divide by h and take the limit h → 0, we will recover (8).
The relation between the discrete and continuous formulations is further illuminated by noting the similarity between
the KL divergence control cost in (10) and the quadratic
control cost in (2). Consider any control vector u and the
resulting h-step transition probability under (1):

(9)

π (u) (y|x) = N (y; x + ha (x) + hB (x) u, hΣ (x)) (17)

We also define the transition probability p (y|x) corresponding to the notion of passive dynamics. The control cost is then
defined as the Kullback-Leibler (KL) divergence3 between
the controlled and passive dynamics. Thus the cost rate is

The formula for KL divergence between Gaussians yields
´
³
h
2
(18)
KL π(u) (·|x) ||p (·|x) = 2 kuk
2σ

x (k + 1) ∼ π (·|x (k))

(x, π (·|x)) = hq (x) + KL (π (·|x) ||p (·|x))

(10)

As before let v be the optimal cost-to-go and z = exp (−v).
Then the optimal control law is
π∗ (y|x) =

p (y|x) z (y)
G [z] (x)

where the linear integral operator G is defined as
Z
G [z] (x) = p (y|x) z (y) dy

(11)

(12)

The minimized Bellman equation (not shown) can now be
exponentiated and expressed in terms of z as
exp (hq (x) − hc) z (x) = G [z] (x)

(13)

This linear integral equation will be the point of departure
for the integral approximation methods developed later. We
can show [4] that it has a unique positive solution z (x)
corresponding to the largest eigenvalue λ = exp (−hc).
C. Relation between continuous and discrete time
In order to construct a discrete-time approximation to a
given continuous-time problem we have to make sure that the
passive dynamics match. This is done by setting p (y|x) to
the (Euler approximation of the) h-step transition probability
of the diffusion (1) with u = 0:
p (y|x) = N (y; x + ha (x) , hΣ (x))

(14)

E [z (y (h)) |y (0) = x] − z (x)
h→0
h

(15)

N denotes a Gaussian. To see why this construction leads
to a valid approximation, recall the notion of a generator of
a stochastic process. The generator computes the expected
directional derivative of a function along trajectories y (·)
sampled from the stochastic process:
lim

3 Recall

that KL (r (·) ||p (·)) =

]

r (x) log

r (x)
dx.
p (x)

which is just the quadratic cost accumulated over time h.
III. A PPROXIMATION VIA DISCRETE - STATE MDP S

Before discussing the function approximation methods
which are the focus of this paper, we outline a different
method based on discrete MDPs. This is only applicable
to low-dimensional problems, but when applicable it yields
highly accurate results because the approximating MDP
can be solved exactly. The MDP is constructed [2] by
choosing a set (usually grid) of states {xn } and adjusting
the probabilities Pnk of transitioning from xn to xk so that
the mean and covariance of p (y|xn ) are matched:
P
yn = k Pnk xk ≈ xn + ha (xn )
(19)
P
T
k Pnk (xk − yn ) (xk − yn ) ≈ hΣ (xn )

Such matching is not exact for a finite grid, but if the
mismatch decreases sufficiently rapidly as the grid becomes
more dense, the MDP solution converges to the solution of
the continuous-state problem [2]. Define the vector z with
elements z (xn ), and the diagonal matrix Q with elements
exp (−hq (xn )) on its main diagonal. Then (13) becomes
λz = QP z

(20)

Once we find the principal eigenvector λ, the average costper-step can be computed as c = − log (λ) /h. For small h
the variance of p (y|x) is small and so QP is sparse, allowing
us to take advantage of sparse eigensolvers.
One way to solve (20) is the power iteration method –
which in the present context is equivalent to value iteration
in exponentiated form. Despite this equivalence, however,
solving (20) can be orders of magnitude faster than value
iteration for generic MDPs, because: (i) the optimal controls
are found analytically; (ii) value iteration can converge
slowly while here convergence is linear; (iii) eigensolvers
use methods such as Rayleigh quotient iteration that are
faster than power iteration.

forces.
Writingi (24) in general 1st-order form yields B (x) =
h
−1
0; M (xp )
and thus rank (Σ) = n/2.
To handle this complication we first compute a symmetric
matrix square root

v(x) = -log z(x)
z(x) = sum wi fi(x)
v(x)

hΣ (x) = C (x) C (x)

f1(x)

f2(x)

(25)

where C is an n-by-rank (Σ) matrix. The obvious choice is
C (x) = σh1/2 B (x). Let y be the mean of p:

f3(x)

x
Fig. 1. Illustration of the function approximator. Colored
curves correspond to different random sets of w’s.

IV. G AUSSIAN RBF S AND COLLOCATION
We now turn to methods that use smooth approximation
instead of discretization. Here we describe the function
approximator and its properties in the context of our problem
class, and leave the fitting procedures for the next section.
Define a basis set {fi }i=1···K of unnormalized Gaussians:
³
´
T
fi (x) = exp − 12 (x − mi ) Si (x − mi )
(21)

z is approximated as a linear combination of these bases:
P
(22)
zb (x; θ, w) = i wi fi (x)

θ contains the means mi and inverse covariances Si . Note
that (22) is linear in w and nonlinear in θ. We will consider
linear methods that fix θ and solve for w, as well as nonlinear
methods that adapt θ.
There are several reasons for choosing to work with
Gaussian RBFs: (i) they have been widely used with considerable success; (ii) they allow analytical computation of
the operator G as well as the control laws π∗ and u∗ ; (iii)
we have shown that the function z behaves like a probability
density [5] thus it makes sense to approximate it with a
density model; (iv) this function approximator has appealing
default behavior as illustrated in Fig. 1. Varying wi affects
the shape of the function in the region where the bases are
clustered. Away from the bases vb = − log (b
z ) gradually
becomes quadratic, giving rise to linear feedback control
laws that push the state back towards the bases.
A. Computing the integral operator G
Since G is linear and zb is as a linear mixture, we have
P
G [b
z ] (x) = i wi G [fi ] (x)
(23)

Both p and fi are Gaussians so the integral in (12) can be
solved analytically. One complication however is that the
covariance matrix hΣ (x) of p (y|x) may be singular. This
occurs in 2nd-order systems, as follows. Consider a state
vector x which includes the positions xp and velocities xv
of all degrees of freedom. The (deterministic) dynamics are
(24)

where u is the vector of applied torques, M the inertia matrix
and ρ the vector of Coriolis, centripetal and gravitational

(26)

y (x) = x + ha (x)
Then the random variable y can be expressed as
y = Cε + y,

u = M (xp ) ẋv + ρ (xp , xv )

T

ε ∼N (·; 0, I)

and the integral in (12) becomes
Z
¡
¢
N y; y, CC T fi (y) dy
G [fi ] (x) =
Z
=
N (ε; 0, I) fi (Cε + y) dε

(27)

(28)

The latter integral involves the exponent of a quadratic
function of ε. Completing the squares in the exponent yields
εT ε + (Cε + y − mi )T Si (Cε + y − mi )
T

(29)

T

= (y − mi ) Hi (y − mi ) + (ε − di ) Vi (ε − di )
where Vi , Hi , di are given by
Vi
Hi
di

= I + C T Si C
= Si − Si CVi−1 C T Si
= Vi−1 C T Si (mi − y)

(30)

Putting the results together we have
³
´
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T
G [fi ] (x) = |Vi | 2 exp − 12 (y − mi ) Hi (y − mi )
(31)
B. Computing the optimal control law u∗
Suppose we started with a continuous-time problem, constructed its discrete-time counterpart and approximated z (x)
and π ∗ (y|x). How can we now recover u∗ (x)? The obvious
approach is to compute v = − log (z) and apply (3). From
(7) it follows that vx (x) = −zx (x) /z (x). Thus
P
(32)
u∗ (x) = σ 2 B (x)T i ni (x) Si (mi − x)

where the weights ni are given by

wi fi (x)
ni (x) = P
k wk fk (x)

(33)

This resembles the way functions are represented in locallyweighted regression.
The drawback of (32) is that it involves differentiation
of the basis functions, which can have undesirable effects
even though the differentiation is carried out analytically.
In particular the resulting control laws often have highfrequency components. Fortunately there is an alternative –

which is to match the mean of π ∗ to the drift caused by u∗ ,
and solve (in a least squares sense) the equation
Z
∗
(34)
x + ha (x) + hB (x) u (x) = yπ ∗ (y|x) dy

From (29) we see that p (y|x) fi (y) is a Gaussian which is
scaled by G [fi ] (x) and has mean Cdi + y. Thus the passive
dynamics (y and x + ha) cancel and (34) becomes
P
hB (x) u∗ (x) = C (x) i η i (x) di (x)
(35)

While the eigensolver approach is computationally the
most efficient, it has two drawbacks. First, if the elements of
w are allowed to be negative the approximation zb may be
negative for some states – which is a problem because the
machinery we developed assumes positive z. Second, in the
over-determined case the eigensolver does not minimize the
residual but instead its projection on F (θ). This becomes
problematic when we make θ adjustable later. Both issues
can be addressed using quadratic programming (QP) as
follows. Define the vector of residuals

where the weights η i are given by

wi G [fi ] (x)
ηi (x) = P
k wk G [fk ] (x)

When we use C = σh1/2 B equation (35) becomes
P
u∗ (x) = σh−1/2 i η i (x) di (x)

(36)

(37)

The solutions to (8) and (13) will be approximated via
collocation: choose a set of collocation states {xn }n=1···N
and enforce equality at those states. In the over-determined
case (N > K) this will be done using least squares. Define
the matrices F (θ), G (θ) and L (θ) with elements
= fi (xn )
= exp (−hq (xn )) G [fi ] (xn )
= q (xn ) fi (xn ) − L [fi ] (xn )

(38)

= L (θ) w
= G (θ) w

and the objective function
1
2
(43)
kr (λ, θ, w)k
2
Since e is quadratic in w, we can now apply QP while
imposing the constraints wi ≥ 0.
Eigenvectors are defined up to a scaling factor, thus every
eigensolver needs to impose a norm constraint to avoid the
trivial 0 solution. One way to do this in QP is to impose the
constraint 1T w = const. This is sufficient for fixed bases
but is not sufficient for adaptive bases. If the bases move
away from the collocation states we can have zb (xn ) ≈ 0
even when wi À 0. Indeed the adaptive algorithm below
exploits this loophole. Thus a more sensible constraint is
P
1T F (θ) w = n zb (xn ; θ, w) = const
(44)
Next we need to compute λ. The minimum of e over λ is

Equations (8, 13) restricted to {xn } then become
cF (θ) w
λF (θ) w

(42)

e (λ, θ, w) =

C. Collocation

Fni
Gni
Lni

r (λ, θ, w) = λF (θ) w − G (θ) w

(39a)
(39b)

Recall that we seek the smallest eigenvalue c in (39a) and
the largest eigenvalue λ in (39b).
V. O PTIMIZATION METHODS

λ=

wT F (θ)T F (θ) w

wT F (θ)T G (θ) w

(45)

We now iterate between (45) and QP. Convergence is guaranteed because each step reduces e. The solution to (40) or
(41) can be used for initialization. In practice convergence
only takes a few iterations.

A. Fixed bases: eigensolvers and quadratic programming

B. Adaptive bases: constrained Levenberg-Marquardt

Here we assume fixed basis functions and compute λ, w.
For concreteness we focus on (39b) although the same
methods apply to (39a). The obvious approach is to use an
eigensolver. When N = K the matrices F (θ) , G (θ) are
square and the generalized eigenvalue problem (39b) can be
reduced to the standard form4

Next we adapt the means and covariances of the Gaussian
basis functions5 . This is done by minimizing e over θ. Define
the Jacobian of r w.r.t. θ:

λw = F (θ)

−1

G (θ) w

(40)

One problem with (40) is that F (θ) may be ill-conditioned
– which occurs when the bases have large overlap. In that
case we can use
³
´−1
T
T
λw = F (θ) F (θ) + αI
F (θ) G (θ) w
(41)

where α is a regularization parameter. Note the relation to
Gaussian process regression. Apart from dealing with illconditioning, (41) can handle the case N > K.
4 Of course one should use matrix factorization and backsubstitution
instead of matrix inversion.

J (λ, θ, w) =

∂r (λ, θ, w)
∂θ

(46)

The gradient is eθ = J T r which can be used in a gradient
descent algorithm. However, since e is in least-squares form,
a better approach is to approximate the Hessian as J T J
and apply the Gauss-Newton algorithm with the LevenbergMarquardt refinement:
¡
¢−1 T
θ0 = θ− J T J + γI
J r
(47)

For γ = 0 this is exactly Gauss-Newton, while for large γ
it approximates gradient descent with step size 1/γ. If the
candidate θ 0 reduces e then we set θ ← θ 0 and reduce γ,
otherwise we increase γ and compute a new candidate.
5 It

now becomes essential to have N À K or else we can overfit badly.

One caveat here is that we want to optimize e subject to
the constraint (44). The vector
¢
¡
∂ 1T F (θ) w
g=
(48)
∂θ
gives the direction in which θ should not change. Thus we
need to modify (47) so that gT δ = 0 where δ = θ0 − θ. This
leads to the following constrained minimization problem:
¢
1 ¡
min δ T J T r+ δ T J T J + γI δ
(49)
T
2
δ:g δ=0
Using Lagrange multipliers, δ is found by solving
¸
¸∙
¸ ∙
∙ T
δ
J J + γI g
−J T r
=
0
ν
0
gT

(50)

One could write down an explicit formula, however computing δ by solving the above linear equation is more accurate
and efficient. Once δ is available, the candidate is θ 0 = θ+δ.
We now alternate between improving θ and solving for λ, w.
Since each update reduces e, the iteration converges.
C. Approximate value iteration
Instead of adjusting the parameters on both sides of (39b)
simultaneously, i.e. treating the problem as an eigenvalue
problem, we could use a method that resembles value iteration. Each iteration involves two steps: (i) compute the vector
e
z = G (θ) w for the current parameters; (ii) redefine
r (λ, θ, w) = λF (θ) w − e
z

(51)

and update the parameters so as to reduce e for this new
residual. The update for θ has the same form as above.
The update for λ, w is simplified because we are no longer
solving an eigenvalue problem. The value of λ is computed
from the constraint (44).
Since we are redefining e at each iteration it is not obvious
that the algorithm will converge. Convergence is guaranteed
if we keep θ fixed – indeed in that case the algorithm reduces
to power iteration. But if θ is adapted online, convergence
cannot be guaranteed and needs to be assessed empirically.

VI. N UMERICAL RESULTS
A. Test problems
We focus on two test problems (Fig. 2a) with 2D state
space and 1D control space. The dynamical systems are point
masses constrained to move along a circle (corresponding to
a pendulum) and an inverted Gaussian (corresponding to a
car-on-a-hill). Thus x = [xp ; xv ] and B = [0; 1] . There is
also gravity. The pendulum has passive dynamics
∙
¸
xv
a (x) =
(52)
sin (xp )
with σ = 2. The car-on-a-hill has passive dynamics
⎤
⎡
³
´−1/2
2
xv 1 + s (xp )
⎥
⎢
a (x) = ⎣
³
´−1/2 ⎦ (53)
−2
−9.8 sign (xp ) 1 + s (xp )
¡
¢
with σ = 1. Here s (xp ) = xp exp −x2p /2 is the slope
of the inverted Gaussian hill at position xp . The latter

dynamics have unusual form because xp denotes horizontal
position while xv denotes tangential velocity. The pendulum
coordinates are angular position and velocity as usual.
One interesting aspect of our simulations is that we model
inelastic collisions at the positional limits xmin , xmax . The
dynamics are augmented with the following rule:
if xp < xmin
then xp = xmin , xv = 0

(54)

and similarly for xmax . This causes a discontinuity in continuous time and cannot be captured by the diffusion model
(1). Indeed such systems are known as hybrid. In discrete
time however collisions are easily handled. All we have to
do is redefine the transition probabilities p (y|x) accordingly.
In this simple example,
p to become a delta
£ collisions cause
¤
function centered at xmin / max ; 0 . For more general 3D
collisions p may become a mixture of Gaussians and delta
functions. Note that the analytical methods in the previous
section are trivially extended to such mixtures. The reason for
emphasizing collisions is that we want to eventually apply
our methods to locomotion and hand manipulation where
contact phenomena are essential.
The cost functions q (x) are chosen so that the optimal
behavior is a limit cycle. The task for the pendulum is to
move at constant velocity in either direction. The task for the
car-on-a-hill is to be at one of two states – which have nonzero desired velocities thus being stationary at those states is
not an option. Fig. 2a shows stochastic trajectories sampled
under the optimal controls computed via discretization.
B. MDP solutions
The state space was discretized with a 200-by-200 grid.
The passive transition probabilities Pnk were computed as
in (19). For each state (away from the boundary) there were
38 next states with non-zero transition probability. Thus the
40000-by-40000 matrix P had about 1.4 million non-zero
elements. Finding the principal eigenvector of QP with the
"eigs" function in Matlab took 2 and 8 seconds respectively
on the two problems. The resulting approximations to z (x)
are shown in Fig. 2b top. On the bottom we show the
corresponding u∗ (x) computed with the mean-matching
method. The solid curve is the noise-free limit cycle resulting
from each control law. The values of c show the average costper-step computed via extensive sampling: 5000 stochastic
trajectories with random starting states, 5500 time steps per
trajectory, simulation time step h = 0.01, the first 500 time
steps removed to avoid transients. The results from function
approximation will be shown in the same format.
C. Differential and integral methods, fixed bases
First we compared the differential and integral methods
using 20-by-20 regular grids of collocation states. The 400
fixed bases were centered at the collocation states. The
standard deviations of the bases were adjusted to 0.7 of the
center-to-center distance in each direction. This value was
found to be near-optimal via manual experimentation. The
principal eigenpair of (40) – largest or smallest depending

on the method – was used to initialize w and λ, which were
then improved iteratively using quadratic programming while
imposing wi ≥ 0 and (44). This converged in less than 5
iterations. The results are shown in Fig. 2c,d. The integral
method always works well. On problem 2 we see some
differences from the MDP solution, but these differences
are at states far from the limit cycle and have the effect of
stabilizing the system more than is necessary. The differential
method gives plausible results on problem 2 even though the
limit cycle has somewhat different shape and the solution
has some higher-frequency components. The latter are hard
to eliminate because increasing the width of the bases
quickly leads to singularity of F . On problem 1 however
the differential method fails. This is presumably because
the collision dynamics are essential – the optimal controller
is counting on the collision to break the movement before
accelerating in the opposite direction. Thus we focus on the
integral method in the rest of the paper.
D. Eigen-iteration and value iteration, adaptive bases
Recall that the integral method can be applied in eigeniteration or value-iteration mode. Here we test both, using
40 adaptive bases with random initial positions and the same
sizes as before. The collocation states are still on a 20-by20 grid. Results are shown in Fig. 3a,c. The eigen-iteration
still works well even though the number of bases has been
reduced by a factor of 10. The dots in Fig. 3a show the final
positions of the bases. They appear random but apparently
are far from random. Indeed, truly random positions (as
we had at initialization) produce results that are unrelated
to the correct answer. We noticed that small changes in
the position and shape of the bases could lead to large
changes in the solution. Fig. 3c illustrates the convergence
of the two iteration methods. As expected from the theory,
eigen-iteration monotonically reduces the residual. This is
not the case for value iteration (and is not expected to
be) although there is a clear trend. The control laws found
by eigen-iteration achieved lower cost. One advantage of
value-iteration however was that it could very quickly find
good solutions – only to wander away from them. Thus one
could use value-iteration to initialize eigen-iteration. Note
that both methods are trying to minimize Bellman error
(in exponentiated form) and there is no guarantee that the
resulting control law will actually improve at each iteration.
We observed (somewhat anecdotally) that the control law
almost always improved, but there were exceptions – enough
to discourage attempts to prove theorems to the contrary.
E. Localized collocation set
Thus far we used a collocation set that covers the entire
state space. In high-dimensional problems this is clearly
not feasible. Instead we need methods that can approximate
functions over a region of state space. Fig. 3b shows
such results for 400 collocation states sampled from the
stochastic trajectories under the optimal MDP controller. The
collocation states are now shown with dots. The 40 adaptive
bases are no longer shown. The results (from eigen-iteration)

are still very reasonable. This is only a first step towards
developing an adaptive collocation-set method which approximates the control law, moves the collocation states according
to this control law, constructs another approximation etc.
Differential dynamic programming does something related
however it is limited to a single trajectory.
F. Convergence to the wrong eigenfunction
Finally, there is potential problem with all our methods
except for the simple eigensolver. Although we are minimizing a sensible residual, there is no guarantee that we
will converge to the principal eigenpair. Indeed any other
eigenpair will achieve zero residual. There are two causes
for hope. First, we are initializing close to the principal
eigenpair found by an eigensolver. Second, only the principal
eigenfunction is positive and real – and our function approximator is constrained to positive real functions. But given
the approximations, little can be guaranteed mathematically.
Fig. 3d illustrates a problem where eigen-iteration indeed
converges to something that resembles the 2nd eigenfunction
found by MDP. This problem involves balancing an inverted
pendulum at desired state [0; 0]. Interestingly, value-iteration
converged to a more plausible solution. We studied a similar
task with the car-on-a-hill and observed similar results. Thus,
it seems that when the optimal behavior involves a point
attractor, the principal eigenvalue is not separated by a
large enough gap and our eigen-iteration method can find
the wrong answer. In such problems value-iteration may be
preferred; it is actually more stable here than in limit-cycle
problems. A way to fix the eigen-iteration method is to apply
it once, and then apply it again with the constraint that the
second solution should be orthogonal to the first solution.
This is a linear constraint and is easily imposed.
VII. S UMMARY
Here we developed a range of function approximation
methods for solving stochastic optimal control problems
that are reducible to eigenfunction problems. We focused
on simple 2D examples where the correct solution could
be computed accurately via discretization. Now that we
have a reasonable understanding of what these methods are
doing, we can venture into more complex higher-dimensional
problems. Apart from that, future work includes development
of the adaptive collocation-set method and dealing with the
issue of occasional convergence to the wrong eigenfunction.
On the theory front we would like to understand why the
eigenspectrum seems to have different properties in stationary vs. limit-cycle tasks.
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(a) test problems: dynamics and costs
problem 1:
pendulum metronome

(b) MDP method, grid with 40000 discrete states

problem 2:
car-on-a-hill cycle
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Fig. 2. (a) - Illustration of the two dynamical systems and cost functions. In all plots blue correspond to smaller
(possibly negative) values and red to larger values. The traces are stochastic trajectories sampled under the optimal
MDP controller. (b) - Results from the MDP method. z(x) is on the top, u*(x) on the bottom, problem 1 on the left,
problem 2 on the right. The value of c shows the average cost per step computed via extensive sampling. The traces
are the limit cycles resulting from each control law in the absence of noise. (c) - Results for the differential method,
with 20-by-20 grid of collocation states and fixed basis functions. The limit cycle for problem 1 is incomplete
because in the absence of noise this system gets stuck in the collision states; noise can make it continue along the
cycle. (d) - Results for the integral method, again with 20-by-20 grid of collocation states and fixed bases.

(a) integral method, 40 adaptive bases

(b) local integral method, 40 adaptive bases
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(c) convergence of adaptive methods
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(d) z(x) for an inverted pendulum balance problem
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Fig. 3. (a) - Results for the integral method with eigen-iteration, 40 adaptive bases (shown with dots), 20-by-20
grid of collocation states. The method converges in about 100 iterations and takes about 10 seconds of CPU time.
(b) - Results for the integral method with eigen-iteration, 40 adaptive bases (not shown), this time with 400
collocation states (dots) sampled from stochastic trajectories under the optimal MDP controller. The bases are
initialized randomly but most of them move to the region covered by collocation states. (c) - Log residual over
iterations, for 5 runs of eigen-iteration and value-iteration on the two problems. (d) - Results for a different
problem which uses the pendulum dynamics but the desired state is [0;0]. Only z(x) is shown. Value iteration
converges to a plausible solution, while eigen-iteration converges to something closer to the 2nd eigenfunction
found by the MDP method.

